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PREFACE 

The principal steps in the progress of the Calculus of 
Variations during the last thirty years may be characterized 
as follows: 

1. A critical revision of the foundations and demonstra- 
tions of the older theory of the first and second variation 
according to the modem requirements of rigor, by Weieb- 
8TBASS, Ebdmann, Du Bois-Reymond, Scheeffeb, Schwabz, 
and others. The result of this revision was: a sharper for- 
mulation of the problems, rigorous proofs for the first three 
necessary conditions, and a rigorous proof of the sufficiency 
of these conditions for what is now called a "weak" extre- 
mum. 

2. Weiebstbass's extension of the theory of the first and 
second variation to the case where the curves under consid- 
eration are given in parameter-representation. This was an 
advance of great importance for all geometrical applications 
of the Calculus of Variations; for the older method implied 
— for geometrical problems — a rather artificial restriction. 

3. Weiebstbass's discovery of the fourth necessary con- 
dition and his sufficiency proof for a so-called "strong" 
extremum, which gave for the first time a complete solution, 
at least for the simplest type of problems, by means of an 
entirely new method based upon what is now known as 
" Weiebstbass's construction." 

These discoveries mark a turning-point in the history of 
the Calculus of Variations. Unfortunately they were given 
by Weiebstbass only in his lectures, and thus became 
known only very slowly to the general mathematical public. 
Chiefly under the influence of Weiebstbass's theory a 
vigorous activity in the Calculus of Variations has set in 
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during the last few years, which has led — apart from exten- 
sions and simplifications of Weiebstbass's theory — to the 
following two essentially new developments: 

4. Kneseb^s theory, which is based upon an extension of 
certain theorems on geodesies to extremals in general. This 
new method furnishes likewise a complete system of suffi- 
cient conditions and goes beyond Weiebstbass's theory, 
inasmuch as it covers also the case of variable end -points. 

5. Hilbebt's a priori existence proof for an extremum 
of a definite integral — a discovery of far-reaching impor- 
tance, not only for the Calculxis of Variations, but also for the 
theory of differential equations and the theory of functions. 

To give a detailed account of this development was the 
object of a series of lectures which I delivered at the Collo- 
quium held in connection with the summer meeting of the 
American Mathematical Society at Ithaca, N. Y., in August, 
1901. And the present volume is, in substance, a reproduc- 
tion of these lectures, with such additions and modifications 
as seemed to me desirable in order that the book could serve 
as a treatise on that part of the Calculus of Variations to 
which the discussion is here confined, viz., the case in which 
the function under the integral sign dej^nds upon a plane 
curve and involves no higher derivatives than the first. 

With this view I have throughout supplied the detail argu- 
mentation and introduced examples in illustration of the gen- 
eral principles. The emphasis lies entirely on the theoretical 
side: I have endeavored to give clear definitions of the fun- 
damental concepts, sharp formulations of the problems, and 
rigorous demonstrations. Difficult points, such as the proof 
of the existence of a "field," the details in Hilbebt's exist- 
ence proof, etc., have received special attention. 

For a rigorous treatment of the Calculus of Variations 
the principal theorems of the modem theory of functions of 
a real variable are indispensable; these I had therefore to 
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presuppose, the more so as I deviate from Weiebstbass and 
Eneseb in not assuming the function imder the integral sign to 
be analytic. In order, however, to make the book accessible 
to a larger circle of readers, I have systematically given ref- 
erences to the following standard works: Eficyclojxiedie (lev 
mathemaiischen Wissenschaften (abbreviated £.), especially 
the articles on "Allgemeine Functionslehre" (Pbingsheim) 
and "Differential- und Integralrechnung" (Voss); Jobdan, 
Cours iV Analyse, second edition (abbreviated J,) ; Genocchi- 
Peano, Differentialrechnung und OrundzUge der Integrals 
rechnung, translated by Bohlmann and Schepp (abbreviated 
P.); occasionally also to DiNi, Theoric der Fnnctionen einev 
verdnderlichen reellen Ordssc, translated by LCboth and 
Schepp; Stolz, OrundzUge der Differential - und Integral- 
rechnung. The references are given for each theorem where 
it occurs for the first time ; they may also be found by means 
of the index at the end of the book. 

Certain developments have been given in smaller print in 
order to indicate, not that they are of minor importance, but 
that they may be passed over at a first reading and taken up 
only when referred to later on. 

A few remarks are necessary concerning my attitude 
toward Weiebstbass's lectures. Weiebstbass's results and 
methods may at present be considered as generally known, 
partly through dissertations and other publications of his 
pupih, partly through Kneseb's Lehrbuch der Variations- 
rechnung (Braunschweig, 1900), partly through sets of notes 
(** Ausarbeitungen") of which a great number are in circula- 
tion and copies of which are accessible to everyone in the 
library of the Mathematische Verein at Berlin, and in the 
Mathematische Lesezimmer at Gottingen. 

Under these circumstances I have not hesitated to make 
use of Weiebstbass's lectures just as if they had been pub- 
lished in print. 
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My principal source of information concerning Weieb- 
STBASS's theory has been the course of lectures on the Cal- 
culus of Variations of the Summer Semester, 1879, which 
I had the good fortune to attend as a student in the Uni- 
versity of Berlin. Besides, I have had at my disposal sets 
of notes of the courses of 1877 (by Mb. G. Schulz) and of 
1882 (a copy of the set of notes in the *'Lesezimmer" at 
Gottingen for which I am indebted to Pbofessob Tanneb), a 
copy of a few pages of the course of 1872 (from notes taken 
by Mb. Ott), and finally a set of notes (for which I am 
indebted to Db. J. C. Fields) of a course of lectures on the 
Calculus of Variations by Pbofessob H. A. Schwabz 
(1898-99). 

I regret very much that I have not been able to make 
use of the articles on the Calculus of Variations in the 
Encyclopaedie der mathematischen Wissenschaften by 
Kneseb, Zebmelo, and Hahn. When these articles ap- 
peared, the printing of this volume was practically com- 
pleted. For the same reason no reference could be made to 
Hancock's Lectures on the Calculus of Variations. 

In concluding, I wish to express my thanks to Pbofessob 
G. A. Bliss for valuable suggestions and criticisms, and to 
Db. H. E. Jobdan for his assistance in the revision of the 
proof-sheets. 

OSKAB BOLZA. 
The University op Chicago. 
Aufi^ust 28, 1904. 
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CHAPTER I 

THE FIRST VARIATION 

§1. INTRODUCTION 

The Calculus of Variations deals with problems of maxima 
and mini ma. But while in the ordinary theory of maxima 
and minima the problem is to determine those values of the 
independent variables for which a given function of these 
variables takes a maximum or minimum value, in the Cal- 
culus of Variations definite integrals^ involving one or more 
unknown functions are considered, and it is required so to 
determine these unknown functions that the definite inte- 
grals shall take maximum or minimum values. 

The following example will serve to illustrate the char- 
acter of the problems with which we are here concerned, and 
its discussion will at the same time bring out certain points 
which are important for an exact formulation of the general 
problem : 

Example I : In a j^lane there are given two points A, B 
and a straight line S. It is required to determine^ among all 
curves which can he draum in this plane between A and By 
the one which, if revolved around the line S, generates the 
surface of minimum area. 

We choose the line S for the a;-axis of a rectangular 
system of co-ordinates, and denote the co-ordinates of the 
points A and B hj Xq, y^ and x^, yi respectively. Then for 
a curve 

y=fi^) 

1 The problem of the Calculus of Variations has, however, been extended beyond 
the domain of deflnito integrals (viz., to functions deflnrd by ditTerontial equations) 
by A. Mayer, Leipziger Berichte, 1878 and 1895. Compare Kneseb, Lthrbuchy chap. vii. 

1 
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joining the two points A and B, the area in question is given 
by the definite integral * 



%/Xq 



+ y"dx 



where y' stands for the derivative f'{x). For different 
curves the integral will take, in general, different values ; 
and our problem is then analytically : among all functions 
/(a:) which take for x = Xq and x = x^ the prescribed values 
f/o and yi respectively, to determine the one which furnishes 
the smallest value for the integral J. 

This formulation of the problem implies, however, a 
number of tacit assumptions, which it is important to state 
explicitly : 

a) In the first place, we must add some restrictions con- 
cerniug the nature of the functions f(x) which we admit to 
consideration. For, since the definite integral contains the 
derivative y\ it is tacitly supposed that / (x) has a deriva- 
tive ; the function f{x) and its derivative must, moreover, 
be such that the definite integral has a determinate finite 
value. Indeed, the problem becomes definite only if we 
confine ourselves to curves of a certain cUiss^ characterized 
by a well-defined system of conditions concerning continuity, 
existence of derivative, etc. 

For instance, we might admit to consideration only func- 
tions / {x) with a continuous first derivative ; or functions 
with continuous first and second derivatives; or analytic 
functions, etc. 

b) Secondly, by assuming the curves representable in the 
form y =f{x), where /(ip) is a single-valued function of x, 
we have tacitly introduced an important restriction, viz., that 
we consider only those curves which are met by every ordi- 
nate between Xq and Xi at but one point. 



I a being a real positWe quantity, \^a will always be understood to represent 
the positive value of the square root. 
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We can free ourselves from this restriction by assuming 
the curve in parameter-representation : * 

x = 4>{t) , y = ^{t) . 

The integral which we have to minimize becomes then 

Jtn 



'dt 



where x/= <t>'{t), y'=^ V^'(0» ^^^ where /© and /j are the 
values of t which correspond to the two end-points. 

c) It is further to be observed that our definite integral 
represents the area in question only when y ^0 throughout 
the interval of integration. The problem implies, there- 
fore, the condition that tlw curves shall lie in a ceHain 
region^ of the x, i/-plane (viz., the upper half-plane). 

d) Our formulation of the problem tacitly assumes that 
there exists a curve which furnishes a minimum for the area. 
But the existence of such a curve is by no means self- 
evident. We can only be sure that there exists a lower 
limit ' for the values of the area ; and the decision whether 
this lower limit is actually reached or not forms part of the 
solution of the problem. 

The problem may be modified in various ways. For 
instance, instead of assuming both end-points fixed, we may 
assume one or both of them movable on given curves. 

An essentially different class of problems is represented 
by the following example : 

1 Compare chap. iv. Even in this generalized form the analytic problem is not 
quite so general as the original geometrical problem. For the area in question may 
exist and be finite, and yet not be ropresentable by the above definite integral. This 
suggests an extension of the problem of the Calculus of Variations, first considered 
by Wei£B8TBA8b. Compare §6 31 and 44. 

2 A restriction of the same nature, but from other reasons, occurs in the problems 
of the brachistochrone and of the geodesic; compare g26. 

3 Compare E. I A, p. 72, and 11 A, p. 9; J. I, No. 25; and P., No. 20. 
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Example II: Among all closed plane curves of given 
perimeter io iMermine the one tchich contains the maximnm 
area. 

If we use parameter-representation, the problem is to 
determine among all curves /or which the definite integral 






Vx'' + y"dt 
has a given value, the one which maximizes the integral 



^ = i I {xy'-x'y)dt . 




Here the curves out of which the maximizing curve is to be 
selected are subject — apart from restrictions of the kind 
which we have mentioned before — to the new condition of 
furnishing a given value for a certain definite integraL 
Problems of this kind are called "isoperimetric problems;" 
they will be treated in chap. vi. 

The preceding examples are representatives of the simplest 
— and, at the same time, most important — type of problems 
of the Calculus of Variations, in which are considered defi- 
nite integrals depending upon a plane cnvve and containing 
no higher derivatives than the first. To this type we shall 
almost exclusively confine ourselves. 

The problem may be generalized in various directions : 

1. Higher derivatives may occur under the integral. 

2. The integral may depend upon a system of unknown 
functions, either independent or connected by finite or 
differential relations. 

3. Extension to multiple integrals. 

For these generalizations we refer the reader to C. Jordan, 
Cours (T Analyse, 2^6d., Vol. Ill, chap, iv ; Pascal-(Schepp), 
Die Variationsrechnung (Leipzig, 1899) ; and Eneseb, Lehr- 
buch der Variationsrechnung (Braunschweig, 1900), Ab- 
hmu VI, VII. VIII. 
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§2. AGREEMENTS* CONCERNING NOTATION AND TERMINOLOGY 

a) We consider exclusively real variables. The ^^ inter- 
val (a 6)" of a variable x — where the notation always 
implies a<b — is the totality of values x satisfying the 
inequality a^x^b. The ^^vicinity (8) of a point Xi=^ai, 
0^ = 02, ••• , ir„=a^" is the totality of points Xi, Xo, • - ' , r^ 
satisfying the inequalities: 

\x,-a,\<8, \x,-a,\<S, -.., \x,-a^\<B. 

The word ^' domain''^ will be used in the same sense as 
the German Bereich, i, e,^ synonymous with "set of points" 
(compare E. II A, p. 44). The word ^'regiouZ will be used : 
(a) for a "continuum," i. e,^ a set of points which is "con- 
nected" and made up exclusively of "ig^r'^^ints ; in this 
case the boundary does not belong to the region ("open" 
region) ; (6) for a continuum together with its boundary 
("cl osed" region ) ; (c) for a continuum together with part 
of its boundary. The region may be finite or infinite ; it 
may also comprise the whole n-dimensional space. 

When we say : a curve lies "m" a region, we mean : each 
one of its points is a point of the region, not necessarily an 
inner point. 

For the definition of "inner" point, "boundary point" 
(fronti^re), and "connected" (cVuii seul tenant) we refer to 
E. II A, p. 44 ; J. I, Nos. 22, 31 ; and Hurwitz, Verhand- 
lungen des ersten intemationalen Mathematikercongressea 
in Zurich, p. 94. 

6) By a ^' function'''^ is always meant a real single-valued J 
function. 

The substitution of a particular value a: = iro in a function 
^(x) will be denoted by 

<t>{x)\'' = <t>{x,) ; 

iThe reader is advised to proceed directly to §3 and to use §2 only for reference. 
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similarlT 
also 



^U, yl =*(X^. If^l ; 



[*•''! 



^U,) - 4^(x^l 



Instesd we shall ako use the simpler notation 

where it can be done without ambiguity, compare e). 

We shall say: a function has a certain property IK* a 
d/^matn ft of the independent variables, if it has the property 
in queistion at all {Kiints of the domain 0, no matter whether 
they are interior or boundary points. 

A function of ^,. -r^,. - • -. jr. has a certain property in thr 
viciniiy of a ixjinf x^ — /i, . x* — a^t " * r •''ii = ««? ^ there exists 
a fxisitive quantity h such that the function has the property 
in question in the vicinity {h) of the point a], a^,---, a.. 

If i^(/i|- 0. we shall say: ^{h) is an *^ infinUesimaV* 

*=♦ 

(for Lh - Of; such an infinitesimal will in a general way 
be Aeu<Afii\ by (A). Also an independent variable h which 
in the cir^urse of the investigation is made to approach zero, 
will be calleil an "infinitesimal.^' 

c) J/eriraiireif of functions of one variable will be denoted 
by Bfti^tfTiih. in the usual manner : 

dfij-i ^... ^ (Pf(x) 

For brevity we shall use the following terminology* for 
various cUmtten of fwudionn which will frequently occur in 
the sequeL We shall say that a function f{x) which l< 
defiii'r^ in an intert-al (jr^i) is 

) *H. witb mtm ^r«Dpb*«i», ** tbraofffaoat.'* 

if%m UAUff C\ P ut»! U» «aiHP««i " «oatinaoas,** ^dueontiniMMis:** the acceau 
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of class C itf{x) is oontinuous ^ 

of dass C' if f(x) and /' (x) are contiuuoiis 



in (XyXi) , 



of dass C^*^ if f{x) , /' (a;),« • • and/^"^ (x) are continuous 

with the understanding concerning the extremities of the 
interval that the definition of f{x) can be so extended 
beyond {X(^i) that the above properties still hold at 
Xq and Xi, 

If f{x) itself is continuous, and if the interval (jtoTi) can 
be divided into a finite number of subintervals 

(XoCi) , (CiCi) , • • • , (c„_iar,) , 
such that in each subinterval/(a;) is of class C'(C"), whereas 
f'{x) (/"(ar)) is discontinuous at Cj, C2, • * 'i ^n-i» w® sl^^U ^^7 
that/(ic) is of class Z)'(Z)"). We consider class C'{C") as 
contained in Z) '(/)"), viz., for n = l. 

From these definitions it follows that, for a function of 

+ 
class D', the progressive* and regressive derivatives /'(r^), 

/'(Cy) exist, are finite and equal to the limiting values* 
/' (Cr + 0), /' {Cy — 0) respectively. 

d) Partial derivatives of functions of several variables 
will be denoted by literal subscripts (Kneser) : 

PyKpCy Vy P) - ^ » 

d /dF{x,y,p)\ 



'»<--p)=4(^^^^')- -• 



also 









Also of a function of several variables we shall say that 
it is of class C^^^ in a domain & if all its partial derivatives 

IE. II A, p. 61; DiNl, Grundlagen^ etc., §68: and Stolz, OrundxUge, etc., Vol. 
I, p. 31. 

^E. II A, p. 18. 



8 



Calculus op Vabiations 



[Chap. I 



up to the n^^ order inclusive exist and are continuous in' 
the domain 9. 

e) The letters x, y will always be used for rectangular 
co-ordinates with the usual orientation of the positive axes, 
%. e,, the positive ?/-axis to the left of the positive o^-axis. It 
will frequently be convenient to designate points by num- 
bers: 0, 1, 2, • • • ; the co-ordinates of these points will then 
always be denpted by iro» ^o > ^i> 2/i > ^2» 2/2 > • * ' respectively ; 
their parameters, if they lie on a curve given in parameter- 
representation, by /q, /i, ^2) * * •• 

A curve^ (arc of curve) 

y=f{x) , iCo^ar^Xi , 

will be said to be of class C, C, etc., if the function /(a?) 
is of class Cy C, etc., in (x^i). In particular, a curve of 
class D' is continuous and made up of a finite number of 
arcs with continuously turning tangents, not parallel to the 
^-axis. The points of the curve whose abscissae are the points 

of discontinuity (?i, C2, • * • , 
Cn-i oif'{x\ • • • will be called 
its corners. At a comer the 
curve has a progressive and a 
regressive tangent, and, 




FIG. 1 



tana=/'(c) , tana=/'(c) . 
(See Fig. 1.) 



/) The integral 

J=JF{x,y,y')dx 
taken along the curve 

6: y—f{x) , x^^x^x^ 



2 



iWhen f^ contains boundary points, an agreement similar to that in the casa 
of one Tariable is necessary with respect to these points. 

3 The corresponding definitions for carves in parameter-representation will be 
given in §24. 
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from the point A{xq, j/q) to the point B{xi, ^i), i. e., the 
integral 

f{x, f{x), f{x))dx 



X 



will be denoted by t/^ (AB) (more briefly t/^ or J{AB)y, or 
t>y J^y^ if the end-points are designated by numbers: fi, v. 
(f) The distance between the two points P and Q will be 
denoted by | PQ \ , the circle with center O and radius r by 
(O, r) (Harkness and Morley). The angle which a vector 
makes with the positive a:-axis will be called its amplitude, 

§3. GENERAL FORMULATION OF THE PROBLEM* 

a) After these preliminary explanations, the simplest 
problem of the Calculus of Variations may be formulated in 
the most general way, as follows : 

There is given : 

1. A well-defined infinitude IB of curves, representable 

in the form 

y=f(x) , Xo^x^Xi ; 

the end-points and their abscissae Xq, Xi may vary from curve to 
curve. We shall refer to these curves as "admissible curves." 

2. A function F [x, y, p) of three independent variables 
such that for every admissible curve 6, the definite integral 

«7,= r'F{x,y,y')dx (1) 

has a determinate finite value. 

1 Until rather recently a certain yagueness has prevailod with respect to the 
fondamental concepts of the Calcaius of Variations. The most important contriba- 
tions toward clear definitions and sharjk formalations of the problems are due to 
Du Boi8-Retmond, *' Erlauterungen zu den Anfangsgrdnden der Variationsrech- 
nnng," AtathematUche Annalen, Vol. XV (1879), p. 283; Schbeffeb, "Ueber die 
Bedeutung der Begriffe * Maximum und Minimum* in der Variationsrcchnung," 
ibid.. Vol. XXVI (1886), p. 197 ; Weiebsteass, Lecturet on the Calculus qf Variation^ 
especially those since 1879. Compare also Zebmelo, Untermchungen xur Fart'o- 
Uon»rechnung, Dissertation (Berlin, 1894), p. 24; Kneher, LcArAmcA. § 17, and Osgood, 
** Sufficient Conditions in the Calculus of Variations,** Annals of Mathematics (2), 
Vol.II(l901), p. 105. 
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The set* of values J^, thus defined has always a lower 
limit, K, and an \x\)\^v limit, G (finite or infinite^). If the 
lower (upper) limit is finite, and if there exists an admissible 
curve 6 such that 

e/« = K , (J^ = G) , 

the curve 6 is said to furnish the absolute minimum (m<i,ri- 
mum) for the integral J (with resf^ct to IB). For every 
other admissible curve 6 we have then 

Jii > Jii , («/({ < e/p) . (2) 

The word "extremum'" will be used for maximum and mini- 
mum alike, when it is not necessary to distinguish between 
them. 

Hence the problem arises: to determine all admissible 
curves which, in this sense, minimize or maximize the inte- 
gral J. 

h) As in the theory of ordinary maxima and minima, the 
problem of the absolute extremum, which is the ultimate 
aim of the Calculus of Variations, is reducible to another 
problem which can be more easily attacked, viz., the problem 
of the relative extremum: 

An admissible curve 6 is said to furnish a relative mini' 
mum* {maximum) if there exists a "neighborhood % of the 
curve 6," however small, such that the curve 6 furnishes an 
absolute minimum with respect to the totality Mi of those 
curves of IB which lie in this neighborhood ; and by a 
neighborhood % of the curve 6 we understand any region* 
which contains G in its interior. 

I By "set" we trauslato the German Punktniengey the French enaemble^ J. I, 
No, 20. 

«The upper limit is -f «>i if 'or every preassiKned pmitive quantity A there 
exist curves a for which Jjj > -4 ; see E. II A, p. 9. 

3 Du Boi»-Reymond, MathemcUiache Annalen^ Vol. XV, p. 564. 

♦ In the use of ti.e words "absolute" and "relative*' I follow Voss in E. II A. 
p. 80. Many authors call the isoperimetric problems "problems of relative maxima 
and minima.** 

'•For the definition of the term " region,*' see p. 5. 
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According to Stolz, the relative minimum (maximum) 
will be called proper, if there exists a neighborhood S such 
that in (2) the sign > (<) holds for all curves 6 different 
from CS ; improper if, however the neighborhood S may bo 
chosen, there exists some curve (S different from 6 for which 
the equality sign has to be taken. 

A curve which furnishes an absolute extremum evidently 
furnishes a fortiori also a relative extremum. Hence the 
original problem is reducible* to the problem: to determine 
all those curres whieh furnish a relative minimum; and in 
this form we shall consider the problem in the sequel. 

We shall henceforth always use the words "minimum," 
*' maximum*' in the sense of relative minimum, maximum; 
and we shall confine ourselves to the case of a minimum, 
since every curve which minimizes «/, at the same time maxi- 
mizes — J, and vice versa, 

c) In the abstract formulation given above, the problem 
would hardly be accessible to the methods of analysis; to 
make it so, it is necessary to specify some concrete assump- 
tions concerning the admissible curves and the function F, 

For the present, we shall make the following assumptions: 

A. The infinitude IB of admissible curves shall be the 
totality of all curves satisfying the following conditions: 

1. They pass through two given points A (xq, j/o) *^d 

2. They are representable in the form 

y=f{jr) , jr^'^x^Xi , 

f{,r) being a single-valued function of x. 

3. They are continuous and cojisist of a finite number of 

1 After the relative problem has been solved, it merely remains to pick out amonfr 
its solutions those which furnish the smallest or largest value for J. Only if the 
r«^lativo problem should have an infinitude of solutions, now difficulties would arise. 
For a direct treatment of the problem of the absolute extremum compare Hilbert's 
existence proof (chap, vii) ; Barboux, Thiorie dea 8urface$, Vol. Ill, p. 89; and Zer- 
MeiX), Jahresbericht der Deutschen Mathematiker-Vereiniouno^ Vol. XI U902), p. 184. 
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tires ivilh conHuuou^ltf turninif tmufentsy not iHirallel to the 
lj-iu'ii>: i t'., ill tht^ toruiiuoU>^v of §2, r),/(x) is of class D\ 

I. 'rhvy lio ill h givtni li^giou* ft of the x, ^-plane. 

B. Tho fviuotioii b\,i\i^^p) Khali Ik> coutiimous" and 
aduiit ce»uliuuous (mvtiul dinivativert of the first, second, and 
thiiil orders iu a domaiu^ 9 which consists of all points* 
(.r, //, p) tor which ^j:, ^ I is ti |.H.)iut of ft, and p ha:* a finite value. 

Tudcr thoric^ assumptions the definite integral J^ taken 
aloni: anv avlniissible curve (5 is alwavs finite and determi- 
nati',' {)rovid*xl wo define, in tlie ct»se of a curve with comers^ 
the intcjijral as tho sum of integrals taken between two suc- 
cessive eoruers. Since we supi>ose the eud-{ioint& JL and B 
fixed ami tho curves rt^prest^niable in the form fj-fix)^ the 
curves C5 all lio between tho two lines r x^ and x^=Xi, 
with the exception of tho oud-iK>ints, which lie on these 
Hues. 

Hence it follows thai vve may, in the [n-esenl case, iiive 
the t'ollowing simpler definition of a minimum: An admis- 
sible curve CS : // /U) minimizes the iuiei^ral ./. if* there 

' Compare 5« « . 

WLlfa.K.>iu.\s^, -JouxfAN, J ad ivM-;a^d -uppo^c tut' tuucliou /"'ix, 7,^i to bc^ tinaiiftuT. 

• U V," iiiirM-prt ip.i-,^ ;(iir«i t'u-v'niinacu pvrpvuUicui.ir to iu«>a*, j/-iiiiUie.«S i^ thti 

• ■" l*o*:ii ■ lii t-lii .-ciis-o of lUc t!itror> <'( " t>ou2i-e<'L=>. " ■ 'otup«irD E, II A, i>. i-V. 
iiid J. I. No. -<J. 

If tilt; viirvi.- lia-i :iij c«)fui.r>, 'Ins loikivva aL i»ucu irDiu •■ u'uiouLary ih^uretns oo 

u\j vuiUi.-aiaCL* LiKMii;:!*;. UuL :u<3 I'^o inWtiTtil^ 

1 y{,;js .J .^I'iJr lud ( /■•<.•.•,/'..'-,/ v J.".' Mx 
- •„ ^ -I 

>um ■>!' uitft;rai.-i iiii.iitiom.«i in liin l-iL. • 'oiupaf I>1>I. .'■ic.c'f., ?«i;i; 4l«#,:i: ^il<ll|,V: 
and 3 L'JU, J. 

'' Lu uiiruictiuK ^^i." L-«i<iai;L> -^.vcu .!i ;iui iiit:^<iaiii3r v-.'< ^ vi»>viaLi; fnuii Liie c«>aven-> 
tiou> ;;f in r.iUy .uinpuJ ui liw '.'lictu^i^ ^u Vana.iiv/U:' aiM l'<uio\« StucZ « 'rnuMiiSiitfv 
•/cr />«^ei«.ic,'..;i;« n/»U'ii/, Vol. !. i-. I-'W'. lUvi-c J-liiiilLou -- iiiuru 4:»»U3.j*teut walk 
tbtj 'i.^iiai d>'liiiilii.'U ••( al)>i>iULu .i).;iiuiuiu. It Lito .■•lu.iitty .<^u. wX'Cn tvntifctMi, it 
euulii ji«>L l>i- .^i;«l ih.tL ''»i.r> oi.rvi.* \va;cu. iiijUA^ue:? .lu abs^oiuio aiuuuium luruia 




§41 



First Variation 



13 



exists a positive quantity p such that J^,^J^ for every 
admissible curve ^''y=^f(^) which satisfies the inequality 

I y — 2/ 1 < P ^OT Xo^x^x^ , (3) 

This means geometrically that the curve 6 lies in the interior' 
of the strip of the x, t/-plane between the two curves 

y=fi^)+Py y=f{ix:)-p 

on the one hand, and the two 
lines x = Xq, x— Xi on the 
other hand. This strip we 
shall call "the neighborhood^ 
(p) of the curve 6," the points 
A and B being included, the 
rest of the boundary excluded. 




FIG. 2 



§4. VANISHING OF THE FIRST VARIATION 

We now suppose we have found a curve 6 : y =f{x) which 
minimizes the integral 



^{^f y> y')dx 

2h 



in the sense explained in the last section. We further sup- 
pose, for the present,' that /' (x) is continuotis in (XifXi) and 
that 6 lies entirely in the interior of the region S. 

From the last assumption it follows that we can construct* 
a neighborhood (p) of 6 which lies entirely in the interior 
ofH 

1 Except, of coarsCf the points A and B. 

2 Compare Osgood, loc. cit.^ p. 107. 

3 These restrictions will be dropped in §§9 and 10. 

* About any point P of we can construct a circle (P, r) which lies entirely in 
S, since P is an inner point of ft. Lot Pp be the uppi^r limit of the values of r for' 
which this takes place. Then Pp varies continuously as P describes the curve c 
(Weiebstbash, Werke^ Vol. II, p. 204) and reaches therefore a positive minimum 
▼alae Pq (compare £. II A, p. 19 and J. I, No. 64, Cor.). If we choose i»<i»q the neigh- 
borhood (p) of e will lie in the interior of ft. 
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Wo then replace* the curve 6 by another admissible curve 

lying entirely in the neighborhood {p). 
The increment 

which we shall denote by o), is called the total variaiion of y. 
Since 6 and 6 pass through A and JS, we have 

a,(aro) = 0, 0,(0-,) = 0, (4) 

and since 6 lies in (/o), 

la)(x)| <p in (j-o^i) . (4a) 

The corresponding increment of the integral, 

^ </ = «/;« — e/g , 

is called the total variation of the integralJ\ it may be written: 

AJ = J^ \f{x, y + i^. y' -^^ u^' )- F{x , y, y')\dx . 
Since 6 is supposed to minimize J, we shall have 

provided that p has been chosen suflBciently small. 

For the next step in the discussion of this inequality two 
different methods have been proposed: 

a) Application of Taylor's formula: If we apply Tay- 
lor's* formula to the integrand of A ./, we obtain, in the nota- 
tion of §2, f/), 

1 The process of replacioK »« by M is called " a variation of the curve ff ; " the same 
term is fretiaently applied to the curve ^ itself, which is sometimes also called ^^the 
▼aried cuTTe,** or "a Deighborioflr curve." 

3 The conditions for the applicability of Taylor's formula are fulfilled, com- 
pare E. II A, p. 77, and J. I, No. 253. F^., ^y»» ®**'*' ^^ synonymous with Fp, F^^ etc. 

The method hero used was first given by Laoranob. See Oeuvrety Vol. IX, p. 297. 
Compare also Dc Bois-Rktmond, Matkematitcke Annalen^ Vol. XV (1879), p. 292, and 
Pascal-Schepp, Die VaricUiangrechnung^ p. 22. 

Instead of Taylor*s formula with the remainder-term, Weibb8TRAS» (Lcc, 
turet)^ Kn£8KB {Lehrbuch der Variationtrechnung, §8), and C. Jordan {Coum 
cl*^iMiIy«e, Vol. Ill, No. 3S0\ who suppose F(x,if,p) to be analytic, use Taylur*s 
expauhiou into an infinite series. Here, however, the question of integration by 
terms should be considered. 
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where the arguments of Fy and Fy- are a?, y, y\ those of 

^wf, Fyy", F'yy I X, y + 0(o, y' + (o\ being a quantity 

between and 1. 

We now consider, with Lagrange,^ special' variations of 

the form 

<tf = €Ty , (5) 

where ?; is a function of x of class D* which vanishes for 
x^==^x^ and x = Xi^ and € a constant whose absolute value is 
taken so small that (4a) is satisfied. 
Then A J" takes the form' 



^J=^\§\FyV + F,.ri')d^ + {€)\ , 



(6) 



where (c) denotes an infinitesimal for Z.€ = 0. 
Hence we infer that we must have 

C\F,rf + F,,ri')dx = Q (7) 

for all functions 17 of class D' which vanish at Xf^ and a^; 

1 OeuvrtM, Vol. IX, p. 288. 

2 For the purpose of deriyiDg necessary conditions, we may specialize the 
▼ariations as much as convenient. It wiU be different when we come to sufficient 
conditions (compare §17). 

^ Proof : We suppose first that i|' {x) is continuous in {Xf^{) and denote by f& and 
II.' the maxima of i i}(:r) | and |i)'(x) | in {x^{)^ and by 9 a quantity greater than the 
maximum of \f'{x) \ in {x^^{^, Having once chosen the function 1} (x), we can then 
determine a positive quantity 8 such that the point (a?, y) lies in the neighborhood (p) 
of « and that -q<i' <qtot every x in (x^x,), provided that | « |< «. On the other 

hand, the three functions | f'^y \ , | f'^y. \ , | Fy . \ remain, in this domain, below a 
finite fixed quantity G. Hence, by the mean-value theorem, 



IX 






^ .2 O (|»'+2|» M'-fM*) (X, -Xy) . 



If i)'(x) is not continuojQS in {x^{)^ apply the same reasoning to the integrals 
taken between two successive corners of a. 
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for otherwise we could make A J negative as well as positive 
by giving € once negative and once positive sufficiently small 
values. 

ft) Differ eniiation with respect to e: The same result* (7) 
as well as formula (6) can be obtained by the remark, due 
to Lagbange,* that by the substitution of eq for <», the inte- 
gral J becomes a function of e, say t/(e), which must have a 
minimum for €—-0. Hence we must have^ J'(0)— 0. If 
17 (j*) is of class C in (a^o^i), it follows from our assumptions 
concerning the function F and the curve 6 tliat 

dF{x, y(x) + ,rf(xl y'(x)+€r,'{x)) 

d€ 

is a continuous function of x and € in the domain, 

a'o^^^'^'^i? I^I^^Q, Cq being a sufficiently small i)ositive 
quantity, and therefore the ordinary rule"* for the differen- 
tiation of a definite integral with respect to a parameter may 
be applied. Hence we obtain 

This proves (7) and at the same time (6), since by the defi- 
nition of the derivative, 

AJ = e/(c)-e/(0) = c(j'(0) + (c)) . 

If rj{x) is of class D' , decompose the integral J in the 
manner described in §3, c), and then proceed as above. 

c) The symbol B: We now make use of the following 
permanent notation introduced by Lagrange* (1760). 

Let <f>{xj y, y\ «/",•••) be a function of a*, y and some of 
the derivatives of t/, whose partial derivatives with respect 

1 Oeuvre»^ Vol. X, p. 400. This method has been adopted by LindelOf-Moiono, 
DiENGER, and Osgood. 

2 Moreover J"(0) must be ^ 0. This condition will be discussed in chap. ii. 

3 Com pare E. II A, p. 102; J. I, No. 83. 

♦ Oeiu're*, Vol. I, p. S36. Compare also J. Ill, No. 348. 
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to //, //', //".••• up to the ?i*** order exist and are continuous 
in a certain domain. Then if we replace // by Ij = tj + eij , 
and accordingly //' by //' — //' -rcr)', etc., we can expand the 
function 

according to ix)wers of e and obtain an expansion of the form 

4 = <l> + \<l>^+^<l>2+ •••+£</>« + €"(€) , 

where (e) denotes as usual an infinitesimal, and 



The quantities €<^i, €^<f>2, • • • are called the frt<t, secondly 
. . . varlalhn of <f> and are denoted by 8<f>, Sr(f>^ . . . respect- 
ively. 

It is easily seen that 



Again, if <f> does not contain e, B^<f> may be defined by 

€=0 



8^</> 



Similarly, S^J is defined as the term of order A', multiplied 
by A:.', in the expansion of 

according to powers of e, the possibility of this expansion up to 
terms of order k being, of course, presupposed. Accordingly 



«*'^=.«^ 



riv-^! 
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It follows immediately' that 

In particular 

^J=ef^\F,ri + F,.vld^ . (8) 

We may therefore formulate the result reached above as 
follows : For an extrernum ii is necessarf/ that the jirsi 
variation of the integral J shall vanish for all admissible 
variations of the function y, 

d) More general type of v>ariation8: For many investigations 
it is necessary to extend the important formula (6) to variations of 
the following more general type :^ 

<tf = ci>(ar, c) , (5a) 

where « (J^ , «) is a function of x and e which vanishes identically 
for € = 0. We suppose that <»>{x,e) together with the partial deriva- 
tives «x» ««, «j« are continuous in the domain 

€q being a suflSciently small positive quantity. 

Moreover, in the case when both end-points are fixed 

o) (a?o, c) = and co (xj , c) = 

for every | c | ^ e„ , If we denote «e(a;, 0) by v(x), formula (6) holds 
also for variations of type (5a). This can be most easily proved by 
the method explained imder 6). 
For the function 

f(x, y{x) + <o{x, c), y'{x) + o}^{xy €))dx 

must have a minimum for e = 0, and therefore J'(P) = 0. From the 
above assxunptions concerning w (x, «) it follows that differentiation 
under the sign is allowed and that «,a; exists and is equal ' to «x« . 

1 Provided always that the limits are fixed and that the ordinary rules for the 
di£Ferentiation of a definite integral with rc^spect to a parameter are applicable. 

>Such variations were already considered by Laoranoe, Oeuvrea^ Vol. X, p. 400. 
'Compare £.11 A, p. 73. 
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Hence we obtain * also in the present case 

which leads immediately to (6). 

For variations of type (5a) the definition of the symbol 5 must 
be modified. In oi*der to cover also the case of variable end-points, 
we suppose that jCq and i^i are functions of « which reduce to j*,, and 
Xt respectively, for € = 0. Putting then as before 

we define^ -'^ -'• ' = ^ 



^'J=^f_''F{x,y,r)dx 



c*, 



'*0 

and similarly if is a function of x, y,y'j" and Jo» *?i, 

€-0 



^k^ _^4>{^^y^y\ '" , a-Q, jcQ 
8*- ^. 



The definition of the symbol « given under b) is a special case 
of this general definition. 

The method of differentiation with respect to €, especially when 
combined with the consideration of variations of type (5a), seems 
to reduce the problem of the Calculus of Variations to a problem of 
the theory of ordinary maxima and minima ; only apparently, how- 
ever ; for, as will be seen later, the method furnishes only necessary 

> For yariatioDS of the special type (5) equation (6) may also be written 






AJ= I (F^«-f/?'„.«)<ir+«(«) . (6a) 

This formula remains tme for variations of the more ^neral type (5a). For from 
the properties of m (jr, <) it follows that the quotients 

(« (X, €) - « (jr. 0))/. and («, (ar, t) - «, {x, 0))/€ 

approach for i.< = their respective limits m^(x, 0) and •»xt^x^ 0) uniformly for all 
Talaes of x in the interval (x^y^ (compare £. II A, pp. 18, 49, 52, 65; J. I, Nos. 62, 78 
and P., Nos. 45, 100). Hence it follows that 

(F^«+Fy.«')<te=« I (i^'y»i+Fy.V)<to+«(«) , 

which proves the above statement. 

3 Always under the assumption that all the derivatives occurring in the process 
exist and are continuous. 



"^ 
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conditions, but is inadequate for the discussion of sufficient condi- 
tions, whereas the method based upon Taylor's formula, though less 
ele^nt, furnishes not only necessary but also sufficient conditions, 
at least for a so-called weak minimum (compare § 17, 6). 

r) Transformation of fhe first variation hy integration 
by parts: 

For the further discussion of equation (7) it is customary 
to integrate the second term of hj by parts: 



8^.c|[,F,];V £\(^,-^^F,,)dxj . 



(9) 



Since i; vanishes at j-q ^^^ •''i? this leads to the result that 
for an extremum it is necessary that 

for all functions rj of class D' which vanish at x^ and Xx, 

The integration by parts presupposes, however, that not 
only //' but also y" exists and is continuous in (xqXi), and 
for the present we shall make this further restricting assump- 
tion' concerning the minimizing curve. 



§5. THE FUNDAMENTAL LEMMA AND EULEB's EQUATION 

To derive further conclusions from the last equation we 
need the following theorem, which is known as the Funda- 
mental Lemma of the Calculus of Variations : 

If M is a function of x which is continuous in (ari^ri), 
and if 

\Mdx = (11) 






1 The necessity of this assamption was first emphasized by Dn Bois-Retmond in 

the paper referred to on p. 9). If y" does not exbt, the existence of -j- ^v' becomes 

<ix ' 
doubtful. The restriction will be dropped in §6. Discontinuities of i|' of the kind 
here admitted do not interfere with the abore results (9) and (10), since i| itself i» 
continnouj). For the principles involved in the integration by parts, compare £. II A, 
pw 99, and J. I, Nos. SI, S4. 
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for all functions rj which vanish at Xq and x^ and ichich 
admit a continuous derivative in {X(^i)^ then 

in {x^^, ~ ^ "'^ 

For suppose 3/(a^')4=0, say >0, at a point x' of the 
interval (aroXi); then we can, on account* of the continuity 
of Jtf, assign a subinterval (fofi) of {x^^ containing x' and 
such that J[f >0 throughout (fofi)- Now choose 17 = out- 
side of (foil) and r) = {x — fo)^(^ — f 1)^ i^ (fof 1) ; this function 
admits a continuous derivative in (j^qXi), vanishes at Xq and Xi . 
and nevertheless makes 



I riMdx> , 



contrary to the hypothesis (11); therefore J[f(x')4=0 is 
impossible.'* 

The conditions of this lemma are fulfilled for equation 
(10); for, since we suppose ?/" to exist and to be continuous 
in (a^i), the function d 

is continuous' in {X(pci). ^^ 

I Compare P., No. 17. 

2ThU proof is due to Do Boir-Retmond {Mathematutche Annalen, Vol. XV 
(1879), pp. 297, 300). In the same paper he proves that the conclusion M = remains 
valid even it the equation (11) is known to hold only : 

1. For all functions i| having continuous derivatives up to the nth order, inclusive : 
proceed as above and choose, for Uq$i), 

1 = (x-fo)"'^' Ui-^r)"-^* ; 

2. For all functions having aU their derivatives continuous. 

H. A. ScHWARZ goes still farther and proves the conclusion valid if the t}'s are 
supposed regular in (x^x^)^ t. e., developable into ordinary power series |l(x — x) in 
the vicinity of every point x' of the interval (xj^i ) Lectures on the Calculut of Varia- 
UonM^ Berlin, 1898>99, unpublished.) 

On the other hand, the proof given in most text-books, in which 
1? = (a? - Xq) (Xj -x)M 

is used, assumes that (11) holds for aU continuous functions i} vanishing at j-q , a?, , 
or else, if the assumptions of the lemma concerning 17 are not changed, that M' exists 
and is continuous. This last assumption would, in our case, imply that y'" exists 
and im «ontinuous. 

AIm Heine'8 proof (MathematiBche Annalen^ Vol. II (1870), p. 189) could be 
I to our case only after further restricting assumptions concerning y. 

aOwnpare J. I, No. 60, and P., No. 99. 
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Hence we obtniii the first iwcessari^ condifkm for an 
extremum: 

Fundamental Theorem I:^ Eve^^y function y which min- 
imizes or mojrimizes the integral 



J= } 'f(x, y,y')dx 



must satisfy the differential equation 

^»-^^V = 0. (I) 

This differential equation was first discovered by Euler^ 
in 1744, and will be referred to as Euler^s (differential) 
equation,^ 

§0. DU bois-reymond's and hilbert's proofs of euler's 

EQUATION 

The preceding method, which was based upon the integration 
by parts of §4, furnishes only those solutions of our problem which 
admit a continuous second derivative. The question arises: Do 
there exist any other solutions and if so, how can we 
find them? 

In order to answer this question, we retimi to the equation 
««7-0 in the original form (7) and, with Du Bois-Reymond and 
HiLBERT, integrate the first ^ instead of the second, term by parts. 
Since v vanishes at both end-point«, we get : 

C'\'{F,.- f F,dx)dx = . (13) 

1 Wo have proreii this theorem only for functions y havinflr a continuous second 
derivative. The extension to functions having only a continuous first derivative 
follows in §6, to functitms of class D in §9. 

'-fEuLKB, Methodus inveniendt Uneas curvat maximi tninimive proprietate 
gaudcntcs, chap. ii« art. 21 ; in StAckel's translation in Ohtwald's Klauiker der 
txaktcn Winsenschaften^ No. 46, p. 54. 

^VvflBnt, HiLBBRT, and others call it " La^rantre^s Equation.'' Lagrange him- 
self attributes it to EuLES. See Oeuvres de Lagrange^ Vol. X« p. 397 : '' cette Equation 
est celle qu'Euleb a trouv6o lo premier." 
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This integration by parts is legitimate, even U y" should not exist, 
since it presuppoeee only the continuity^ of Fy and V. 

We are thus led to the problem : 
If N{x) he continuous in (xoiTi), and if 

C'\'Ndx = (14) 

for all functions v of class C tvhich vanish at x^ and Xi, what 
follows with respect to -^ ? 

The answer is that N must be constant in (•To-Ti). 

a) Du Bois-Reymond^ reaches this result by the following 
device: 

Let i" be any function which is continuous in (droJ^i) and satisfies 
the condition 

'idx = ; (15) 

then the fimction 









^ dx 

*0 



X 



is of class C in {x^^ and vanishes for x = Xq and x = Xx^ and 
therefore, according to our hypothesis, satisfies (14), that is, 

*'ii\rda; = . (16) 

Thus it follows from our hypothesis that every continuous func- 
tion which satisfies (15) necessarily satisfies (16) also. 

Now let fi be any continuous function of x; and c the following 
constant : 



1 r*^ 



then the fimction 

is continuous and satisfies (15), hence it must satisfy also (16), 
therefore 

1 The continuity of F follows from the continuity (compare the be^nning of §4) 
of y' and from our assumption {B) onMeraiBC F; and n' may be supposed continuous, 
since (0) must hold for all funefelotts ^ of d«M D' which vanish at x^ and x, , and 
therefore a fortiori for all functions ^ of el«M C which vanish at x^ and x, . 

«Loc.c«., p. 313. 



24 Calculus of Variations [Chap. I 

f 'iNdx= f 'i^{N-X)dx = , (17) 

if we denote b}- X the constant 

But from (17) it follows by the Fundamental Lemma that* 

N = \ , 
i. e., constant, Q. E, D. 

6) Another, more direct, proof has been given by Hilbebt ^ in 
his lectiures (summer 1899). He selects arbitrarily four values, 
o, /S, o , /3 satisfying the inequalities 

iro<a<i8<a'<)8'<.ri , 

and then builds up a function^ v of class C which is equal to zero 

in (a^oa); increases from to a posi- 
tive value k as X increases from a 



^ • ^' A to/3 ; remains constant, = kin(^'): 

FIG 3 ' V /y 

decreases from A; to as or increases 
from o to /3', and finally is equal to zero in (fixi): 
Substituting this function in (14), we obtain 

J rj'Ndx + j ri'Ndx = ; 

v' being positive in the first, and negative in the second, integral 
we can apply to both the first mean -value theorem* which furnishes 

where 0< ^< 1 and < ^' < 1 . 

Finally, let /3 and /3' approach o and o' respectively; then it 
follows, since N is continuous, that 

1 This result Ih a special case of the isoporimotric modification of the Funda- 
mental Lemma, see below chap. vi. 
- - 2See WmTTEMOBB, AnnaU of Mathematic9 (2), Vol. 11 (1901), p. 1S2. 

8 Nothing more than the exttience of such a function — wh ich is a priori clear — is 
needed for the proof: Hilbebt gives a simple example, see Whittemobe^h presenta- 
tion. 

♦ Compare E. II A, p. 97; J. I, No. 49; and P., No. 191, FV. 
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A'(a) = iV(a'), 

t. e., A' is constant in (j'oari).* 

c) Applying this lemma to (13) we get 

Fy - \ F„dx = \ , 
a constant ; or 

F^. = \+ f B\djc . (18) 

The right-hand side of this equation is differentiate and its 
derivative is Fy; hence the same must be true of the left-hand 
side, ». f ., the function 

F,.{x,y{x),y'{x)) = Fy.[x\ 
is differentiable in (j'o.ri) and 

— F. = F . 
dx ' " 

Thus we find the important corollary to Theorem I that every 
solution of our problem with continuous first derivative — not 
only those admitting a second derivative — must satisfy Euler's 
equation. 

From the fact that Fy' is differentiable follows the existence- 
of the second derivative y" for all values of x for which 

F,„{x,y(x),y'(x))dfzO . (19) 

For. if we put 

y{x + h)-y{x) = k , y'{x + h)-y'{x) = l , 

then, since the theorem on total differentials^ is applicable imder 
our assumptions, and since y' is continuous, we have 

I HlLBEKT^A proof can easily be extended to the case where JV, while finite in 
(•Cif'])« has a finite number of discontinuities. For, if a and a' are points of con- 
tinuity, we can always choose fi and fi' so near to a and a respectively that N is 
continuous in (a^) and (a '^■) ; it follows then as above that N{a) = A" (a), i. «., under 
the pre»ent oMumptiont N has the same constant value in all potnte of continuity. 
Hence it follows further that in a point of discontinuity, c : 

^'(c-o) = ^'(^4-o) . 

• First pointed out and emphasized by Hilbert in his lectures; see Whittk- 
MOBE. loc. cit. 

'Compare E. II A, pp. 71, 73; J. I, Nos. 86, 127; and P., No, 105. 
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where a, /3, 7 approach zero as h approaches zero. Hence it follows 
that if (19) is satisfied, 

h=on 
exists, and that 

y''=±j' — fVf — yjWu . (20) 

moreover, (20) shows that i^ " is confinuotis in (oroari). 



§7. MISCELLANEOUS REMARKS CONCERNING THE INTEGRATION 
OF EULER'S EQUATION 

a) Eiiler's differential equation (I) is of the second 
order ^^ as can be seen from the developed form 

Fy - i'Vx - yFy^y - y"Fy,y. = ; (21) 

its general solution contains, therefore, two arbitrary con- 
stants, 

y=f(x,a,P) . (22) 

The constants a, )8 have to be determined* by the condition 
that the curve is to pass through the two points A and B: 

Every solution of Euler's equation (curve as well as 

1 Unless F , . {x^y^y) should be identically sero. In this case Euler^s differ- 
ential equation degenerates either into a finite equation or into the identity : = 
but never into a differential equcUion of the first order. For if F^.y. = , F must be of 
the form : Ii(a:, y)-f-lf (x, y) y' and (21) reduces to : Ly — M^ = 0, See also below, 
under U). 

If £uler*s differential equation degenerates into a finite equation, it is in 
general impossible to satisfy the initial conditions when the end-points are fixed. 

Also in the general case when F contains higher derivativest Euler's differ- 
ential equation can never degenerate into a differential equation of odd order; 
compare FnoBKSlvs, Journal fUr Ma4hematiky\o\. LXXXV (1878), p. 206, and HiBSCB, 
MathematiMcKe Annalen, Vol. XLIX (1897), p. 5a 

3 This determination may be impossible ; in this case there exists no solution of 
the problem which is of class C and lies in the interior of S. 
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ftinction) is called, according to Kneser, an extremal', there 
is then a double infinitude of extremals in the plane. 

In the special case when F does not contain x e^plicitlyy 
a first integral of (I) can be found immediately.^ For, if F 
does not contain x explicitly, we have 

and therefore every solution of (I) also satisfies 

F-y'F,.=^ const (24) 

Vies versa, every solution of (24), except // — const., also 
satisfies (I). 

b) Example I (see p. 1): 

F = yVl+y' . 
Hence 

i'; = v'i+F', F, = -fL==^, F, - y • 



a nd E u 1 e r ' s equation becomes : 



yu 



vi+y^^-j^ ^^ =0 . (I) 

or, after performing the differentiation, 

'+©-»§=«• M 

By putting ~ =P, the integration of this differential equation 

is reduced to two successive quadratures, and the general integral 
in easily foimd to be 

, x — B 

y — a cosh . 

a 

The extremals are therefore catenaries with the x-axisfor directrix. 
Since F does not contain x, a first integral could have Xreen 
obtained directly by the corollary (24); 

F-y' F^. = -—J= = a . 
Vl+y'' 

1 Noticed already by Euler« loc. cit.^ p. 06, in StAckel'm translation. 
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If o 4: 0, this leads to the same result as above; for o = we obtain 
y = 0, which, however, though a solution of (24), is not a solution 
of Euler's equation. 

The general solution of (I) being found, the next step would l)e 
so to determine the two constants of integration that the catenary 
passes through the two given points.' 

c) Through a given point a, 6 in the interior of the 
region^ ft one and but one extremal of class C can be drawn 

in a given direction of amplitude^ c«>(4= — o)» prarided that 

F,.y.{a,b,b')^0 , (2r>) 

where b ' — tan o) . 

For, if we solve (I) with respect to //", we obtain for //" a 

function of x^ y, y' which, according to our assumptions (B), 

is continuous and has continuous partial derivatives with 

respect to y, y' at all points of the domain" Ui which satisfy 

(25). Hence the statement follows from Cauchy's general 

existence theorem* for differential equations. 

>For this interestinfc problem we refer to: LindelOf-Moiono, /or. rt^, No. 103; 
DiENOEB, toe. n7., pp. 15-19; Todhcnter, Researches in the Calculus of VarieUiottJt, 
pp. 55-58 ; Cabll« A Treatise on the Calculus of Variations, Nos. flO, 61. For Schwarz'm 
solution see Hancock, *'On the Number of Catenaries through Two Fixed Points." 
Annals of Mathematics (1), Vol. X (1{$96), pp. 158-174. 

2See§3,r). iSoe^'l^g). 

♦ "Suppose the functions/^ (J^» Vi* Vj* * * • . y„) an<l their first partial deriTatives 
with respect to Vj , ^2 «' * * « Vm^** ^ continuous in the domain 

[x-a[^P, I y, -6i I ^ r , • .-, IVn-^M^^^ '* 

let If bo the maximum of the absolute values of the functions f^ in this domain, and 
let I denote the smaller of the two quantities p and r M. 

Then there exists one, and but one, system of functions y, (x), y^Cr),* ••,!(„ (jt) 
which in the interval \ x-a\ <l are continuous and difforentiablc, satisfy the differ- 
ential equations 

^'=/fU»l/i.y2. ••.!/„) . ('• = 1»2, . . -.n) 

and the inequalities I y^ (wt) — 6^ | ^ r , and take for x = a the values 
yi=-6,,y, = fta,-..,y„ = 6„ r 

Compare E. II A, pp. 193 and 199, and J. Ill, Nos. 77-W; also Picabd, Traiif 
d^AnalysCy Vol. II, chap. xi. 

In order to apply the theorem in the present case, replace fil) by the equivalent 
system. 
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If, therefore, 

for every finite value of p, one extremal can be drawn from 
(a, 6) in every direction, except the direction of the f/-axis. 
A problem for which 

^i every jxjint (x, y) of the region ft for every finite value of 
p^ is called, according to Hilbert, a regukir problem, 

d) We consider next the exceptional case in which Eulers 
differential equation degenerates into an identity. 

Suppose the left-hand side of (21) vanishes for every system of 
values X, 2/ , y ,y '» Then, since y ' does not occur in the three fii-st 
terms, it follows that the coefficient ot y" must vanish identically, 
so that we must have separately 

F„.^ = , F,- F„.^ - y'J^\^ = 

for every x^y^y. From the first identity it follows that F must 
be au integral linear function ofy', say 

F{x,y,y')=M{x,y)+N{x,y)y' . 
Substituting this value in the second identity, we get 

the well-known integrability condition for the differential expression 

Mdx + Ndy . 

Hence we infer : If M and N and their first partial derivatives are 
single-valued and continuous in a simply-connected region of 
the Xy <^-plane, then there exists* a function V(x^ y\ single-valued 
and of class C in and such that 

and therefore 

F(x, y, y') =V,+ V,y'=^ V{x, y) . 

Hence if 6.2^ =f(j^) be any curve of class C drawn in between 
the points A(xo, yo) and B{Xi, yi) our integral «/« has the value 

iSee PiCARD, TraiU (V Analyse^ 2d ed., Vol. I, p. 03. 
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^ 



J,c= f F{x, y, y')dx= r(j-,, y^) - V{xo, yo) , 

and is therefon> iudependeut of the path of integration (S and 
depends only upon the position of the two end-points. 

On account of the continuity of V {Xy y\ the result remains 
true for curves 6 with a ^nite number of comers, as is at once seen 
by decomposing the integral J in the usual manner.* 

Vice versa : If the value of the integral J^x is independent of 
the path of integration 6 as long as 6 remains in the interior of a 
region contained in X, then the function F must be of the form 
M{x, y)+N(Xy y)y' y where My = Njr, for every point {x, y) in the 
interior of for which x^^x^Xx, 

For let (xt^ yt) be any inner point of whose abscissa j*i lies 
between x^ and Xi and 2/2 , yi two arbitrarily prescribed values; 
then we can always draw in a curve 6 : y=fi^)y of class C" which 
passes through (a-«, y«), (x,, y,), (.ra, yt\ and for which / (jr,) = ya , 
f"(jri) = yi'. 

According to our hypothesis, A J must vanish for every admis- 
sible variation of 6, whence we infer by the method of §§ 4, 5 that 
y=f(x) must satisfy Euler's differential equation. The left- 
hand side of the latter must therefore vanish for the arbitrary 
system of values x =^ Xt, y = y^^ y' = yi y y" = yi% which proves the 
above statement. 

We thus reach the result : '^ 

In order that the value of fh^ integral 

J= f ' F{x,y,y')dx 

may be independent of the path of integration it is necessary and 
sufficient* that Euler's differential equation degenerate into an 
identity. 

It is clear that in this case there exists no proper^ extremum of 
the integral J. 

e) We conclude these remarks by considering briefly the inverse 
problem : Given a doubly infinite system of curves (functions) 
y-f{x,a,p) , 

1 Compare p. 12. 

> Compare J. m, Nos. 3S2, 363, and Knesek, LehHmch^ 651. 

s Sufficient only if the rearion is simply-connected. 

«Gompare§3,&). 
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to determine a function F(x,y^y') so that the given system of 
curves shall be the extremals for the integral 

J= f ' F{x,y,y')dx . 

This problem has always an infinitude of solutions which can I / 
be obtained hy quadratures? \ 

For if 

y"=0{x,y,y') (26) 

is the differential equation of the second order ^ whose general 
solution is the given function y=f{x\a,fi^) (with o, /3 as constants 
of integration), then we must so determine the function Fipc^y^y) 
that (26) becomes identical with Euler's differential equation for 
F^ 1. f ., according to (21) 

F^-F,.,-F,.,y'=QF,.,. . (27) 

If we differentiate (27) with respect to t/', we get for M = Fy„' 
a linear partial differential equation of the first order, viz., 

If 

, a = <l>{x,y,y') , P = ^{x,y,y') 

is the solution of the two equations 

y=f{x,a,p) , y'=fA^,a,P) 

with respect to a and /3, and if further 

^(^,a, P)=« , 

and 

x(^» y» y') = ^(^, ^{xy Vy y'\ ^{^^ y, y')) . 

» Dasboux, TMorie dea aurfaces^ Vol. Ill, Nos. 604, 605. For the analogous problem 
in the more general case when J* contains higher derivatives, compare Hibsch, Mathe' 
matische Annalen, Vol. XLIX (1897), p. 49. 

3 Obtained by eliminating a, ^ between the three equations 
oompare, for inst., J. I, No. 166. 
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} 



the general integral of (28) is found to be, according to the general 
theory' of linear partial differential equations of the first order, 

Mx = ^{<t>(x,y,y'),ip{x,y,y')) , 

where * is an arbitmry function of 4» and ^. 

After the function M has been found, F is obtained by two 
successive quadratures from the differential equation 

^F 

g-75 = 3/(a-,i/, y ) . 

Finally the two constants of integration X, m (which are functions 
of X and y\ introduced by the latter process, must be so determined 
that F satisfies the original partial differential equation (27) from 
which (28) was derived by differentiation. 

Example:^ To determine all functions F for which the ex- 
tremals are straight lines 

y = cLX -\-p . 

The differential equation (26) becomes, in this case, 

Accordingly, we obtain 

<l> = y'y ^ = y — 'ry'y x = const. 
Hence 

M = ^{y\y-xy') , 
and therefore 

F= r {y'-f)^{t,y-xt)dt + y'\{x,y)+,,{x,y) . 

The condition for X and a* becomes in this case 

BX._dfi 
~dx~By' 

The most general expression for X and m is therefore 

^ - ^ ' ^-dx' 
whei-e J' is an arbitrary function of x and y. 

1 Compare, for inst., J. Ill, No. 242. 
a Compare Dabboux, toe. cit.^ No. 606. 
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§8. WEIEBSTRASS'S LEMMA AND THE E-FUNCTION 

Before proceeding to the consideraiion of so-called 
discontinuous solutions, we must derive a lemma, due to 
Weiebstrass,* which is of fundamental importance for many 
investigations in the Calculus of Variations. 

Suppose there are given, in the region fi, an extremal 6 
of class'* C" : tj —f{jr), and a curve S of class C : y f{jr), 
meeting 6 at a point' 2 : (0^2) Ui)- Besides there is given a 
point 0: (j-q, ?/o) on 6, before 2, that is, iro<^^- Let 3 be 
that point of 6 whose abscissa is Xo + h^ h being a positive 
infinitesimal, and select arbitrarily a function 17 of class C 
satisfying the conditions ^^ ' 

Then we can so deter- 
mine c that the curve ^^ 

which necessarily passes through the point 0, also passes 
through the point 3. For this purpose we have to solve the 
equation 

f(jr, + h) + €rjU, + h)=f{x, + h) 

with respect to e. Since /(j'^) =f{x^^ we have 

f{x^ + h)-f{x, + h)^{y.^-yi)h+hO{) , 

where lf2^='f'{^2)y ^2 ==/' (•^2) ^^^ CO ^^ an infinitesimal for 
Lh=0, Hence we obtain 




='[^+'«]- 



It is proposed to compute the difference^ 

A t/ = «/o3 — ( Joa "T *Jn) 9 

iThe lemma here given is a modification of the correspondinflr lemma Rivon by 
Weiebstrass in his lectures (1879) for the case of parameter-representation; s^oe §2K. 

2ThiA assumption must be made on account of the integration by parts which 
occurs below; compare §4. 

3 For the notation compare §2« e). 
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the integrals «/, J, J being taken along the curves G, 6, 6 
respectively, from the point represented by the first index to 
the jxiint represented by the second. 
A J may Ik? written 

AJ= \ \h'-F)d^-^ f (F-F)dx , 

where F,i^,/' or i'^[.r],F[.rJ,j5^[j-] Stand for i^(j-,?/(^),/(^^^^ 
i'X*^' ^W' Y{^)\ F{^, y{3c\ y\jc)) respectively. 

The first integral, treated by the method of §4, becomes, 
since G is an extremal, > . ^ ^ 

1^ (F - F) d.r = ci^ F,, M + c (c) 

To the second integral we apply the first mean-value 
theorem and obtain, on account of the continuity of i^[ir] 
and F\x\ 

-r* 
"a 

Collecting the terms, we reach the result 

Similarly let 4 be that point of 6 whose abscissa is 
j^2 — /'» and determine c' so that the curve 

6: p = 2^ + €'i; 

]>asses through 4. Then we obtain by the same process 

If we put for brevity 

F(x, y,p) - FU. y,p)-{P''P) FA^^ y^P) 

= ^{x,y; p,p) , (29) 

•**» U-Py P being considered as four independent variableB, 
thp preceding results may be written : 



P (F - F) djr = h [fIjc,-] - F^x,-] + (h)] . 



J- 
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i' V,/ ^ ip"^ 



(30) 



«/.« - («/u2 + t/w) = -/i|E(ar,, 2/2; 2/2, y2) + ('0( » 

*A>4 + (*/42 - ^Q = +/i|e(x2, 2/2; 2/2, yi) + {h)\ . 

We shall refer to these two formulae as Weicrstrass* s 
Lemma, The function Efj*, //; jf>, />) defined by (29) will 
play a most imjx)rtant part in the sequel; it is called Weier- 
stra3s\s E'functton^ 

The same results (30) hold if the curves 03 and 04 are of 
the more general iyi^e (oa): 

y=/(^) + «(^,«) , 
where the function o>(x, e) vanishes identically for e— 0, has 
the continuity properties enumerated on p. 18, and satisfies 
l:)esides the conditions: 

©(o'o* = for every e, and w,(x2, 0) 4= . 
For the determination of e we have, in this case, the equation : 
f{^2 + h) + u,{x,+ h,€)-f{x,+ h)=0 . 

The resulting value of c is of the same form as above. 
This follows from the theorem^ on implicit functions; for if 

1 Compare Zebmelo, Disaertaiion, p. 66. 

■-"If fix, y) is of class C in the Ticinity of (xy, y^) and 

then a positive quantity A: boiu« chosen arbitrarily bat suflBciently small, another 
positive quantity hj^ can bi^ determined such that for every x in the interval (xq— A^., 
jTit-j-h/^) the equation /(j*,y)=0 has one and but one solution y between Vq—Ic and 

The sinffle-value<l function y-tli{x) thus implicitly defined by the equation: 
/(x, y) = 0, is of class C in the interval (x^— fc^^., XQ+hf^) and 

dy^_fx 
dx f^ ' 
H«'nc«j 

where £ a = 0."" 

(Compare E. II A, p. 72; J. I, No. 91 ; P.. No. 110). 

I' /U » V) is regular in the vicinity of (a? , y^), also the function y--^ (x) is re»c"- 
lar in the vicinity of x^^. (Compare £. 11 B, p. 103, and Habknbss andMobley, 
Introduction to the Theory of Analytic Functions, No. ISe.) For the extension of the 
theorem to a system of m equations between m-\-n unknown quantities, see the ref- 
erences just given. 
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we denote the left-hand side of the preceding equation by 
F{li, c), this function is of class C in the vicinity of h=^0, 
€-0; further: 2^(0, 0) = and finally ^^.(0, 0)=t=0. 
Incidentally we notice here the formula 

J "'2 _ /»a"2+* _ 

(F-F)dx+ I Fdx 
x^, •/X2 

= h [(K - y-l ) F,. [xj + F [xj + {h)] . 

which holds for negative as well as for positive values of h . 
Hence it follows that if the arc 02 of the extremal 6 mini- 
mizes the integral J^ the end-point being fixed while the 
end-point 2 is movable on the curve 6, then the co-ordinates 
of the point 2 must satisfy the condition 

{''*' CondUimi of transversality,"^ compare the detailed treat- 
ment of the problem with variable end-points in §23.) 

§9. DISCONTINUOUS SOLUTIONS 

We must now free ourselves from the restriction' imposed 
upon the minimizing curve at the beginning of §4, viz., that 
y^ should be continuous in (j^o^i), and we propose to deter- 
mine in this section all those solutions of our problem which 
present corners — so-called ^^discontinuous solutions.^'' 

a) In the first place, the theorem holds that also discon- 
tinuous solutions must satisfy Euler's differential equatiau. 

Suppose for simplicity* that the minimizing curve 6 has 
only one corner C(j!^2> 2/2) between A and B, According to 
§3, c) the integral J^ is then defined by 

•^« = X? ''F{x,y,y')dx + £^^F{s:,y,y')dx , (31) 

iThe assumption that the curve shall lie entirely in the interior of the rosion 
S will still be retained in this section. 

a The results can be extended at once to the case of several cornel's. 
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the notation indicating that y'{ir2) is defined in the first 
integral by y'{x2 — 0), in the second by ^'(-^2 + 0). 

The theorem in question is most easily proved by the 
method of partial variation, which is very useful in 
many investigations of the Cal- 
culus of Variations: 

We consider first such spe- 
cial* variations ADC of tyjM? 
(5) as leave the arc CB un- 
changed and vary only A C, 
To such variations all the con- 
clusions of §§*t-0 can be applied, and it follows as before 
that for the interval {xq, x-y — 0) Euler's equation must 
hold. The sam^ result follows for (x^ + O, Xi) from the 
consideration of variations which leave A C unchanged ; 
hence it is true for the whole interval (X(^i).^ 

h) A discontinuous solution with one comer is therefore 
composed of two extremals involving in general different 
constants of integration: 

y =f{x, a,, )8,) in {x^, x^-O) , 
y =f{Xy oj, ft) in (a-2 + 0, ar,) . 
For the determination of X2 and of the constants of integra- 
tion we have in the first place the initial conditions 
yo = /(^o,a,, ft) , 
yi=fixi,<h, ft) ; 
further the condition that y is continuous at X2: 

f(x2y a,, ft) =/(a-2, <hy A) ; 
and finally two further conditions which are furnished by the 
following theorem due to Weiebstbass and Ebdmann:' 



1 Compare the remark on p. 15, footnote 2). 

2 With the same understanding as in (31) concerninsr the meaning of y' at the 
corner. 

3 WElEBflTKABS, LeclurcB at least as early as 1877; Erdmann, Journal far Mathe- 
matik^ Vol. LXXXII (1877), p. 21. Another demonstration has been deduced by 
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Theorem : At evert/ comer of a minimizing curve the 
two limiting values of Fy are equal :^ 

F,.\=F,,\ ; (32) 

and likewise l*^"^ f^'^ 

F-y'F^.\=F-t/F,.\ . (33) 

To prove (32) consider a variation AG B of type (5) for 
which the function i; is of class C" in {x(fiCi) and 17(^:2) 4=0. 
The integral A «/ breaks up into two integrals taken between 
the limits (xq, Xo — 0) and [xo-] 0, Xi) respectively. Apply- 
ing to each of these the methods of §4 we find that also in 
this case Sj"=0, and further we obtain' from (9), since (I) 
is satisfied: 

SJ = €y,ix,){F,.lx,-0']-F,,lx, + 0]) , 

where i^y [.^ J stands again for Fy'(x, f(x), f {x)^ Since 
8J=0, (32) is proved. 

The proof of (33) follows from Weierstrass's Lemma 
(30) if we identify the arcs A C and CB of Fig. 5 with the 
arcs 02 and 21 of Fig. 4, respectively, and consider suc- 
cessively the variations 031 and 04231 of the arc 021. The 
corresponding values of the total variations A J" are given by 
the two equations (30), the values of f/2, Vi being in the 
present case 

yi = y'{x2 — 0) = yi; Sf2 = i/'(-rj + 0) = J; . 

Hence it follows that for an extremum it is necessary that 

WHrrTBMORBf lor. Ht^ from Hilbert's proof of £aler*s equation: By means of 
the extension of the lemma of §6 to discontinuous functions (see p. 25, footnote 1), it 
can be shown that equation (18) holds with the same value of the constant A for both 
segments (Xq, x^-0) and (x^+O, Xj). Hence follows £uler*s equation as weU as 
equation (32). This method can be applied to discontinuities of a much more com« 
plex character and even to the case of an infinitude of points of disoontinuity ; see 
Whittemore, loc. cit. 

1 For the notation c«>mpare §2, b), 

2 The integration by parts is legitimate since by the method of §6 the existence of 
T" ^v' '* c^'^^blished for each of the two segments (x^, jp, - 0) and (x,4-0, x,) . 
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and on account of (32) this is equivalent to (33). 
c) Example* III: To minimize the integral 



J=r\y'+iyy'dx . 



Hence a first integral of Euler's differential <»quation is 

4i/" + 6i/'^+2i/' = const. ; 
therefore 

y = ax + p, 

i, e.j the extremals are straight lineSy and the line A B joining the 
two given points is a possible contiatious solution. 

In order to obtain all discontinuous solutions with one 
comer, we have to find all solutions pi, ps of the two equations 

4p; + 6p? + 2p, = 4pJ + 6p; + 2i>, , 

- %p\ - 4p? -p! = - 3p5 - 4p5 -i>; , 
where 

l>i=2/'(<5 — 0) and P2=y'(c+0) and p,4=/>2 . 

IXriding out by pi— j>2 and putting 

Pi + P2 = w , p\+PiP2-\-p\ = w 
we get 

2m? + 3ti + 1 = 

- 3u* + 6ttw + 4u' + n = . 

These equations have one real solution, « = — 1 , tr = + 1 , from 
which we obtain 

Pi = , Pj = - 1 , 
or 

Pi = - 1 , Pj = . 

1 A special ease of the example given by Ebdmann, lor. ctf., p. 24. 
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FIG. 6 



Every discontinnoua solution must therefore be composed of 
stmight lines making the angles or 3»/4 tcith the positive x-axis. 
If the slope m = {yx - yo)/{Xx - Xo) of the line A B lies between and 
- 1, there are indeed two such solutions, A Ci B and AdB with one 

comer and an infinity with n ^ 2 
comers. 

Since F=y^{y -{-i)\ these 
discontinuous solutions fumish 
for J the value zero and there* 
fore the absolute minimum,^ 

il) In many cases the impos- 
sibility of discontinuoas solu- 
tions can be inferred from the following 

CoroUary:^ If {x^y y^ is a corner of a minimizing curre, 
then the function 

must vanish for some finite value of p. 
For the function 

*(p) = ^r (•«•«' y«'P) 
is a continuous function of p admitting a finite derivative 
for all finite values of p ; further, if we put 

y'(x,-0)=i>,. y'{x^+0)=jH , 
we have JH^I^^ ^^^^ according to (32), 

Hence by Rollers Theorem the derivative 

must vanish for some valne of p between pi and />*. 

If therefore the problem is a ''regular problem," i. r., if 

for every point in the interior of S and for all finite values 

I The minimam is, however, *^ improper ^* (compare §3^ 6)), because in everr 
nei^borfaood of A Cj B (or ACjB) broken lines can be drawn, joinintr A and ff, whae« 
aecrmeots hare alternately the slopes and — 1. For such a cturre A J = 0. 

: Compare aL«o WamEMomK. lor. eit.^ p. ia& 
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of 7>, we infer that no discontinuous solutions are possible in 
tlie interior of fi. 



Example I (see p. 1): F = y Vl-{- y'\Vi is the upper half -plane 
(*/^()).' Here 






(Vi + y'^y 

is 4=^ ill the interior of ft, and consequently no discontinuous 
solutions are possible in the interior- of ft. 



§10. BOUNDARY CONDITIONS 

In all the precedinj< developments it was assumed' that the 
minimizing curve shoidd lie entirely in the interior of the region 
ft. But there may also exist solutions of the problem as formulated 
in §8 which have points in common with the boundary of ft. To 
det<»rmine these solutions is the ol>ject of the present section. 

For this iuvi»stigation it is convenient to make use of the idea of 
a jtoint bif 2H)hit variation of a curve which played an important 
part in the earlier history of the Calculus of Variations. 

B<»tween the points of the two curves 

and 6: y = u + ^y 

we may establish a one-to-one correspondence by letting two points 
com»spond which have the same abscissa x. And we may think 
of the second curve as Ix^ing derived from the first by a continuous 
ileformation in which each individual point moves along its ordinate 
according to some law, for instance, if in 

y + a^y 

we let a increase from to 1. 

A point of 6 whose abscissa is x', is called a point of free 
rariation if Ay(jr') may take any sufficiently small value; other- 
wis<\ a point of unfree variation. 

For a curve 6 which lies entirely in the interior of ft all 
]X)ints except the end-points are points of free variation,* and this 
freedom was essential in the conclusions of §g4 and 5. 

M'<>inparp§l, r). 3 See the beginninfir of § 4. 

3 Compare the next section. *In oar formalation of the problem, §3. 
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ThiH in not tnie for a curve which has poiuts in common ^ith. 
tht^ 1)oiindary. For 8implicitj let iis suppose that the boimdarj of 
S contiiinH an arc 6 ivpresentable in the form 

f{x) bein^ of chws C". In order to fix the ideas suppose that M, 
WvH above (?. Then if 6 has a point P in common with ^, the 
variHlmi of P is unfree luA iwirict^ by th^cmidiiioii 

Ay^O. (34) 

Suppose the minimiziufj^ curve 0231 has the segment ;^3 in coin- 
1 iiion icith the boundary. 

Then the method of partial varia- 
•tion applied to 02 and to 31 shows that 
^ these ttco arcs must be extremals. 
^// . Consider next a variation of type (5) 
which leaves 02 and 31 unchanged and 
varies only 23. Since Ay-€^ must be 
^0, V ctinnot change sign and if we 
choose i| ^ then c must be tcJcen posi- 
/i ir ; hence we can no longer infer from 
(6) that U^i\ Imt only that 

«J^0 . (35> 

After the iutegmtion by pnrts of §4 we obtain therefore 

for all functioiis w i^ class D which vanbh at j^ and x. and satisfy 
besides the conditioii 

The Wmma of §5w sUghthr modified, leads in the pcesoit case 
lothe 

a piV^ rp»i brfcirr tW C%icii<«» j » ctk » of tbe .l»>rw:«ii Matbf tkal s 
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Theorem:^ If the minimizing curve has a segment^ 23 in 
common with the boundary of R, then along this segment the 
follotving condition must be satisfied .* 

-F; — ^ -P^. g , if B lies above 23 , (36a) 

F^-^F^.^0 , if B lies below 23 . (36b) 

smaller ralne for the integral J than any other curve of class Z>* joininir the two 
points 2 and S, lyin^ in a oertain neighborhood of the arc 23 and satitfying the condi- 
tion Ay ^0, provided that the condition 

'".-^ ''»■>» 

is falfllled alon«r the arc 23. 

The proof is based upon the construction of a ** field *^ (see 8§19i 20, 21) of eztrem- 
ab each one of which is tangent to the curve 7 and lies entirely on one side of ?. 

1 Of the properties specified above. 
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CHAPTER II 

THE SECOND VARIATION 

J^ll. L£6£NDBE*8 CONDITION 

The integration of Euler's dififerential equation and the 
8ul)6eqnent determination of the constants of integration* 
yield in general a certain number' of curves 6 as the only 
possible solutions of our problem: that is, if there exist at 
all curvt^ which minimize the intej^ral J, thev must be con- 
taineil among these curves. 

We have now to examine each one of these curves sepa- 
rately and to decide whether it actually furnishes a minimum 
or not. 

WV it>nfine ourselves in this investigation to curves which 
lie entirelv in the interior of the r^on S and have no 
corners. 

a) Grm'ralifies conctnrtu'ntj the stTond variation. 

We supjKJee then we have found an extremal 

i?- • y=MJ^)^ j-^^x^Xi (1) 

of class C which passes through the two points A and B^ 
and which lies entirely in the interior of the region S. 

Then we replace, as in ^4, the curve 6^ by a neighboring curve 

and apply to the increment AJ Taylor's formula.' stopping. 

t By thi^ iaitUI cooditiocis ^23>. th« corner cvxiditkws CS'< mad v33\ and tkr 
boandiiry cvodiuoos, 

-Tbe Dombi^r nuu be infinite v^'*^ ExmBspIe III, ]x M) : bat it maj also be impo»- 
^bue :$o ti> di^temune the eooBj^ats a5 ti» sati^ the ccoditions imiwiMwl apon tken : 
thi:^ hapfWB:<for ios^tance. in Kiamph* I foe certain iwi>itioii5 of the two ipwa |KMnfc» : 
:ie« the refereaee$ (pTea on p. 2^ 

ilf Fli^ma. Asukljtic fanctioa, re«cular in thedoouin V.expansiioo into an infinite 
aeries may be n:i«d instead. 
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Iioweiner, at the terms of the third order. If we put for 
biwrity 

-F'„(a^./o(ar),/.'(a;))=P" 
F„.{x,Mx),fi{x)) = g ■ (2) 

F,,.{x,f,{x),f'(x))=R 

and remember that Sj':=0, since ^ is an extremal, we obtain 

AJ = i I '(P<»' + 2^«)<o'+ii«'')cte+ I 'r<», a)'),ctr , (3) 

(», tt)')3 being a homogeneous function of dimension three 
of tt), o>'. 

Considering again special variations of the type © = €i; and 
reasoning as in §4, we obtain 

^•^ = ^^^£' ^P'f + 29v,' + Ry,'') dx + («)] , (4) 

where (e) is again an inimitesimal. 

Hence we infer the theorem: 

For a minimum {maximum) it is necessCiry fhat the 
second variation be positive (negative) or zero: 

^J^O (^0) (5) 

for all functions rj of class D' which vanish at Xq and j-j. 
For according to the definition given in §4, r), 

^J = ^ r ' {Prf + 2Qriri' + i?i;'') dx . (5a) 

The same result can also be obtained by the method of differ- 
entiation with respect to c, explained in §4, 6); see p. 10, 
footnote 2. 

From our assumptions concerning the functions F(x , ;y , p) 
and ffi(x) it follows* that the three functions P, Q, R are 
continuous in the interval (Xfpri). We suppose in the sequel 
that they are not all three identically zero in (j"(^r,). 

I Compare J. I, No. 60, and P., No. 99. 
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h) Legemlres condition. 

For the discussion of the sign of the second variation, 
Legendbe* uses the following artifice: He adds to the second 
variation the integral 






where ir is an arbitrary function of x of class C in (x^Ti), 
This integral is equal to zero;^ for it is equal to 



*'.r^^'''«')'^-=''Wi' 



and Tj vanishes at Xq and Xi. 

He thus obtains S^J in the form 

«V = ^\Q [{P + hO v'+^(Q + w') W + ^V'] dJr . 

And now he determines the arbitrary function w by the con- 
dition that the discriminant of the quadratic form in 17, 77' 
under the integral shall vanish, 7. e,, 

{Q + uf^R{P + w') = . (6) 

This reduces S^J to the form 

S'J=^£E{r,' + ^^r,)'d.. (7) 

from which he infers that jB must not change sign in (xxpTi) 
and that ^J has then always the same sign as if. 

These conclusions are, however, open to objections. For, 
as Lagrange* had already remarked, Legendre's trans- 
formation tacitly presupposes that the differential equation 

iLboendbe: '*M6inoire sur la maniftre de distinguer les maxima des minima 
dans lo calcul des Tariations/* Mimoires de VAcadimie cief Science*^ 1786; in 
StAckel's translation in Ostwajld's KUuaiker der exacien WiMenachaften, No. 47. 
p. 59. 

• This holds true also when i) has discontinuities of the kind which we have 
admitted (§3, c)); compare p. 12, footnote 5), and remember that n and w are con- 
tinuous in (J'oxp. 

3ln ITW; see OeuvreM.Voi, IX, p. 303. 
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(6) has an integral which is finite and continuous in the 
interval (x^pri), and that It does not vanish in {X(^i), 

Nevertheless, by a slight modification^ of the reasoning, 
the first part of Lregendre's conclusion can be rigorously 
proved, i. v., the 

Fundamental Theorem II: For a minimttm {maximum) 
it is necessary that 

R{x) = F^.,.{x,Mx),f^{x))^0{^0) in (x^O- (H) 

For, suppose J?(c) < for some value c in {X(^i) ; then we 
can assign a subinterval (lo?i) of {X(flOi) for which the follow- 
ing two conditions are simultaneously fulfilled: 

1. R{x)<0 throughout (|ofi) ; 

2. There exists a particular integral iv of (6) which is of 
class C in (|ofi). 

For, since Ii{x) is coxitinuous in {x(pci) and -B(c)<0, we 
can determine a vicinity (c — S, c -|- S) of c in which R{x)<iO, 
Hence it follows that if we write the differential equation (6) 
in the form 

the right-hand side, considered as a function of x and ?r, is 
continuous and has a continuous partial derivative with 
respect to w in the vicinity of the point x r, jr — t/?o, Wq 
being an arbitrary initial value for tv. 

Hence there exists, according to Cauchy's existence 
theorem,* an integral of (6) which takes for x = c the value 
tr-- ifo, and which is of class C in a certain vicinity (c — B\ 
c-i-5') of c. The interval (fofi) in question is the smaller 
of the two intervals (c — S, c + 8) and (c — S', c + 8'). 

This point being established, we choose for t] a function 
which is identically zero outside of (fofi)» ^^^ equal to 

iThe proof in the text foUows Wetebstbass's exposition, Lectures^ 1879. 
2 Compare p. 28, footnote 4. 
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I. 



(x — fo) (^ — fi) i^ (fofi)- The function rj thus defined fur- 
nishes an admissible vairiation of the curve Sqj since it is of 

class />' in (a^o;*'i), and vanisheB 

at Xq and x^. 

For this particular function 
^ '^Y ' rj, S^^cT becomes 

S^J = ^'fj (Pv' + S^ipy' + ^v") dx . 

To this integral Legendre's transformation is applicable. 
Accordingly 

The function t)' -\ — — rj is certainly not identically zero 

throughout (fofi) ; for it is different from zero for x = fo ^^^ 
x = ^i. 

Hence if R (c) were negative, a variation of @o could be 
found for which l^J<i 0, which is impossible if Qq minimizes 
the integral J. Therefore R(x)^0 in (.ro^j), Q. E. D. 

Leaving aside the exceptional case* in which ]i{x) has 
zeros in the interval {Xfyti), we assume in the sequel that for 
the extremal 6© ^h^ condition 

R>0 in (x^r) (II') 

is fulfilled. 

A consequence of this assumption is that not only /o(.r) 

but also/J'(ic) is continuous in (a^oiTi), as follows immediately 

from equation (20) at the end of ^6. Hence we infer that 

not only the functions P, Q, R themselves but also their 

first derivatives are continuous in {xqXi). 



Example^ I (see p. 27): F=^ y v 1+^"^ ; hence 

1 An example of this exceptional ease is considered by Erdmaxn, Zeituchrift fUr 
Mathematik und Phytik, Vol. XXIII (1878), p. .%9, viz., 

F — y'^ cos * X and •«'o < 9 < 'i • 
2.\11 the square roots are to be taken positive, see p. 2, footnote 1. 
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r fi rp y_ ji* y 



vv 

Further 

6„: y = a„cosh 






hence 



^ - ^0 D _ - /^^,.u2'^-i^o 



P = 0, e = tanh —, R = a^/coiih 

Since we suppose |/>0, it follows that «k,>0 and theix^fore i?>0 
for every ur. 

c) Jacohrs form of Legendre^s differeniial equafioii. 

We have now to examine the second part of Legend re's 
conclusion, viz., that, if /? > throughout (j*(^i), then S'V^ 
for all admissible functions ?;. 

The conclusion is correct, as follows immediately from 
the preceding developments, whenever there exists an in- 
tegral of the differential equation (0) which is finite and 
continuous* throughout (iTo^i); it is wrong, as will be seen 
in §16, if no such integral exists. 

It is therefore necessary to enter into a discussion of the 
differential equation (6). For this pur|X)se Jacobi^ reduces 
the differential equation (6) to a homogeneous linear differ- 
ential equation of the second order by the substitution^ 

iv=^Q--R^, (8) 

which transforms (6) into 

{P-Q')u-^{Ru')^0 . (9) 

We shall refer to this differential equation as Jacobins 
differential equation and shall denote its left-hand side 
by ^(w): 

1 Since R^O^ the continuity of w implies the continuity of w\ compare (6a). 

3 ** Znr Theorie der Variations-'Rechnnnfir nnd der Differentialgleichuniren, 'Vour- 
fuil/ar Mathematik,\o\. XVII (1887), p. 68; also OttiraUi't Kkuiiker, etc., No. 47, p. 87. 

'Notice that also the derivatives of Q, R exist and are continuous, an shown 
above. 
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*„„.(i.-iD„-^(«§). <i«) 

If we write (9) in the form 

the coefficients are continuous in (a^o^i). Hence it follows, 
according to the general existence theorem' on linear dif- 
ferential equations, that every integral of (10) is con- 
tinuous and admits continuous first and second derivatives 
in (^0^-,). 

Hence we can infer that if the condition ; i2 > in {x^^ 
is satisfied and if the differential equation (9) has an 
integral u which is different from zero throughout (iroXi), 
then S2./>0 for everji admissible fnnctimi rj not ide^itically 
zero. 

For if a is such an integral, then (8) furnishes an inte- 
gral w of (6) of class C in (aJ(>i*i), and therefore SrJ^O, In 
order to show that the equality sign must be excluded, we 
introduce a instead of tc in (7), and obtain 

^j^^£ii(vjLpny^ (11) 

This shows that S"-*/ can be equal to zero only when 
rj' n —i]n' = throughout (roiTj), i. e., when i; = Const, ti, 
which is impossible since rj vanishes at Xq and a^i, and u 
does not. 

If, on the contrary, every integral of (9) vanishes at least 
at one point of (ir(^i), Legendre's tranformation is not 
applicable to the whole interval. We shall see (in §16) 
that in this case S^J can, ip. general, be made negative. 

1 Compare £. II A, p. 194, and Picabd, Traiti d' Analyse, Vol. Ill, pp. 91, 92. If 
F and consequently also P, Q, R are Analytic functions, the existence theorems 
for analytic differential equations may be used instead. For linear differential 
equations in particular, see Schlesinoeb, Handbvch der Theorie der linearen Differ^ 
entialgleichungen. Vol. I, p. 21. 
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§12. JACOBl\s TBANKFOBMATION OF THE SECOND VABIATION 

The proof of the statement made at the end of the pre- 
ceiling section is bnw^d u|Kjn a second transformation of 
S^'Jdue to Jacobi.' 

a) Let (lofi) l>e either the interval (a-Q./!) itself or a sub- 
interval of (Jrffi'i), and let rj he identically zero outside of 
(frtfi)? ftii^l "I (fofj) ^qtial to some function of class ('" which 
vanishes at fo ^^^^1 fi- 

Then if we denote by 'ifl the (juadratic form of i;, i;' : 

and apply Euler's theorem on homoi^eneous functions, we 
may write B'*J in the form 

The fiec-oiul term can be iiite^frated by parts since rj" is coii- 
tiruKnis, and we obtain 

..., .,(r dQ-\(< nu /an it 8n\ / 

1 .Umnutl far Mathematik, \o\. XVII (1K37), ii. tW. Ja( OBi dorivfs ^8) as weU as 
tht? iiitCKration (if flO) from tho remark tliat *'./ = 5(6J\ h»Mico 

a-./ = t - U/if'^^ :- I r,6.\fdx - , 



nut 






Jacob! *s )»a|>or, which is not confiiiotl to i\w simple casr* which we urn Ihto 
coii>i(l<>riii»;, but whicli also treats tli«> casr in which thn functi(m F cimtains hiKh<'r 
ih'rivutiv«'> of y of any onlrr, marks a turninjc jniint in tho history of thi» Calculus of 
Variation^. Tt Kivi»<, how«'vrr, only vi'ry short indications conci*rnini? th« |>r<K»fs: 
the details <»f th«? pnM>fs have b<»on supplii^d in a srries of articles by Delauxay. 
Sf'iTZKR, Hesse and othi^rs (>ch' the list ^iven by Pascal, Ih'. cit., p.C^H). Amouff 
thi?s<» commi'ntarii'"^ <»n .Jact>bi's i>aix»r, the most complete is that by Hessk 
iJonriKil fUr Mathcmatik, Vol. LIV (18.'>7), j). 2.m>, whos*^ presentaticm wo follow in 
this section. 

•Jacobi '-J results have been oxtende<i to the most pennral problem involving 
>imple definite inti'Krals by C'leuhch and A. Mayer (see the references ffiven in 
Pascal, Iih-. cit., pp. tW, •>.">, and (\ Jordan, Cnurn (VAnalytn:, Vol. Ill, \os. 373-94). 
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But r) vanishes at fo ^^*^ fii ^^^ 

Hence we obtain Jacobi\s expression for the second 
variation : 

8V = €^ f\^iri)dx , (12) 

which leads at once to the following result: 

// there exists an integral u of the differential equation 
(9) ivhich vanishes at two j^oints fo «wr/ fj of {X(pri), we can 
make^ S^J — 0, viz., by choosing 

_ ( u in (fof,) , 
''"(() outside of (f,^,) . 

h) In the sequel we shall need an extension of form n la 
(i-^) to the case when t) is of class D" , Let r^, ro, • • •, (■„ l)e 
the ixiints of discontinuity of 77' or ?;". Then the integral 
for S^J must be broken up into a sum of integrals from fo to 
Ci, from Ci to C2, etc., before the integration by parts is 
applied. Hence we obtain in this case 



-='ii:K-?E/:> 



{ri)dJC 



\ • 



do 
or, if we substitute for g— ; its value and remember that »;, 

Q, R are continuous at r,, r.,, • • •, r„ : 

S^J = r" j V 7 (Cy) R {c,) [n'U-y - 0) - 7'(a+ <>)] 

+ I i,*(7)rfa-[. (12a) 

c) From (12) a second jyroof^ of (11) can be derived; this 
proof is based upon the following property of the differen- 

I It will be seen later on that it foltbws from this result that, iu gonoral, there can 
be DO eztremum in this case, see §§U and 16. 

21>ae to Jacobi, see the references on p. 51, footnote 1, in particular to Hbssb^ 



§121 Second Variation 53 



tial (>i)erat()r ^: If // and /• are any two fiinctioiiB of class 
C", then 

N^{v) - r^Oi) = - 'I^R{nr' - n' c) . (18) 

Heiico if 1/ satisfies the differential equation 

we ^et 

and if we put 

r=ptt , 

y> Ix'ing any function of class C'\ and multiply by p^ we 
obtain 

{ini)^{pu)= -p'^JBp'u') 



= --^l^iRpp'u')+R(p'Hy. (14) 



But since 



we obtain from (14): 

= R(pHf + ^^Jp'n((^i( + Ru')) . (ir)) 

Now suppose moreover that n in diffei^enf from zero 
fhroiHjItouf Ifofi). Then we may substitute in (15) for the 
arbitrary function p the quotient 

It 

and since rj vanishes at f,, and fj, also j) will vanish at 
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fo and fi, Hence, on integrating (15) between the limits 
fo and fi, and substituting forp its value, we obtain^ 



§13. JACOBI'S THEOREM 

By tlie developments of the last two sections, the decision 
regarding the sign of the second variation is reduced to 
the discussion of Jacobi's differential equation (9). It is 
therefore a theorem of fundamental importance, discovered 
by Jaoobi^ in 1837, that the general solution of the differ, 
ential equation '^(//) = can be obtained by mere processes 
of differentiation, as soon as the general solution of Euler's 
differential equation is known. 

a) Assumpiioiis^ concerning the gowral solution f {a* ^ a . /8) 
of Elder 8 differential equation: 

We suppose for this investigation that the extremal @o is 
derived from the general solution by giving the constants 
a, /8 the special values Oq, /Sq, so that 

Further, we suppose that the function /(r, a, /8), its first 

1 Notice that in the present proof we have to suppose n to be of class C in (((,^1) . 
It can, however, be easily proved that the result is true also for functions if of class 
C and even D\ in accordance with the results of §11, c). This follows from the fact 
that p" does not occur in the identity (15) and that p u i(^ + Ru') is continuous even 
at the points of discontinuity of i|' or 1} ". 

2 See the reference on p. 51, footnote. 

3 If the interval ir^r^) is sufficiently small, these assumptions are a conse- 
quence of our previous assumptions concerning the function jP( p. 12), the 
extremal 9q (p. 44) and the function R (p. 48). This follows from the theorems con- 
cerning the dependence of the general solution of a system of differential equations 
upon the constants of inte«jrration ; compare PainlevA in E. II A, pp. 195 and 300, 
and the references there given to Picard, Bendixson, Peano, Xicoletti, and 
V. Ehcherigh ; also Nicoletti, Atti dtllti R. Acc» dci Lined Rendicontij 1895, p. S16. 

For the case when F is an analytic function, compare E. II A, p. 202, and 
Kneser, Lehrburhy §27. 

For certain special investigations concerning the ''conjugate points,** the addi- 
tional assumption is necessary that also/o^,/«||3,/^^ exist and are continuous in JKl 
compare p. .'^, footnote 1, and p. 62, footnote 4. 
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partial derivatives and the cross-derivatives /r^j/a^ ^^e con- 
tinuous, and that fj^^ exists in a certain domain 

A : X^'^x^X^ , I a — oo I ^ r/ , I ^ — ^^ i = rf , 

where Xo< J^c -^i >«^i a^^^ ^^ is a positive quantity. 

From these assxmiptions, together with our previous 
assumptions concerning the function i^, the assumption that 
^ lies in the interior of the region fi and the assumption 
that J?(j')>0 in {s^^ it follows: 

1. That* also the partial derivatives/^, /^j. exist, are con- 
tinuous and e<}ual io f^^^^ fj,^ respectively, throughout A; 

2. That if we replace in the first and second partial deriva- 
tives of F the arguments /y, y by /(j-, a, fi),fjjr, a, fi), 
these partial derivatives are changed into functions of j\ a, /3 
which are continuous and have continuous first partial deriva- 
tives with respect to a and /8; 

3. That' 

Fyy\x,f{x, a, p),Ux, a, /3))>0 , (16) 

the last two statements being true throughout the domain 
A provided that the quantity d and the differ- 
ences 0*0 — Xq, Xi — j^i be taken suflSciently small; 

4. The quantities f/, Xq — Xq, -yj — iTi being so selected, 
it follows further from equation (20) in §6 that also the 
partial derivatives /r^., /pj.., f^^xfi ^xist and are continuous 
in A. 

h) The general integral of JacohVs differential equa- 
tion (9) can now be obtained according to Jacobi (he. cit,) 
as follows : 

If we substitute in Euler's diflperential equation for y 
the general integral f{x^a,P) we obtain 

1 Compare E. II A, p. 73, and Stolz, GrundzH^ dcr Differential' uml IntegraU 
rweknung. Vol. I, p. 150. 

sSince R{x) has a positive minimum valae in (jTyOr,) and Fy-y'(jr,f(jr, «»/'), 
fg('r,a,p))\n uniformly continuous in A. 
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F^(.r,/U-,a,/?),/,(.r,a,/3)) 

-^F,.{j',f(x, a, fihMJT, a, fi)) = , 

an identity which is satisfied for all values of jr, a, )8 in the 
domain A and which may therefore be differentiated with 
respect to a or fi. On account of the preceding assumptions, 
the order of differentiation with respect to x and a (or 13) 
mav be reversed* and we obtain 






(1') 



where the accents denote again differentiation with respect 
to jr. 

If we give in (17) to a, /8 the particular values a^a^^ 
l3--fio and remember the definition of P, ^, if in §11 
equation (2), we obtain 

Jacobi's Theorem: If 

is the (jeiwral solution of Eiiler^s differeniial equation^ then 
the differential equation 

^(n) = (P- Q') u - ^{Rn) = 

admits the tico particular inteffrah 
r,=/«(x,a«, /?,) 

. Corollary:^ T/ie two particular integrals rj and 7'2 ^^^? 
in general^ linearly independent. 

For, in order that rj and ?'2 ^^^7 be linearly independent, 

iFrom the existence and continuity of -^i^y-y'/ax^ *Q<^ "d" ^v'M' ^^^^^ ^^* 
ezifltence and continuity of f^^^j^ on account of (16). 
'Sw Pabcal, Ioc, c»7m p. 75. 
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it is neceiMuy and sufficient that their '^Wronskian deter- 
minant''* 

r;(x) n{x)\ 
be not identically zero. 

On the other hand, since /(j^, a, /8) is supjxjsed to V)e the 
general solution of Euler's differential equation, it must 
be j)ossible so to determine a and 13 that y and //' take 
arbitrarily prescribed values yo ^^d ^2 ^^^ a given non- 
singular value of Xy say Xo. 

The two functions /(iTo, a, /S) and/^(.r2, a, /8) of a, /8 must 
therefore be independent, and consequently^ their Jacobian 



9 (/,/,) 



Jxa Jxfi 



9 (a, /J) 

cannot be identically zero for all values of a, fi. But for 
a Oq, fi---^Qy this Jacobian is identical with the determi- 
nant D(x)j since fax- fxa^fpx—fxfi^ ^^^ therefore Vi and r2 
are linearly independent, except, possibly, for singular sys- 
tems of values Oq, fio, i. f., for singular positions of the two 
given points A and jB. 

We exclude in the sequel such exceptional cases and 
assume that I'l and r2 are linearly independent. Then fhe 
general iniegral of Jacobus differential equation is 

w = C>, + C,r, , (19) 

Ci , 6*2 being two arbitrary constants. 

§14. JACOBI'S CRITERION 

By Jacobi's theorem the further discussion of the sign 
of S^J is reduced to the question : Under what conditions is 
it possible so to determine the two constants Pj, Co that the 
function u =-- Cjri + C2r2 shall not vanish in (x^^ ? 

1 Compare £. 11 A, p. 261, and J. Ill, No. 122. 
aCompare P., No. 122, IV and J. I, No. W. 



5S Calculus of Variations (Chap. II 



1 



111 order to answer this question, we construct the expres- 
sion * 

A (x , x^) = r, (x) r, {x^) - r, {x) r^ {x^) ; (20) 

it is a particular integral of (9) and vanishes for x=^Xq\ if 
it vanishes at all for values of x>Xq^ let x^ be the zero next* 
greater than a-Q, so that 

A(aro, 0-0) = , 

A {x , j-o) 4= for .r„ < .r < xi , (21) 

A(xo', a-o) = . 

Then it follows from a well-known theorem on homogene- 
ous linear diflPerential equations of the second order due to 
Sturm* that every integral of (9) independent of A (jr, .r^)) 
vanishes at one and but one point between Xq and x^ . 

We have now to distinguish two cases : 
Cdse I: xq^Xi, 

. Then every integral of (9) vanishes at some point of (xj^'^j 
and we obtain according to §12, a) the 

Theorem: Ifx^^Xu it is 2^os8tble to make S2jr=() htf a 
proj)er choice of the function rj, 

1 Compare Hesse, loc. cH., p. STiS, and A. Mayer, Journal fUr Mathemaiik, VoL 
LXIX (1868), p. 250. 

3" If u, , tij'are two linearly independent integrals of 
d^u, du, _ 

where p and q are functions of x, then between two consecutive zeros of U| there is 
contained one and but one zero of ii^ , provided that those zeros are comprised in an 
interval in which p and q are continuous.'* See Sturm, '^ M6raoire sur les Equations 
diff6rentielles du second ordre'* (Journal de Liouville,, Vol. I (1896), p. 181); also 
Sturm, Cours d' Analyse, 12th ed., Vol. II, No. 609. The theorem follows easily from 
the well-known formula 

du^ c/tt, -fpdx /99. 

where Cis a constant 4=0. From the same formula it follows that U] and u^ cannot 
vanish at the same point, and that Uj and — cannot vanish at the same point. 

Compare also Darboux, TMorie des Surfacet, Vol. Ill, No. 628, and BdcHER, 
Tran$action» of the American Mathematical Society, Vol. II (1901), pp. 130, 428. 

It seems that Weierstrass was the first who used Sturm's theorem in this 
connection. Hemsb {loc. cit., p. 2.57) reaches the same results in a less ele^rant way 
by making use of the relation (22). 

«< Compare Addenda at end of book. 
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For instenoe, by taking 7j = A{x, Xq) in (Xf^rQ) and identi- 
cally zero in {xiac^^ 

Hence Jaoobi inferred that an extremum is impossible if 
-tq^Xi ; for, iJ and S^J being zero, the sign of A J" depends 
upon the sign of S^J" which can be made negative as well as 
positive by choosing the sign of e properly. This conclusion 
is, however, legitimate only after it has been ascertained* 
that the particular variation which causes S^J to vanish does 
not at the same time make 8^*7=0. 
Case II: x^ >Xi or ehe Xq non-existent. 

In this case the particular integral 

A (x, Xy) = r, (x) ?-j (x,) - ra (x) r, (x,) 

of (9) is linearly independent of A(*r, Xq) since Afj'oi ^o) = 0, 
whereas 

Hence it follows from Sturm's theorem that A (.r, J?]) 4=0 
for Xq^xKxi^ and therefore also (on account of the con- 
tinuity ot A{x,Xi)) tor Xo—i^x<ixi, 8 being a sufficiently 
small positive quantity. Now choose j^ between a^o — ^ c^^d 
j^ and so near to Xq that^ Xq<:^xP<Xq, Then we can apply 
Sturm's theorem to the two particular integrals A (jr, a-j) 
and A{x,aP) = rf (x) r^, {ofi) 
—r2{x) ri{ofi) and obtain 
the result that 
A(ar, j:")=t=0 in {x^^) . piG. 9 

iThe value of ^J for this particnlar function i| has been computed by Erdmann 
{ZdUchrift far Mathematik und Physik, Vol. XXII (1877), p. 327). He finds, in the 
notation of §15 

<V= -«'B(a-o')^;(x„-, yo)*ry('o'. Yu) ; (23) 

R (Xo') and^Y ^'o' Yo) are always different from zero ; and ^yy (Xf^\ y„) is also different 
from zero except when the envelope of the set (28) has a cusp at >i' or degenerates 
into a point. With the exception of these two cases then, Jacobi*8 result is correct. 
Compare also §16. 

2See §13, a). On account of (16), R(jc)>0 and, thercforo, r,(j-) and r^U) are 
continuous not only in (x^y) but also in the lar^rcr interval (X^A*,). 
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We obtain, therefore, according to §11 c), the 

Theorem : 7/ if > throughout {x^pc^f cmd either iCi< a?o 
or j-Q non-existent, then S^J is positive for aU admissible 
fundi&tis r). 

Hence Jacobi inferred that in this case a minimum 
actually exists, and this was generally believed until Weieb- 
STRAss showed the fallacy of the conclusion (1879) (see §17). 

The above two theorems constitute " Jacobi's Criterion." 
The value jtq is called the conjugate of the value Xq; and the 
[)oint A' of the extremal (Sq whose abscissa is Xq, the can- 
jugate of the point A whose abscissa is Xq, 

§15. geometrical interpretation op the conjugate 

POINTS 

Jacobi* has given a very elegant geometrical interpreta- 
tion of the conjugate points, which is based upon the con- 
sideration of the set of extremals through the point A. 

a) This set is defined by the two equations 

y=/(x,a,/3) , (24) 

y.=f{x,,a,p) . (25) 

The second equation is satisfied by a — Oq, y8 = y8o; and 
at least one of the two partial derivatives 

/a(-ru, a^. A) = r^{Xo) and /^(Xo, Oo, /3o) = r,(a'o) 

is 4=0 since ^•i(.r) and r2{x) are two independent integrals of 
(9) and i?(j'o)4=0 (see p. 58, footnote 2). According to the 
theorem^ on implicit functions we can therefore solve (25) 
either with respect to a or with respect to y8. But we 
obtain a more symmetrical result if we express a and fi in 
terms of a third parameter 7. 
If we choose, for instance, 

1 Loc, cit.^ and Vorlesungen Hber Dynamik^ p. 46; also Hesse, loc. cit., p. 258. 

2 Compare p. 35, footnote 2. 
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y=/x(a-o,a,/?) (20) 

and denote by 7© the value 

we can solve* the two equations (25) and (26) with re8i)ect 
to a and /8, and obtain a unique solution 

a=a(y) , P = P(y) , 

which is continuous in the vicinity of the point 7-^70 and 
satisfies the condition 

at) = a(7o) , A = ^(70) . 

Moreover the functions a (7), 13 (y) admit, in the vicinity of 
of 7o, continuous first derivatives. 
Hence it follows that if we put 

f{x,a(y),P(y))=4>{x,y) , 

the function 0(ar, 7), its first partial derivatives and the 
derivatives* 0^^., 0^^^ will be continuous in the domain 

X^iW.x^Xi , ! 7 ~ yo I ^ c?i , 
r/i being a suflSciently small ix)sitive quantity. Further- 
more, the equation 

y« = *(^o,7) ^27) 

is satisfied for all sufficiently small values of [7 — 70 1 • 
The equation 

y = *{x,y) (28) 

represents, therefore, the set of extremals through ^1 in a 
certain vicinity of the extremal Qq, the latter itself being 
represented by 

e.,: y = *U.r). (29) 

By differentiation with respect to 7 we get 

'All tho conditions of the theorem on implicit functions are fulfilled at the 
point at^oo, ^=>^Q, Y = Y^. In particular, the Jacobian of the two functions 
f{x,^, a , fi)- Vf^and fj^ix^,a, p)- yvrithTeaitectioaandfi is ^OfoT a=: a^, fi = fi^.y -Ly,^^ 
its value boinf? ■OCJ'o) ^»*i (^o) '"a'C-**©) ~'*2(-''o) ^i' ^^o^"* which is different from zero, 
since rj , r^ are linearly independent and ur^ is a non-singular point of the differential 
equation (9). 

2 Also ^yy will be continuous if /oa* /a^«//Sa ^^^ continuous in A. 
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<l>y{^, y) =M^, a, ^)^+/,(^, a. /3)^ , 
and therefore, on putting 7"^7o, 

^^^•^'^"^ n(^o)r;(a:o)-r,(xo)r;(xo) ' 

The functions ^^(.r, 7o) and A(wr, x^ diflPer, therefore, only 
by a constant factor:* 

*Y (^, yo) = C A (a-, o-o) , C 4= (30) 

and consequently the conjugate value Xq may also hr 
(lejincil^ as the root next greater than Xq of the eqmition 

*,(^,yo) = . (30a) 

From (30) and the properties' of A (a?, Xq) it follows further 
that 

*y. (^0 , yo) 4= *,, (xi , yo) * (31) 

h) According to the preceding results, the co-ordinates 
^'» yo of ^he conjugate point A' satisfy the two equations 

* (j-o , 2/0 , yo) = * (^o', yo) - yo = , 

*y(^u', 2/o', yo) = *y(^o , yo) = , 

and the determinant 

is different from zero for x = Xq, y = yo, y = yQ, its value 
being <^yar(^o» 7o)- Hence we obtain, ac<3ording to the theory 
of envelopes,* the following geometrical interpretation: 

1 The same results conoeminff ^(x^y) hold if« instead of the particular parame- 
ter y chosen above, we introduce another parameter y' connected with y by a relation 
of the form 

Y-»x(y') » 

where x (y) and its first derivative are continuous in the vicinity of yqi ai^d X'(Yo) ^^* 
'•'Compare Ebdmann, Zeitachrift fUr MtUhemaUk und Phynk^ Vol. XXII (1877), 

p. 325. 

3 Compare p. 58, footnote 2. 

« Compare E. Ill D, p. 47. The proof presupposes the continuity of 

*x ' *v ' **y ' *yjt • *y» * *ry ^^ *^® vicinity of the point ar = jr^, , y = y '^ , y = y^ . These 
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(^onsider the extremal 

and a neighboring extremal of the set (28): 
G: y = <t>U.yo + k) . 

Then if \k\ be chosen saflSciently small, the curve @ will 
meet Gq at one and but one point P in the vicinity' of -4'. 
And as k approaches zero, the 
point P approaches A' as lim- 
iting |x)8ition. Hence we have 
the 

Theorem: The conjugate A' 
of the point A Is the point where * *'"* * '•"^* 

the extremal Gq meets for the 
first time the envelope of the set of extremals through A, 

-4) Example IV: F=g{y'),a, function of y' alone. 
The extremals are straight lines ; the set of extremals (28) is the 
pencil of straight lines through A ; hence there exists no conjugate 
l>oint. 

The same result follows analytically: The genenil solution of 
Euler's equation is 

y = ax + P , 
hence 

r, = iT , Ta = 1 , 

cimditioDs are satisfied in oar case provided that Xq lies in the interval (X0X,), 
and provided that we suppose that not only the derivatives mentioned on p. 55, but 
also /oA « fg^ , ffifi are continuous in A (compare p. 54« footnote 3). 

'This means: If we choose a positive quantity i. arbitrarily but sufficiently 
^mall, and denote by M^ and Jfj ^^^ points of 9^ whose abscissae are x^-6 and 
J^^|-\ 6 then another positive quantity o* can be determined such that every extremal 
<» for which \k\<a^ meets 9q at one and but one point P between Mi and Mq. 
(.'ompare p. 35, footnote 2. 

If, on the contrary, x^ be any value in the interval (XqX,) for which 

then two positive quantities 3' and tr'can be determined such that no extremal e for 
which I A |< «r' meets <»o between the points whose abscissae are x, - «' and x^ + «'. 
F<»r in this case the difference 

where < • < 1 is different from zero for all sufficiently small values of i A i and I k I 
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A(j-,aro) =x — jr« 



ExAMpr.E I (see p. 27): From the general solution of Euler's 
equation 

y = a co8h 

we get 

A (jr, jTy ) = sinh r coeh i\ — sinh v^ coeh r — ( r — i\,) sinh r sinh r^ , 



where 



r = 



Jr-p,, 



»-u = 



J^o — ^» 



I . 



Hence we obtain (if fo 4= 0) for the determination of xi the tran- 
HCf^clental equation 

co.a r — r = coth ?-o — i\ . (32) 

Since the function coth r — r decreases from + « to — x as r 
increases from — oo to 0, and from +« to — x as v increases from 
to + « , the equation (32) has, besides the trivial solution r = r© , 
one other solution vi, and ro and to' have opposite signs. 

Hence if i'« > 0, i. «., if A lies on the ascending branch of the 
catenary, there exists no conjugate point: A(ar, Xo) + for every 
a- > Xu . The same result follows for fo = . 

If, on the contrary, ro< 0, i. e., if A lies on the descending 
branch of the catenary, there always exists a conjugate point A' 
situated on the ascending branch. It can be determined geomet- 
rically by the following property, discovered by LindelOf:^ The 
tangents to the catenary at A and at A' meet on the x-ojcis. 

For the abscissae of the points of intersection of these two 

tangents with the x-azis are 




FIG. 11 



and they are equal on account 
of (32). 




iLlNDRLOr-MoiGNO, Utc, cit.^ p. 209, and Lindel.Of, MathematiMche Annaten^ 
Vol. II (IM70), |>. lAO. ("ornpare also the references given on p. 28, footnote 1. 
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§10. NECESSITY OF JACOBl's CONDITION 

It has already been pointed out that the two theorems 
of §14 which constitute Jac obi's Criterion, though giving 
important information concerning the sign of the second 
variation, contain neither a necessary nor a sufficient condi- 
tion for a minimum or maximum. 

But at least a necessary condition can be derived from 
the first of the two theorems by a slight modification of the 
reasoning: If Xq < J^i, then S-J can be made not only zero 
but even negative. 

This was first proved by Weiebstbass in his lectures ; 
the first published proof is due to ^^^dmann.* The fol- 
lowing is essentially Erdmann's proof : 

1 ZeiUchriftfUr Mathematik und Phynk, Vol. XXIII (1878) , p. 967. Scheeffer'm 
protif {MathenMUi9che Annalen^ Vol. XXV (1885), p. 54M), is not essentially diff»>rent 
from Erdmann'8. 

WEIEB8TRA88 writes the second variation in the form 



«V 






A: bcinfc a small positive constant, and applies to the first integral Jacob i's trans- 
formation : 



where 






♦('?) = ((P+fc)-V>-^(i?V) 



-r 



Then he shows that there exist admissible functions if which satisfy the differ- 
ential equation i' (i|) = 0. For such a function i| , l^J is evidently negative. 
H. A. ScHWABZ (Lectitre*, 189&-99) uses the following function n: 

; A(«,Xo) + fc» in (J-o^o) ♦ 
A;m in (a?o'j-i) , 

where ib is a small constant and » is a function of class CT which vanishes at jr„ and r, 
but not at x^\ The corresponding value of l^J is of the form : 

«V = .*|2ft/?(V)A(xo\J-o)«(V) + ^^| » 
which can be made negative by a proper choice of k. (Compare Sommerfeld, 
Jakretbericht der DcuUchen Mathemaiiker-Vcreinigung, Vol. VIII (1900), p. 189.) 

All these proofs presuppose Xo'<f ] ; for the case Xq'= Xi , so far as it is not cov- 
•)redby Erdmann's formula (23) for JV, compare KsKHEn^yicktheniatiM:heAnnale$t, 
Vol. L (1897), p. 30, and Osgood, Transactions of the American Mathematical Society^ 
Vol. II (1901), p. 166. This case will be treated in parameter-representation iu 
chap. V, 8 38. \ 
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Take x-l so that 

JTo < -r* < J*! and A (x^ , jto) 4= , 
and put 

II = A(jr, jr^) , 

r =pA(jr, x,') , 

where p — -r 1 or — 1 ; u and v are particular integrals of 

(\}) and linearly independent; hence the relation (22) holds 

and takes the following form for the differential equation (9): 

R{uC'-ui) = K , (33) 

A' being a constant different from zero. 

We choose p so that iT > ; this is always possible, for, 
if r is replaced by — r, iT is changed into — K. 

Further, since also u and u — v are linearly independent, 

it follows from Sturm's theorem (see p. 58, footnote 2) that 

H — r vanishes for one value of x, say a' = c, between ar^and 

j-J ; hence 

u(c) = v{c) . 

Now define rf as follows: 




j|' u in (jr, r ) , 

^. ^. '?=- '' in (<? ^0 » 

FIG. 12 (o in (xix,) . 

This function rj fulfils the conditions under which the 
formula (12a) for !^J holds, and since ^(i;)=rO for each of 
the three segments, formula (12a) becomes: 

S*J = c»i?(wu'-rr');% 
which may be written, since ii(o) = r(c): 

S'J-^ - c»i2(ur'- u'r) f = - c*^ , 

and this is negative according to our agreements concerning 
the sign of r. 

Thus we have proved the 

FrxDAMENTAL Theobem III: Tlie third necessary con- 
dition for a minimum (nuiximum) is thai 
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A(x,^„):i=() (III) 

far (ill rfthirsi of x in the open inlerval XQ<,r<j\ . 

Corollorfj: The same condition may also be written 

.r, ^j'y', or else jr^ non-existent , (HI) 

/. r\, // the end-point B lies heijond the eonjmjdte point A' , 
there is no minimnm or maximum. 

We fill nil refer to this condition as Jacobi's eondition. 



3 



CHAPTER III 

SUFFICIENT CONDITIONS 

§17. SUFFICIENT CONDITIONS FOB A "WEAK MINIMUM"* 

We suppose henceforth that for our extremal ^ the 
conditions 

-R > (II') 

A (a;, Xo) 4= for .r,<x^x,' (III') 

are fulfilled, and we ask: Are these condition.^ sufficient 
for a minimum? 

a) It seems so, and until rather recently it was gener- 
ally believed to be so: For the reasoning of §11 shows that 
after an admissible function rj has been chosen, AJ" will be 
positive for all suflSciently small values of | €| ; hence within 
the set of curves with parameter e: 

y = y + ^v (1) 

the curve @q does furnish a minimum. On the other hand, 
every curve 6 may be considered as an individual of such a 
set, and therefore it seems as if we must actually have a 
minimum. 

But a closer analysis shows that the conclusion is 
wrong. For all we have proved so far is this: After a 
function 17 has been selected we can assign a positive 
quantity* f), such that AJ'>0 for every | €[</),. And if 

1 Compare for this section Scheeffeb, ** Ueber die Bodeutunff der Befrriff*' 
Maximum und Minimum in der Variationsrechnun^/* McdhemcUiMhe Annaicn^ Vol. 
XXVI (1886), p. 197. This paper has been of the greatest importance in dearincr up 
the fundamental conceptions in the Calculus of Variations. ' 

2 Notice the equality sign vhich distinguishes (III*) from (III); for the caM* 
r| = x^\ which we omit here, compare the references on p. e^ footnote. 

3 The notation fi^ indicates that p depends on the function i|; compare £. H. 
Moo&E, TraruMctions of the American Mathematical Societyy Vol. I (1900), p. 500. 

68 
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we denote by m^ the maximum of [rj in (-rfyri) and pijt 
hy-m^p^, we have 

for all curves of the set (1) for which | € | < p, ; and vice 
i^ersay if we- draw in the neighborhood (A*,) of Gq any curve of 
this particular set, the corresponding € satisfies the inequality 
€ I < /)^ and therefore AJ'> 0. 

Now consider the totality of all admissible functions 17 ; 
the corresponding set of values A*, has a lower limit fco^ 0. 
If it could be proved that A^> 0, then we could infer that 
A.7> for every admissible variation y for which | A^/ 1 < Atq, 
and we would actually have a minimum. But it cannot be 
proved that A*o > and therefore we cannot infer that (^ 
minimizes J. 

It is even a priori clear that the method which we 
have followed so far can never lead to a proof of 
the sufficiency of this or any other set of con- 
ditions.' 

For, if we apply Taylor's expansion (either infinite or 
with the remainder term) to the difference 

AF= F(.r, y + Ay, y'+ Ay') -i^(x, y, y) 

and integrate, we can only draw conclusions concemig the 
sign of A J" from the sign of the first terms, if not only \^y\ 
hut also I Ay' I remains sufficiently small^ or geometrically: 
if for corresponding points of Qq and 6 not only the distance 
but also the difference of the directions of the tangents is 
sufficiently small. 

h) If there exists a positive quantity k such that AJ"^ 
for all admissible variations for which 

I Ay I < Ar and \ Ay' | < A: , 

Kneseb {Lehrbuch, §17) says that the curve @o furnishes a 
** Weak Minimum,'^^ from which he distinguishes the mini- 

1 First emphasized by Weiebbtrass. 
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mum as we have defined' it according to Weierstbass, as 
'^Strong Minimum.^'' If a curve furnishes a strong minimum, 
it always furnishes (i foHiori also a weak minimum, but not 
rice versa. 

If we adopt temporarily this terminology, we can enun- 
ciate the following 

Theorem: An exfremul ^^for which the cowlifions 

R>0 (II') 

A(j-,x,)4:0 fiir x^<x^x, (III') 

are fulfilled^ furnishes (d least <i ^' weak niininium^* for the 
integral J. 

The first proof of this theorem was given by Weiebstbasr 
(Lectures, 1879), the first published proof by Sgheeffeb 
(loc. cit., 1886). The following proof is due to Kneseb:* 

We return to equation (3) of §11 which we write in the 
form: 

AJ = I f (Pu)^ H- 2 ^oKo' + i^a»'«) dx + \ C' (Zxo« + Aw'*) dx , 

where od — A^, and i, N are infinitesimals in the following 
sense: corresponding to every positive quantity <r another 
positive quantity p„ can be assigned such that: 

, L ; < cr , I iV I < cr in (j-,^,) , 

provideil that 

> < p^ and |<u'|<p^ ill (x^^ . 

By Legendre's transformation,' the first integral may 
be thrown into the form : 

♦.C[«(--+^J-^")'+(''+-^^0->- 

1 Compare 8.% fc). 

iJnhreabericht der DcutBchen Mathematiker-VereiHiffunff^ Vol. VI (1899), p. 95. 
The theorem can also be proved by means of Weierstrass*s Theorem (920) ; com- 
pare Kneser, LchrbucK §830-22. 

sComparegn, 6). 
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Since the conditions (II') and (III') are fulfilled, there 
exist' solutions of the differential equation 

^ dx R 

which are of class C in {Xf^r^\ hence it follows^ that, pro- 
vided the constant c l)e taken sufficiently small, there also 
exist integrals of the differential equation 

^ dx R ' ^ ' 

which are of class C in {x^i)\ let w be such an integral, and 
introduce 

{ = <«> H -^^ 

instead of o)'. Then A J^ takes the form 

where X, /a, f are infinitesimals in the same sense as L and 
N, But this may be written 

and since X, /i, i/ are infinitesimals, we can choose a jK>sitive 
quantity k so that R-, v> {) and (?-\ \ — fi-/{R A- v) > in 
(j-ftTi), and consequently AJ> 0, provided that ' o) ' < t and 
|a,'|<t, Q. E. D. 

Remark: We have given this theorem chiefly for its 
historical interest: It marks the farthest iK)int which the 
Calculus of Variations had reached lx»fore Weiebrtrass'k 

1 This follows from the connection between Le»ren<lre's nml Jucobi's differentiat 
equations; see oqaation (8) in §11, b). 

2 According to a theorem dne to PoiNCARi& {M^canique. releMc^ Vol. I, i>. 5H; 
comimro also E. II A, p. 2a'), and Picard, Traits, etc.. Vol. Ill, p. l.'iT). A similar 
theorem was Riven by Weiebstrash in his lectures in connection with his* prtx^f of 
the necessity of Jacobins c<mdition, see p. tV>, footnote. 
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epoch-making discoveries concerning the sufficient condi- 
tions for a *' strong minimum." 

After these discoveries, only a secondary importance 
attaches itself to the "weak minimum;" for the restriction 
imposed upon the derivative in the "weak minimum" is 
indeed a very artificial* one, only suggested and justified by 
the former inability of the Calculus of Variations to dis- 
I)ense with it. 

c) The terms "weak" and "strong" are sometimes also 
applied to the variations. A variation containing a param- 
eter € 

Ay = a)(a:, e) 

is called weak if not only 

Lia(x, €) =0 but also Z. w^ (a:, c) = 

€=U €=0 

uniformly in (-tv*!), strong if this condition is not satisfied. 
The variations of the form 

as well as the more general variations which we have men- 
tioned in §4, d), are weak variations. 

Weiebstbass gives the following example^ of a strong 
variation : 

((x — JTrt) ir\ 



A y = € sin 



/ (.r - j:-,) ir \ 



^ 



n a positive integer ; here the condition 

Z.Ayr=0 

«=-.o 

1 Esijecially if we think of geometrical problems, for instance, the problem of the 
shortest curve on a given surface between two points. 

For the more general problem, however, where higher derivatives occur under 
the integral sign, such restrictions are of greater importance; compare Zbbmklo, 
DitaertcUion, pp. 26-31. 

3 The following modification of Weibbhtrass's example has the advantage of 
vanishing at both end-points : 

^ 1 ^ /( j: - x„) m"»\ 
Ay- -sin ^-_— -_^, 

m and n being positive integers. 
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is satisfied, but not the condition 

Other oxam[)les of strong variations will occur in ^1^ 
and 22. 

gis. insufficiency of the pbeceding conditions fob a 

STBONC; MINIMUM, AND FOUBTH NECESSABY CONDITION 

From the introductory remarks of the previous section, 
it follows that we have no reason to expect that the con- 
ditions (I), (II'), (III) are sufficient for a minimum in 
the sense in which we have defined it according to Weieb- 
STBASS (a "strong minimum" in Kneseb's terminology). 

a) As a matter of fact the three conditions (/), (//') and 
(III') are not snfficient for a strong minimum, and it is 
easy to construct examples* which prove this statement: 

Example III=^ (m^ p. m: 

Here (fu i^* tlu* stniight line joining the two given points A and 
B, Kjiy 

gy : y = ntx + V . 

Further: 

R = 2{6ni^ + iSm + l) , 

heiKt* .ro' non-existent. Let vii , wia be the two roots of the equation 
6?w' + 6m + 1 = , viz., 

* The first example of this kind vras the problem of the solid of reTolation of 
least resistance; already Lboendre had shown that the resistance can be made ns 
small as we please by a properly chosen zigza^r lino; see Leokndre, loc, cU.y p. 73, in 
StAckel*8 translation, and Pascal, loc, cit.^ p. 113. 

'<iCompare Bolza, "Some Instructive Examples In the Calculus of Variations," 
Bulletin of the American Mathematical Society (2), Vol. IX (1902), p. 3. 
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='(— n)= 



0.7887 




then -R > if m > iw, or w < m^ , 

12 < if w/2 < '" < ^"i • 

In the former case, the first three necessary conditions for a mini- 
mum, in the latter for a m a x i m u m , are satisfied. Nevertheless, if 
- 1 < i« < , 

neither a maximum nor a minimum takes place. For, in this case* 
if any neighborhood (p) of @« be given, however small, we can 

always join A and J5 by a broken 
line Q made up of segments of 
'+' straight lines of slope and 
— 1, and contained in (p). But 
' for such a broken line e7=0, 
whereas for @« the integral J 
is positive. This proves that 
@o cannot furnish a minimum. 
FIG. 13 That it cannot furnish a maxi- 

mum will be seen later, in § 18, e). 
Example V: To minimize 

the given end-points having the co-ordinates (jr„, ^„) = (0, 0). 

(x„ 2,0 =(1,0). 

The extremals are straight lines, and @o is the segment (0 1) of 
the j'-axis. Further, 

Hence the conditions (I), (11), III) for a minimum are satisfied. 

Nevertheless A«/ can be made * 

negative. For, if we choose for 

6 the broken line A P^, the co- * 

ordinates of P being (1 — jp, q), 

where <p < 1 , and g > 0, we 

obtain 



FIO. U 



^ 



P{i-P)\ l-P P/ 
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Any neighborhood (p) of @„ }x»ing given, choose 7 < p ; ilnni y> win 
always be taken so small that A.7< 0. 

b) The insufBciency of the preceding three conditions 
being thus established, further conditions must be added 
before we can be certain that the curve Go minimizes the 
integral J. 

A fourth ncccssarij condition was discovered by Weier- 
STBASS in 1879 and derived by him in the following 
manner : 

Through an arbitrary \)oini 2 : {jto, y-^ of (So wt» draw 
arbitrarily a curve 5 : Ijr^fijr), . 

of class C\ 

Denoting ])y 4 that ])oint of 
G whose abscissa is ,i\ — A , h 
being a small positive quantity, 
we draw, as in §8, a curve 
iS : Tj =: y -{- erj of class (." from 
to 4 and replace the arc 02 of 60 ^>y ^^^ curve 0+2. 

By taking h sufficiently small we can make tht* <*urve 
042 lie in the neighborhood (/>) of Gq- 

For this variation of Sq we obtain in the notation *»f J^8: 

^J=JiH + J,,-J.2 . (3) 

But according to 4^S, equation (30), this is e<|ual to 

Ae/ = /*<E(,r,,y,; y[ . K) + h {h) . (4) 

where (//) denotes as usual an intinitesimal, and the E- 
function is defined by 

Hence follows the 

Fundamental Theobem IV: The fourth nrrrssory con- 
iUtUmfor a minimum (nuurimnm) in thot 
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E(a-,i/; /,i>)gO(^Oj (IV) 

along^ the curve ^ofor ever y finite value of p. 

We shall refer to this condition as Weiebstbass's 
condition, 

c) Applying Taylor's formula to the difference 

we obtain the following important relation^ between the E- 
f unction and Fyy,' 

£(0-, y; p^p) = ^^T/^\ \.,.(x, y,p^) (5) 

where 

This proves 

Corollary I: Condition (IV) is always satisfied if for 
every jwint (x, y) on 6^ and for every finite value ofp 

F,.y{x,y,p)^{) . (Ila) 

Furthermore, if we define the function' Ei{x, y; p, p) 
by the equation 

^i(pc,y, p,p) - — {p^jjf — W 

when p 4= jj, and by 

E,(a',y; p,p) = LEi{x,y; p,p) = \F^„.{x, y,p) (6a) 

when j>=j>, we obtain 

Corollary II: Condition (IV) is equivaUmt to the 
condition 

E,(a;,2/; y\p)^0 (IVa) 

along ®ofor every finite p, 

d) Zebmelo^ has given the following geometrical 

1 /. e., if (x , y) is any point of «o and y' the slope of «o at (x , y). 

s Due to Zebmelo, loc. cit.^ p. 67. 

3 Compare ZERMELOf loc. ci't., p. 00. * Loc. ctt., p. 67. 
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interpretation of the relation between the E-function 
and t\ 



vv 




FIG. 16 



Let F{j)) denote the function F{x, y, p) considered as a 
function of p alone, x, y being regarded as constant, and 
consider the curve 

u = F{i>), (7) 

Draw the tangen^ PqT at 
the point Pq whose abscissa is 
p = y' ; and let P and Q be the 
points of intersection with the 
line p=^p of the curve and of 
the tangent PqT respectively. 

Then 

E(a:, ^; u\p) = F{p) - F{y) - (p - y)F'(y) 

is represented by the vector QP^ and the condition 

E(x,y; y\p)^0 (IV) 

means therefore geometrically that the curve (7) Iwa entirely 
abore — or at h*(ist not below — the tangent PqT. 
In order that (IV) may hold it is therefore: 
a) Necessary that the curve shall turn its convex side 
downward at P'^y'y /. e,, that 

F"iy')^0 . 

This is our old condition (II), which is consequently con- 
tained in the new condition (IV). 

IS) Sufficient that the curve shall everywhere turn 
its convex side downward, i. e., that 

F"ip)^0 

for every ^>, which is the above condition (Ila). 

But neither is the first condition suflScient, nor the 
second necessary. 

e) Example I (see p. 49): 

F = yVlT^'' ; 
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hence 



^V>(**'» U*P) = 




(i r+yr * 

Since y>0 along the catenary, condition (Ila), and therefore also 
(IV), is satisfied. 

Example III (see pp. 39, 73): 

hence 

E(.^-,y; u\p) = {p-'yy[p'+2p(y'+l) + Sy'' + 4:y'+l] . 

6, is the straight line joining the two points and 1, say : y = mx-\-v; 
hence along Go, y =m. 
The quadnitie in p 

p +2p{m + l) + S m' + 4 m. + 1 

is always positive if vi (m +1) > ; it can change sign if in{m -\-l)<0; 
and it reduces to a complete square if m(m+l) = 0. 

Hence we obtain the result : 

If m g or m ^ — 1 , condition (IV) is satisfied; if — 1 < w < 0, 
condition (IV) is not satisfied, and the line 01 furnishes no ex- 
tremum, in accordance with the result-s of § 18, a). 

Example V (see p. 74): 

i^' = y'' + y'' ; 

hence along the curve (Si,. y = we have 

E(x,^; y\p)=p'{l+p) , 

which can change sign at every point of @o. Condition (IV) is 
therefore not ssitisfied. 

§10. EXISTENCE OF A *'FIELD OF EXTREMALS'' 

Before we can take up the questiou of sufficient coii- 
ditious, we must introduce the important concept of a "field 
of extremals." 

a) Definifion of a ''fields 

Consider any one-parameter set of extremals' 

y = H^. y) , (8) 

1 Hort* the symbol ^ (x, y) is usod in n more fceneral seaso than in §15. 
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in which our extremal ©o is contained, say for 7 = 70. Sup- 
l)ose <^(.r, 7), its first partial derivatives and the derivatives 
^jcj-5 ^jry ^^^ ^ continuous functions of x and 7 in the domain 

A'o ^ ^ ^ A', , i y — yu i ^ c?o , 

(Jq being a |K)8itive quantity and -Xq, ^i having the same 
signification as in §11. Let k denote a {>o&itive quantity less 
than </o, and 0jj. the set of j)oints (r, //) furnished by (8) as 
X and 7 take all the values in the domain 

&jt ^^y ftls« ^ defined as the strip of the x, t/-plane swept out 
by the extremals (8) as 7 increases from 70 — A' to 7o-t A', 
X \>eing restricted to the interval {x^{). 

Then 0jt is called * a ^\fi4*ld of extremals abovt the arc 
Go" if through every point (^r, y) of f^j^ there passes but one 
EXTREMAL of the Set (8) for which 1 7 — 7o ! 5 A*. 

This means analytically that there exists a single-valued 
function 1 / « ..\ 1 

such that y = 4>{-i\^(^,y))^ ' ^ ^ 

«"^1 \^Kx,y)-y,\^k 

for every {x, y) in f^j,- 

In addition to this principal property we shall include in 
the definition of a field the further conditions that the inverse 
function -^(.r, y) shall be of class C in 0jt> ^^^d that it shall 
l)e {)ossible to choose a positive quantity p so small that the 
domain 0^ contains the neighborhood (p) of the extremal @o« 

h) With respect to the existence of a Jield the following 
theorem holds: 

Whenevei' 

<^y(-^» yo)4=0 (hrotighout {x^pCi) ^ (10) 

I According to Kneseb, Lehrbuch, §14; the Dotion of a field is due, in a more 
special sense, to Weisbbtrabs ; in its most general sense to H. A. Schwabz, Werke, 
Vol. I, p. 225. Compare also Ohoood, loc. cit., p. 112. 
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A* can be taken so small that the extremals (8) furnish a fivhl 
f^fe about (Sq. 

Proof :^ From (10) it follows that <^y(^, 7o) — l)eing con- 
tinuous in (-TfyTi) — cannot change sign in (.r(yri). In order 
to fix the ideas suppose that 

Then it follows, according to well-known theorems" on con- 
tinuous functions, that A: can l>e taken so small that 

<l>y(x,y)>0 in V, . (11) 

Hence if we give x any fixe<l value x., contained in (Xf^ri) 
and let 7 increase from Jq — Ic to 70; A', <I>{X2, 7) increases 
continually from <l>(x2, 7o — A*) to <l>{x2, 7o r A) and therefore 
jyasses once and but once through every intermediate value. 
Hence if 70 be any value of 7 in (70 — A', 7o-i-A*) and we put 
^(^2» 72)-~Z/2? i\iGi^ the equation Z/2 -"-^(•^2» 7) ^^^ "^ 
(7o — ^>7o+^0 ^^ other solution but 7-^72, which means 
geometrically that through the point (o^, ,^2) — which is any 
point of 0J. — there passes but one extremal of the set (8) 
for which [7 — 7o|^A\ 

The existence of the single-valued function 7— "^(r, //) 
being thus established, the existence and continuity of its 
first partial derivatives follows from the theorem' on implicit 

functions, since 

^,(.r,y)^=0 in 1, . 

1 Another proof is given by OttOOOD, Inc. cit.^ p. 113. 

2 Viz., the theorems on '* uniform continuity" ami on the existence of u mini- 
mum. Compare E. U A, pp. 18, 19, 49; J. I, Nos. 62, 63, 64, and P., Nos. 19 VI, VII, and 
100 VI, VII. 

3 See p. 35, footnote 2. 

The values of these partial derivatives are obtained from (9) by the ordinary 
rules for the differentiation of implicit functions : 

*x 1 

In case the function ^ (x , y) is regular in Sj^, also the f unction ^ (x , y) will bo regu- 
lar in f^i^; compare E. II B, p. 103, and Habknbss and Morlet, Introdtiction Ut th<- 
Theory of Analytic FunctioM, No. 156. 
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At the same time we see that the set of |K)iiits iJ^. is 
identical with the strij) of the .r, //-plane bounded by the 
two non-intersecting curves 

// = <l>(x,y„— k) and // = <^ (.r , y„ + A') 

on the one hand, and the two lines ./•: .r,, and ,r - ./'i on the 
other hand. 

Finally, a neighl)orho<>d 
(p) of the arc @o ^*^^^ ^^ 
assigned which is wholly 
contained in 0;^. 

For each of the two 
continuous functions 

<^('^,7o-i^')— <^(-^, 7o) aiid 

<^('', 7o)— <^(-^, 7o — A') has 

a [Kjsitive minimum value in (j'oi'i) ; hence if p be the smaller 

of these two minimum values, the neigh Ix^rhood (p) of G,) is 

entirely contained in 0^. 

The regitm &jt has therefore the three characteristic pr<jp- 
erties of a "field," and the al)ove theorem is ])roved. 

Corollary I: The slope (it a 2>oint {.r, //) of the vniqnc 
extremal of the field passing through (.r, ?/) is likewise a 
single-valued function of j*, //, which we denote by ^>(.r, tj). 
It is defined analytically by the two ecjuations 

}}(x, y) = <l>^(x, y) , y = il/(x, y) , (13) 

which show at the same time that 7>(.r, //) has continuous 
first partial derivatives in &jf 

In case <^ (-c, 7) is regular in T^i^, also p ( j*, //) is regular in ^j. . 

Corollary 11/ The slope p{x, y) aatisfies th^e foUoiniuj imrtial 
differential equation of the first order : ' 

(Px+PPy)^\l,'+P^VV + ^\x-' J'\ = ^^ » (14) 

th4* arguments of the partial derivatives of F beiuq x, y^pU\ -y). 



• This corollary forms part of Hilbert'h proof of Weiers trass's theorem; 
see below, §21, and the references there given. 
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Proof: From (13) we obtain by differentiation 

Px = <l>xx + <l>xyyx y Py = <l>xyy» I 

hence if we make use of (12) we get 

Px+PPv=<l>xx • 

But since ^(ir, 7) satisfies Euler's equation for every value of 7, 
we have, for every value of x and 7, 

the arguments of the partial derivatives of i'^ being x, 0(05, 7), 
0j.(x, 7). Hence, if we express 7 in terms of a?, y by means of (9), 
we obtain (14). 

c) Application to the set of extremals through the 
jwint^ A, 

We can now establish the following 

Theorem : If for the extremal ^ the conditions 

R>0 , (II') 

A(jr', J-o)4=() for Xo<X^Xi (III') 

are fulfilled, and if a point A be chosen an the continuation* 
of ^ beyond A, but sufficiently near to A, then the set of 
extremals through A furnishes afield about &q. 

It is only necessary to choose the point A (0^5, 1^5) so near 
to .4 that 

2. A(a:,ir,)=^0 in {x^,) . 

The possibility of such a choice of x^ has been established 
in §14. 

Under these circumstances, it follows by the method 
employed in §15 that there exists a set of extremals 
through A : 

y = <l>{x,y) , (15) 

1 The introductioD of the set of extremals through A instead of the set through 
A^ which considerably simplifies the proofs, is due to Zebmblo, Ditaertationy pp. 87, 
88; compare also Kneses, Lehrbuch^ ggU, 17 and Osgood, loc, ctf., p. 115. 

3 Compare the assumptions in §13 a). 



Q 
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wliere* 4>(x, 7), its first partial derivatives and the derivatives 
4>jrj-, <l>jcy are continuous in the domain 

Xo^x^Xi , |y — yol^do, 

(Iq beintr a sufficiently small positive quantity. 
Moreover 

<ky(x, yo)4=0 in (x^i) , 

since, corresponding to ecj nation (30) of §15, we have in the 
present case 

^(^»y«) = C'. A(x, a^) , 

where C is a constant different from zero. 

Hence the set of extremals through' A satisfies the con- 
ditions of the lemma given under b) and furnishes therefore 
indeed a field about Q^. 

1 Notice that in §15 the symbol ^(x,y) was used with a sli^fatly different 
meaDiot;, viz., for the set of eztramals through A. 

- To the «ef of eztremaU through the point A itMHf the lemma cannot be applied, 
since for this set ^y (j'o« Yo)=0* Nevertheless it can be proved that in this case 
through <^very point of 0^, except the point A itself^ a unique extremal of the set can 
bo drawn. For in the present case we have: ^ (x^%lf)sw% for every y and therefore 
^y (^u « y) —0* Honce it follows that if we define 

. ( *y(j-, y)/(JP-«6) ' ^^^^ **«b 1 
* '^ Uy^Uo^Y)* whena: = x,, 

the function xi'^y) ^^ continaous in the domain: X^^a;^X|, Iy— YoI^dQ, and 
x(*i Yo)*0 in (2^,), also for x=x^^ since ^y^{x^',y^i) 4=0 according to equation 
(31) of 8ir>. We can therefore take h so small that x(^f y)^0 in the domain: 
.V,, ^ f ^ X| . I Y - Yo I ^ ^ • Hence it follows that ^^ (^ « '^ ) ^^^ ^^^ same sign through- 
out the domain : x^<x^%^^ I Y— Yo i ^ ^* The further reasoning proceeds then as 
under 6) . 

It should also be noticed that in the present case it is impossible to inscribe 
in f^ig a neighborhood (p) of 9^^ since the width of f^jg approaches zero as 
X approaches x^. 

We shall say that the set of extremals through A forms an improper fleUi 
about Cq. 

The inverse function ^ (x, y) and the slope p (x , y) are in this case single-yalued 
and of class C in 0^ except at the point {xq , y^) where they are indeterminate. But 
if the point (x, y) approaches the point (x,), y^^) along a curve « of class C lying 
entirely in 0j^ , then both functions approach determinate finite limiting values. The 
limit of ^ Cx , y) is the parameter y of that extremal of the set which is tangent to 
^' at (Xq , Vq) ; the limit of p (x , y) is the slope of the curve 6 at (xq* Vq) • 
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§20. WEIEBSTBASS'S THEOREM 

We are now pTe|)are(l to prove a fundamental theorem 
whose discovery by Weierstraks in 1879 marks a tuming- 
[)oiut in the history of the Calculus of Variations. It gives 
an expression for the total variation of the integral J in 
terms of the E-function, from which sutBcient conditions for 
an extremum can 1h» clerivrd. 

a) Tli<» gist of WeitTHt rass'fl method can be best under- 
stiKKl from a simple example, in whic^h the difficulties con- 
c(»niing the existence of a tield, which complicate the proof 
of Weierstrass's theorem in the general case, can be 
entirely « voided. 

Example YI : Tn order to prov(« that the straight line' 
01 actually minimizes the integral 






I 1 \ u^dx 
wo draw from the |)oint to the |K)int 1 any curve S: 

not coinciding with the straight line 01. We suppose for 

simplicity that S is of class ('*. 

Through an arbitrary point 

- • (•«^> ^s) <>f ^ ^® can draw one 

and but one extremal of the set 

i,<j(j^ I, of extremals through the |)oint 

0, viz., the straight line 02. 

We now consider the integral J taken from along the 

straight line 02 to 2 and from 2 along the curve 6 to 1, that 

is, we form, in the notation of §2, /). 

the stroke always indicating' integration along the curve 6. 

1 For the notation compare §2, e^. 

s Notation according to Weirrstraah ; Kxeses, on the contrary, nses the stroke 
to indicate integration along an eztremaL 
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The value of this integral is a single-valued function of 
j-o, which will be denoted by S{x2), As the point 2 describes 
the curve 6 from to 1, 8{x2) varies continuously' from the 
initial value _ _ 

S{xo) = Joi (along S) 
to the end value 

^(ar,) = «/ui (along e„) . 
Hence the total variation 

is expressible in terms of the function 8{x) in the form 

and we shall have proved that AJ'g if we can show that 
S (x^ always decreases or at least does not increase as X2 
increases from a^ to ar,. 

For this purpose we form the derivative of 8{x2). 

The integral J02 is the length of the straight line 02: 



j^ = v' (Xi - xof + (Vi — y^y ; 

hence dJ^ __ (a-gj; y^)_+ ( ya ~ yo)f' jx^) 

d^2 V {xi-Xof + iyt-Voy 
since y^=f{x^) . 

If we denote the slopes of the straight line 02 and of the 
curve 6 at 2 resi)ectively by po and 7>2» ^' ^^ 

the previous result may be written 
d^m _ 1 +IhPf 

On the other hand, 

J,, = fJ\'lTFu)dx, 

^See the ezplicii expressions for J„ and J,! below. 
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and therefore 



dJ, 



dwTj 



^ = -»/'i+s. 



Hence we obtain the result 






from which we easily infer that 
dS(x, 



da-, (=0 



if i>24=Pj , 
if i>2=P2 . 



The latter alternative cannot take place' all along the 
curve 6. Hence it follows that 

AJ>0 . 

The reasoning can easily be extended to the case in which 
the curve 6 has a finite number of comers. 

It is thus proved that the straight line. 01 furnishe.^ a 
proper^ absolute* minimum for the integral J. 

The preceding construction may be modified* as follows: 
On the continuation of the line (Sq beyond the point 

choose a point 5, and replace 
in the preceding construc- 
tion the line 02 by the line 
52. Accordingly the func- 
tion S(x^ is now defined by: 




FIG 19 



S{Xi) = Jii = Jio + Joi . 




and therefore 

Hence we have again 

>If p,~Pt for every a?, in (x^i) it wonld follow that /(ar) satisfies the differ- 
ential equation 

/(a:)-yo=(*-«o)/'(«)» 

and therefore c mnst be a straight line throogh 0, which conld be no other than the 
line 9^, since e is to pass through L 

i Compare §3, a) and 6). s Compare p. 82, footnote 1. 
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For the derivative of S{x^) we obtain the Bame expression 
as before, if we let, in the present case, p2 denote the slope 
of the extremal 52. 

b) We now proceed to the general case. We suppose 
that for the extremal (Sq the conditions (II') and (III') are 
fulfilled. Then we construct as in §19, rf)^a field ft^ about 
(Sq by means of the set of extremals (15) through the point 
A, chosen as indicated in §19, ^ on the continuation of @o 
beyond A. Since the extremal (Sq is supposed to lie in the 
interior^ of the region ft, we can take k so small that i^^ is 
entirely contained in H 

For our present purpose it will be convenient to use the 
numbers 0, 1,5 to denote the points A, By A respectively. 
Let now 6 be any curve of class C joining the two points 
and 1 (see Fig. 19), and lying wholly in the field ft^, and 
let 2 be an arbitrary point of S. Through the point 2 we 
can draw one and but one extremal of the field, i. ^., one 
extremal of the set (15) for which |7 — 7o|5fc; let it be 
denoted by 

We then consider the integral J taken from 5 to 2 along &> 
and from 2 to 1 along 6, and denote its value by S (x^) '• 

S(a-,) = J52 + J«i= r ^d^+ r '^d^ . (16) 

the arguments of F being 

X, y = <^(^,y,), y'=**(a?ty2) » 
those of F: 

For x2=^Xq and X2 = Xi, S(a^ takes the values* 

S (x,) = J^ + Jo. , S (x,) = J,, , (17) 

iSeefiU. 

s Properly B]>eakiDg, 8(x{^ is not defined for ar2 = x, . But in order that 8{x^) 
may be continuous also at rr^s Xj , we must define 8 (X|) = 5 CX| — 0) ; and 8 (»i — 0) is 
easily seen to be equal to J^i* 
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so that ^j ^ j^ _ j^ ^ _ [^(^^)_^(a:„)] . (i8^ 

The function ^(.ro) /.s* continuous and admits in {Xf^i) a 
derivative who,sr value is 

S\x;) = -E{x2,y^; P2,2h) , (19) 

where p* denotes the sloi>e of 6, p2 that of @2> ^^ the point 2. 
Weierstrass' reaches these results in the following way: 
Let 3 denote that point of 6 whose abscissa is X2 + h, 

h l)eing a small positive quantity ; and let 

e,: y = <t>(xyyi + ^) 

be the unique extremal of the field which passes through the 

})oint 3. Then 

S {jr, + li) - S (.r,) = (J,. + Jm) - {Jr.2 + Jn) = ^..1 - (^52 + </») . 

But this is precisely the difference which has been computed^ 

in §J^, equation (30), the curves @2» ®3» ® corres}X)nding to 

the curves there denoted by 6, 6, 6. Accordingly we 

obtain 

S{x, + h)^S{x,)=^^h[E{x,,y,;p,.p,)+{h)] , (20) 

(A) denoting an infinitesimal. 

Similarly, if 4 be that ]^x>int of 6 whose abscissa is 
jTo— A» w© obtain 

S{x^- h) - S{x,) = J^ + J^-- J,, , 

which, according to the lemma of §S, is equal to 

S{.r,--h)'-S{x,)= + h[E(x,,y,; p,,p,) + {h)] . (20a) 

Hence the derivative of S exists and its value is indeed 
given by (19). 

1 Lectures^ 1879 ; the proof here given isWeierstra.ss*s original proof with the 
necessary adaptations to the case where x is the independent variable, and with the 
substitution of the set of extremals throogh 5 for the set through 0. 

2 In applying the lemma of §8 to the present case, we have to make use of the 
remarks on i>. 18 and p. 35. The variation 

Ay = ^(x, y2+«) -♦ (JP. Y2) 
is iiHle«"«l a variation of the type (."ia) of §4, d). 
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As the j)oint 2 describes the curve 6 from to 1, the 
function Efj-o, 2/2 5 Pii P2) varies continuously. For, on the 
one hand the E-function is a continuous function of its four 
arguments, provided that the point (a;, y) remains in the 
region S, and the field ft^ is contained in S ; on the other 
hand, yz^'fi-^T) and 7>2=/ ('^2) are continuous in (j^o^i) and 
tho slojie 7>2 ^f ®2 at "1 is, according to §t^,''6), a continuous 
function of j^2» !/2- 

Integrating (19) between the limits Xq and ir^, and 
remembering (18), we obtain therefore for the total varia- 
Hon A J the expression^ 

A J= ) E(a:2, 2/2; 2>2,p2)dx2 . (21) 

We shall refer to this important formula as "Weieb- 
8TBASs's theorem.-^ 

The theorem remains true for curves 6 of class I)'. For, 
8upi)ose the curve 6 to have a corner at the point 2. Then 
(20) and (20a) still hold if we understand by jJ^ ^^^ progres- 
sive and regressive derivatives of /(j'j) respectively. The 
function 8{x) is therefore continuous at Xo and admits a 
progressive and a regressive derivative. Hence it follows* 
that (21) still holds when (S has a finite number of corners. 

e) Instead of first computing the increments 8{x2 zth) — 
S{xo), Kneseb {Lehrbuch, §20) and Osgood {loc, city p. 116) 
compute directly the derivative S'{x^ by applying the 
theorem on the differentiation of a definite integral with 
respect to a parameter. Supposing for simplicity that 6 is 
of class C, it follows from the properties of the function 
^(j-, 7) that 5(^2) is continuous and diflferentiable in the 

1 The theorem remains true also for the ** improper field ** 0^ formed by the set 
of extremals through the point 0, and for a curve S which lies entirely in this field 0^^ . 
For formula (19) holds also in this case at every point of (i with the ezcept)bn of the 
point 0. Integrating (19) from x^-\-h to or,, and passing to the limit /i— 0, we 
obtain (21) since p^ approaches a determinate finite limit; compare footnote 2, p. 8S. 

2 Compare £. II A, p. 100, and Dna, 9194. 
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interval {X(pri) and that the derivative can be obtained by 
applying to the definite integrals J52 and J21 ^b© ordinary 
rules* for the differentiation of a definite integral with 
respect to a parameter and with respect to the limits. 
Accordingly we obtain in the first place 

^=-F(jr„y,,p,). (22) 

In differentiating the integral 

F(x, <I>{x, y,), <l>^{x, yj)) dx , 

we must remember that 72 is a function of X2 defined by the 
equation *(x„ y,)=/(a:,) . (23) 

which expresses the fact that the curves ®2 ^^^ S lx)th imss 
through the point 2. 

Accordingly we obtain: 

the arguments of <^y, if>^ being jc, y*,- 

From our assumptions concerning 4>(x, 7) it follows that 

Applying then to the second term under the integral sign 
the integration by parts of §4, and remembering that the 
function y = <f>[x^ 72) is an integral of Euler's differential 
equation ,, 

we obtain the result: 



- F^ (^5 , 2/5 , Ps) <t>y{:X:> , 72)] > 
where 795 = </>^(ir5, 72). 



1 Compare E. II A, p. 102, and J. I, No. 83. 
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But since the extremals of the set (15) all pass through 
the point 5: (x^, y^), we have 

for every y ; hence 

for every 7, and therefore in particular 

On the other hand, if we differentiate (23) with respect to 
^a> we get 



therefore 



M^2,y,)'^^ = P2'-Ih ; 



J r 

^ = i^(ir„ yj, !>.) + (pa - Ih) F^. (aJa, ya, Pj) • (24) 

Combining (22) and (24) we obtain again the fundamental 
formula (19). 



§21. HILBEBT^S PROOF OF WEIEBSTBASS's THEOBEM 

Weierstrass's theorem can be extended* to any set of 
extremals constituting a field about the arc 6o> '• ^'"> 

Whenever the extremal 60 c^*^ ^^ surroundi*d by a jU*l(l, 
the total variation LJ=J^ — Jn^for any admisaible curve S 
lying wholly in the fieldy is expressible by Weiebstbass's 
formula: 

^J= I E(x,y; p,p)dx , 

where (ar, y) is a point of 6, p the slope of 6 at («, y), and 
p the slope at (x, y) of the unique extremal of the field 
passing through {x, y). 

iThe extension seemg to be doe to H. A. Sohwarz, who has ffiven the general- 
iied theorem in a course of lectures in 1808-99. 
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The following elegant proof of the generalized theorem 

is due to HiLBEBT.' 

Suppose f^igia a, field of extremals about our extremal @o- 
In ftfc we draw any curve 6 of class D' : y =f{^) , joining A 
and B. Now let p{x^ y) he eji arbitrary function of ar, y 
which is of class C in i^j^, and consider the integral 

J«= r\F{x,y,p{x,y)) 

+ {y-v(^.y))F,{x,y,p{x,y))'] dx (25) 

taken along the curve 6 from A to B. The value of J* will, 
in general, depend upon the choice of the curve 6 ; we ask : 
How must we choose the function p{x^ y) in order that the 
value of •/♦ may be independent of the choice of the curve S 
and dependent only upon the position of the two end-points 
A and JB^ 

Our integral J* is of the form 

j^\M{x,y)+N{x,y)y'^ dx , 

and it has been seen in §7, d) that the necessary and suffi- 
cient* condition that such an integral should be independent 
of the i>ath of integration is that 

In the present case we have 

M{j^,y) = F{x,y,p)—pF^,{x,y.p) , 
JNr(x, y) = F^.(jr, y,p) ; 
hence m, = F,^ p{F,., + p,F,.^) , 

ISei* ominocr Naekrichten, 1900, px>. SS-297, and Arckir der MathenuUik und 

ftt^gik m. TfU. 1 \ I^il), p. 231 ; aUo the Sogiish translation by Mrs. Nkwson, in the 

iiUifm of t9H! Ameriiean Mathematicdl Society (2), Vol. VIII (1902), p. 473; further, 

»'» It^fL'icmUtioo in the AnnaU qf M<Uh€matit» (2), Vol. II (1901), p. 121, and 

H, »miMm ^ the American Mathemuitieai Sodety (2), Vol. IX a902), p. 11. 

t thai tb«' T9gjkm 1^, to which the corres f are confined, is simply con- 
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Hence, in order that the value of the integral J* may he 
independent of the })ath of integration 6, H is necessftry 
and sufficient that the function j){jr, y) satisfy the partial 
differential equation 

{p. + PPy)Fy,.+pFy.^ + F,.,-^i^ = , (26) 

the arguments of the partial derivatives of F being 

But this diflferential equation is identical with the differ- 
ential equation (14) which is satisfied by the sloi)e at (ir, //) of 
the extremal of the field passing through (j*, y). Hence the 
value of J* will be indei)endent of the choice of the curve 6, 
if we select for the function 'p the slope just defined. In 
the sequel p will have this special meaning. 

The invariance of the integral J* being established, we 
select for the curve 6 first the extremal @o ; then we have all 
along ^: 

y' = p{x,y) , 

because Gq is the unique extremal of the fiield which passes 
through a })oint of (Sq. Therefore (25) reduces to 

On the other hand, if we select for 6 any curve 6 of class 
D\ diflferent from Gq* and joining ^4 and B, we get 

J*= j [F{x,y,p) + {p-'p)F^.(x,y,p)]dx , 

where p = y' denotes the slope of 6 at the point (x, y). Both 
values of J* being equal on account of the invariance of J*, 
we obtain an expression for •/„ in terms of a definite inte- 
gral taken along 6. This expression we use in forming 
the total variation 

Then we obtain 
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' ^ ■ :^ 

-(i>-p)i^,.(j-,y,p)J dx , 

which is the desired extension of Weiebstbass's theorem, 
since the integrand is equal to E(a:, ^ ; p^p). 

^22. SUFFICIENT CONDITIONS FOB A STBONG MINIMUM* 

Weierstrass's theorem leads now immediately to suf- 
ficient conditions for a strong minimum : 

a) Suppose there exists a field f^i^ about ^ such that at 
every point of f^j^ 

K(x.i^;p(ar,y),p)^0 (27) 

for every finite value ot p, p{x^ y) denoting again the slope 
at (j^, //) of the extremal of the field passing through (x^ y). 
Then it follows from Weierstrass's theorem that 
AJ'^0 for every curve 6 of class D' drawn in i^i. from A to 
B, and moreover that AJ'> unless 

E{x,y;p(x,y),y')=0 (28) 

all along the curve 6. 

From the definition of the £-function it follows that (28) 
holds at a point (j*, y) of 6 whenever 

V = p{^yy) f 

I. <*., whenever the extremal through (or , j^ is tangent to 6 
at (jr^y). This can, however, not take place at every 
point of S. unless 6 completely coincides with Qq. For' the 
value of the parameter y of the extremal of the field passing 
through that point of 6 whose abscissa is a*, is determined 
by the equation 

/(x) = *(x.y), 

lOoMpare for this sectUm also Hbdkick« BmOetinafthe Atmericam Mathetmaiical 

VoLIX(lM),i».lL 
iThis proof Is doe to Knbsbb, Lekrbuth. SS ; see mlao Osgood, lor. cit^ pl UiL 
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from which we derive by difiFerentiation 

fix) 
or according to (13) 



/'(a;) = *,(x.y) + ^(a,,y)g, 



But according to (11), <^y(ir, 7)4=0 ; if therefore y'=J>(a?, y) 
at every point of 6, we should have 

dy 

-~ = throughout (XffiCi) , 

Cm! 

or 7 = const., ?. e., 6 would itself be an extremal of the field, 
which could be no other than 6o> since 6 passes through the 
lK)int (X|, yi) and @o is the only extremal of the field which 
passes through (a-^, yi). 

Hence, if instead of (27) the stronger condition' 

Ei(ar,y;j>(ar,y),p)>0 (29) 

is satisfied at every point (x, y) of t^j^ ^^d for every finite Ji, it 
follows that AJ'>0 for every admissible curve 6 drawn in 
the field ft;^. 

In the terminology of §3 we have therefore the result 
that whenever {27) is satisfied^ @o furnishes a minimum for 
ifte integral J; if moreover {28) is satisfied^ the minimum is 
a ^^proper minimum.''^ ' ^ 

Example III (see pp. 73, 78): 

The set of straight lines 

y = mx + y 

parallel to the extremal AB furnishes evidently a field about QUf 
and for this field 

p(a?»y) = w . 

Therefore 

1 Compare (6) and (0a). 

3 It is oTon sufficient that (27) and (29) be satisfied In a neighborhood (p) of 9^ 
inscribed in 0j^; the same remark appUes later on to (lib'). 
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For a so-called regular problem (compare §7, c)) it is 
therefore sufficient for an extremum that the arc AB does 
not contain the conjugate to the point A, 

Example VII : ' 

F = g{x,y)VT+Y' , 

gix^y) beinf? a function of x and y aloue, of class C" in a certain 
region S. Here 

Hence every extremal A B which lies in the interior of S and which 
does not contain the conjugate point to -^1, furnishes a minimum 
provided that g{Xy 2/)>OalongAJ5. For g{x^ j/), being continu- 
oiLs in a certain neighborhood ot AB and positive along A jB, will 
also he positive in a certain neighborhood of A -B, so that (lib) is 
satisfied. 

This covers the case of Examples I and VI, in which 

g{^yy) = y » and 1 (1) 

respectively ; and also the case of the "brachistochrone'' in which 

y y- Uii + fc 

All three functions are positive along the respective extremals. 

On account of the extension of We iers trass's theorem 
given in §21, Theorem V may be replaced by the following: 

If the extremal Gq can be surrounded by a field and if 
Condition {lib') is fulfilled^ then @q actually minimizes the 
integral J. 

Frequently the existence of some particular field about 
the arc Gq is geometrically evident ; in such cases the second 
form of the theorem is more convenient. 

1 Geometrical Intorpretation (Erdmann) : Let a straight line moye peri>endica- 
larly to the i*, y-plane along the curve y=f{x) from Aio B, The area of that por- 
tion of the cylindric surface thus generated which lies between the x, y-piane and 
the surfac«) : ^^^(x, y) is equal to 



/ 



«/(jr,y)vH-y'*cte . 
«0 
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Example VIII : * To minimize the integral 






the ndmissible ciirvest bein^ confined to the upper half -plane (y >0). 

Here the extremals are semi -circles having their centers on the 

j*-axis. If — ; 2- — z 

y = ^ — (-r — aoV+ To 

is the piirticular st*mi-eircle passing through the two given points, 
tlie st^t of contvutric circles 



> 



evidently furnishes afield about G«. Moreover (lib ) is fulfilled 
thioughout the upper half -plane. Hence the senii-ciiele through 
the two given points actually minimizes the integral J, 

R€*mark: Though the above theorem is the one which is 
most imixirtaut for applications, it should be observed that 
it assumes much mor^ than is necessary. Indeed, the ctw- 
iUtioh (lib') is b^ HO mettfis necessary y not even the milder 
condition j,^ ^ ^j. y p, ^ (Ila) 

fi/ ei>Tti innnf (x. if) of Q^ and for every finite /#. 

This is illustmted by Exttrnple /// <sce pp. 7a iS. 95). Fcr 

esui tsuk^ iw^tive as v^U as positirt^ values at every point tx« jr)? a^nd 
UK^rertliektiQs as wv have seen abov^ a minimnm takes place vben 
«i>Oor wv. - I. 

o| ^Hf^ioit of merrssarg axd smffieieHi comdiikms. 

From Weiekstras^'s i^%?<ilts concerning the snfficimt 
<\\mliiious for the prv^dem in parameter-iepresmitatioQ |<ee 
^2m. one is led to expect that the raoditions' fll, OJri. 
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(IVa') are sufficient for a minimum. Leaving aside the 
exceptional case when in one of the inequalities (III), (IVa) 
the equality sign takes place, we should then have reached 
a system of necessary and sufficient conditions. 

The analogy of the problem in parameter-representation 
is, however, misleading in this case. As a matter of fact 
the three conditions (/), {IIT), {IVo,') are not' SHffici<mt 
for a minimum without some additional assumptions^ not' 
even if {IVa) be replaced by the stronger condition 

Fyy{x,y,p)>0 (Ila') 

(tt every point {x^ y) of ®o for every finite value of p. 

To prove this statement it suffices to construct a single 
example in which the conditions in question are fulfilled and 
in which, nevertheless, no minimum takes place. Such an 
example is the following : 

Example IX:' To minimize the integral 

J= C \ciy'' - ^byy" + 2bxy'*] dx , 

• 

a, b being two j)ositive constants, with the initial conditions 
^ = for a? = , and y = for ar = 1 . 

Here Euler's equation reduces to 

-y"Fy-,. = , 

The only extremal through the two given points -4(0, 0) 
and B{1 , 0) is the straight line : 

e„: y=0. 

iThis statement seoms to contradict directly the theorem ffi^en in Ohoood'a 
article, lor. cit., p. 118. But it is to bo remembered that Ohoood makes (p. 108) the 
assumption that F^. .(x,y,p)^0 in a certain neighborhood of Vq* This assump- 
tion, together with (Ila'), is equivalent to (lib'). 

2 See BoLZA, *^Some Instructive Examples in the Calculus of Variations/* BuUe- 
tin of the American Mathematical Society (2), Vol. IX, p. 9. 
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The set of ej^tremals thioogh A is the pencil of straight 
lines through Ai hence there exists no conjugate point, and 
oonditicMi (HI') is fulfilled. 
Further 

E,(x.y; y\ii| = <a-86w'+6lur3f'^ 

hence along ^: 

E,|x,/Jxi;/:(x|.i>| = a + 2lMrp>0 . «IVa'| 

The ikrer comiiiioMS {lu (///'I- f/riti'l are ikrrrfore saii^ 
JletiL emu ike Hromger comliiioM 

F,^|x./,ixi.p| = 2a — 246jrpr'>0 . illa'» 

XereHke1e9:f ike lime ^ does mci mimimize ike imle- 
_-_ ^ gj^i J 

For. if ve leplace the line 
Jl £ bj the farokra line Jl PB. 

[. the co-ordinates of P being 

FK^ai x = A>0 and y = l^ the 

total Tariation ot J is easily fbond to be 



=4-^-i-«-«^]-. 



vhere ([Ai| ia^ an infinitesimaL 

Now letp>0 begiTen. as anall as ve please. thm choose 

It <p and let A appioachierQ.keepii^ It fixed. Tlten since 

6>0 it foUovs that AJ^<0 for all snfficientlT smaD rahaies 

of A« which pioi^es that tbe line ^£ does not mfnimiie the 

■ntegral J. j ^ 

The complete sohitioo dt the geneial pvoUen which we 
haTe coifiid^red in these three cfaaplcts woiild leqnire the 
estahtisiunent <]f a si^tem of mttemarjg amd smJjSciemi oMnf*- 
Imwk^ The abore example siftows thai A will be nerefiEaunr 
to add a fifth nece fl sa fT cnnditin e be&xe flfeecamplele soIik 
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tion of the problem is reached. We have therefore to con- 
elude this chapter with the statement of a gap in the theory 
so far as it has been already developed.' 

d) We add a table of the various conditions which have 
occurred in the problem to minimize the integral 



J= C F{x,y,y')dx , 



the end-points being fixed: 

1) The minimizing curve ^.^=/o(^) must satisfy the 
differential equation 

f.-If. = o. (I) 

{Euler'^s equatio7i, p. 22 ; assumptions concerning its general 
solution, p. 54.) 

• 2) F,.,.{x,Mx),fo{x))^0 , in (x^,) . (II) 

(Legendre^s condition^ p. 47) 

Fy,{x,f,{x\p)^0 , (Ila) 

in (iToXi) for every finite p (pp. 76 and 98). 

Fyy{x,y,p)^0 , (lib) 

I If ve modify the problem by the addition of a »lope revtriction,, t. c, by Hub- 
jectinf^ the admissible curres to the further condition that their slope shall not 
exceed a finite fixed qaantity, say 

then the three conditions (I), (III'), (IVa) are sufficient for a minimum. 
For the function 

is continuous in the domain 

and positiTe for y ■■ Yq • 

Since the domain B^ is cloned^ it follows from the theorem on uniform continuity 
that we can take k so small that 

Bi(x,^(a:,y);^,(x,y),p)>0 
throuichout the domain Bj^ , which proyes the aboye statement. 
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for ^Terr <x. jr| in a certain DeighboriKXMl of <E^ aDd for eTerj 
finite* p (p. ^jL 

3| JT.^x.; . (Till 

x^ being the conjiigate of x©, {Jaco^fs comUtiom^ pp. 7)S, 

in ir,^-^^ ioT every finite J*, i ^Veferstraam's ixmilUkm^ p. T^| 

in (jT^jl for erenr finite p <p. 76^ 

The omi%ion of the equality sign in ^IlMlTal is indi> 
cated br an aooent. 

Conditions |I|. |TI|. |Ili| are necessaiy, conditions <T|, 
rQ'f. (HI') are sufficient, for a weak minimom. 

Conditions ill, (II>, (Till, (IV| are neoessaiy, conditions 
(I I. lUb'l. (HI' I are sofficient, for a strtNig minimom. 

§23. THE CASE OF VARIABLE EXD-POnfTS^ 

We have so far always snppog^ that the two end-points 

^ Three essmtaallf dijienvi »«t2K»d$ have b««eai profiofed for t^ difcnssaon «if 
iatili&(Vk» irlili TariaUe «nd-poasl»: 

1. 7T:«^ mttSittad cif f.lhc Oa2r«f«it qf Tmri4aiMm» p roper: It cinQ<di«$ ui <itwB| mU air 
A/ and I'J t-tihn br akeaz» of Taylor'^ fcrramla or b;-t2»f sfitlKtd of diSnmirtift* 
tioB vitb rpj H' OCt to «, «xp&miaed ia %i^ h) aad 'd •, azid difxrojiidzifr iW cmiditians 
t/=-0, i'j^O. TVe mel^cid vas fir^ Vi«d far L^cz-ks^GX (ITOC^U <««- OrwrrvK. ToL I, 
Pfiu SXu SCk. H«> C2*'«^ tte ccBic^ ezpf«Sfk» for 4J abu i tbe eod-fKOBts aa« rAn> 
afak-^rix.: 

aad deriTvs tke oooditioBS aniaa«r froai U^ — C. 

1W in.««xl Tmriataoa for ibe ca«« of rarubie ««id-p(Hat$ vm$ first ^d^TV^npiid lif 
Ed«axx i2«te3hj^/irjrarikf»a/4Jr«AiFA]wJtVo^ H«fi»d$ 

^[rfx^F^.«^r^2F,4r*,-2F,Wt+^«r«+(F,,.F,,^W]^- 
Ttere«kaaiBtc«r*lof Jacobr« differeatUl eqaataoa. B^ooBSMienac^*cli^V»^ 
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of the required curve are fixed. In this section we propose 
to consider the modification of the problem in which one of 
the end-points, say 0, is fixed, whilst the other, 1, is movable 
on a given curve 6. 
Suppose the curve 

— which we suppose to be of class C and to lie in the inte- 
rior of the region fi — minimizes the integral J with these 

cial variations for which 6y = Cu, ho makes the lateral vanish and thus rcdnces the 
question to the discussion of the si^jn of the remaining function of the variations 
^-""i* *^i' ^^■''/' ^^Vi' These variations are connected by relations which depend 
ui)on the special nature of the initial conditions. For instance, for the initial con- 
ditions considered in the text the expression for i^J reduces to the expression (96) 



For the general integral 






^(j-.y^ya' • • • ^Vn^yi'^y'l'^ ' ' • '^n')^ ' 



where y, , ^2 Vn ^^^ connected by a number of finite or differential relations, 

the stHjond variation in the case of variable end-points was studied by A. Mayeb, 
Leipziger Bcrichte (1886), p. 438; for the integral in parameter-representation 






Fix,y^x\, y') dt 



by Blish, TraruMction* of the American Mathematical Society^ Vol. Ill (1002), p. 132 
(compare gJ»). 

2. The method of Differential Calculus: This method is explained in a general 
way in Dienoer'h Orundrias der Variationsrechnung (1867). It decomposes the 
problem into two problems by first considering variations which leave the end- 
points fixed, and then variations which vary the end-points, the neighboring curves 
considercKl being themselves extremals. The second part of the problem reduces to 
a problem of the theory of ordinary maxima and minima. This method has been 
used by A. Mater in an earlier paper on the second variation in the case of variable 
end-points for the general type of integrals mentioned above {leipziger Berichtc 
(1884), p. 99). It is sui>erior to the first method not only on account of its greater 
simplicity and its more elementary character, but because— by utilizing the well- 
known sufiicient conditions for ordinary maxima and minima — it leads, in a certain 
sense, to sufficient conditions if combine<l with Weierstbahs'h sufficient conditions 
for the case of fixed end-points. For these reasons I have adopted this method in 
the text. 

3. Kncjwr'n nwJhoil: This method, which has been developed by Kneher in his 
I^ehrburh^ is based uinm an extension of certain well-known theorems on geodesies. 
It leads in the simplest way to sufficient conditions, but must bo supplemented by 
one of the two preceding methods for an exhaustive treatment of the necessary con- 
ditions. A detailed account of this method will be given in Chapter v. 
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initial conditions. Then we mnst have AJ^^O for every 
cuire 6 of chiss D' which b^ins at the point and ends at 
m point of the curve 6 and which lies moreover in a certain 

neighborhood' X of 6^, 

a) Among the totality of thei^ie 

'^admisBible curves" we consider in 

the first place those which end at the 

point 1. For these also the inequality 

"G- ^ A./^U must hold, and therefore all 

the conditions which we have found to be necessary in the 

case of fixed end-points must be fulfilled in the present 

case. 

The arc ^ must therefore he an extremaL L4*gemlrrs 
condition 

must be saiisfietl along ^, and the conjugate point 0' to 
must not lie between and 1. 

We suppose in the sequel that the arc ^ is an extiemaL 
that the condition 

is fulfilled at every point (jr, jf) of a certain neighborhood of 
Q^ for every finite value of p and that the arc Q^ does not 
contain the conjugate point 0' (Condition HI'). 

6 1 Further necessary conditions are obtained by consid- 
ering variations which do vary the end-point 1. Various 
methods* have been proposed for this purpose. The follow- 
ing elementary method reduces the further discussion to a 
{Hoblem of ordinary maxima and minima: 

If the extremal 6^ minimizes the integral J in the sense 
explained above, then Q^ must, in particular, furnish a smaller 



iC«mptttv $3. b) I ve bat for i^ 
»dm the probfcf with 
#«itk Uw point 1 for coBter. 

sCoMpuv foolBote 1, pw 



choose for M the special Biei^chbofiMwd <#> 
(S3;c)|« iacrettscd fay a 9eau<eiicieof radhK 



§23] Sufficient Conditions 105 

value than (or at most the same value as) every extremal 
which can be drawn from the point to the curve 6 and 
which lies in a certain neighborhood of ^. 

And since under the above assumptions (lib') and (III') 
each of these extremals — (when its end-points are consid- 
ered ae fixed) — minimizes the integral J, it seems* self- 
evident that also the converse is true. 

Let then 

y = *(^,y) (30) 

represent the set of extremals through the point 0, and let 
7o denote again the value of 7 which corresponds to ©o- 
From the above assumptions (lib') and (III') it follows that 
this set furnishes for I7 — 7ol^fc an (improper) field* Uj^ 
about the arc ^ if A: is taken sufficiently smalL 

Hence, if 2 : (a^, t/2) be any point of the curve 6 in a 
certain vicinity of the point 1, then there passes one and 
but one extremal 

of the field through the point 2. The parameter 72 is a 
single-valued function of x*>y y^ of class C : 72==^(a;2, ^2)- 
If 

is the equation of the given curve, which we suppose to be of 
class C", then 1/2=^(0^) and 72 = '^(a^2>/(a?2))- 

Hence the integral J taken along the extremal ^ from the 
point to the point 2 is a single-valued function of o-g, say 

1 It will be seen under e) how far this conclusion is correct. 
3 Com pa re p. 83, footnote 2. In the present case the field i^^ consists of all 
points {x,y) furnished by (90), when a;, y are restricted to the domain 

where X| is some yalne greater than ar, ; it is supposed to be taken so small that (lib) 
holds throughout i^^ and that ^^ (x, y) 4=0 throughout the domain 

Xq<x^Xi, |y-yo|5*. 
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J{a\) = J F(x, 4>(x, ya), 4>^{x, y^)) dx . 

And this function J{x2) must have a minimum for a-o^^i^i' 
Therefore we must have 

./'(*i) = 0, J'X^O^O. (31) 

c) The derivative of the integral J^2) bas already been 
computed* in §20, c) (equation (24)). Accordingly 

J'(j-j) = F{x^, 2/2, j)^) + (p2 - 2h) i^y(«a-2, 2/2, P2) , (32) 

where P2=^^xi^2'> 72) is t^® slope of the extremal Go. ^^^ 
p2~- /'(-i'l) t^^ slope of the curve S, at the point 2. 

Hence we obtain the result : 

The co-ordinates ic, y of the movable end-point must 
satisfy the condition^ 

F{x,,y,,yi) + {y:-y[)F^.{x,,y,,y[)^Q , (33) 

where y[ and y[ refer to the extremal 60 ^^^ to the curve G 
respectively. 

If this condition is satisfied we shall say that the curve 6 
is TRANSVEBSE^ to the extremal ^ at the point 1. 

Equation (38) together with the two equations 

fix,, a, P) = y, , fix, , a, P) =fix,) , 

determine in general the two constants of integration a, yS in 
the general solution of Euler's diflFerential equation, as well 
as the abscissa x^ of the jwint 1. 

We supiK)se in the sequel that condition (33) is fulfilled. 

d ) We next proceed to the computation of «/" (j'o) . From 
(32) we obtain 

• We supiK>se that tho co-ortlinates of tho movable Rnd-point do not occur 
explicitly in tho function F(x. y, y'); if tlu>y do occur, auothor term must bo added 
to tho expression of J'U^). Compare for this case Kkkser, lAihrhuvh, ST-. An 
example of this oxcfptional case is the brachistocbrono; compare LixdklOf- 
Moic.no, Calcul des variations^ No. 113, and tho references ^ivcu in Pascal. Varia- 
tionsrci hvung^ §31. 

'In accordance with gK, end. 

3In the use of tho word "transverse" I follow Ohgood, lor. cit., p. 112. 
Knehf.r, who first intriKlucefl the torm {Lvhrbuch, filO),used it with a sliffhtly differ- 
ent meaning; ho says: tho extremal ^^^ is trannverso to the curve a if (33) is satisfied. 
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But 



hence 



g = +„♦-., r.) + *„(-.. r,)^;, 

and —^ is determined by 

/W = ^xC^-J. 72) + <^y(a?2, 72) -^' . 

Substituting these values for 

dy2 dPi dpi 

and remembering that on account of Euler's equation 

we obtain for jt ~Xi the following result:* 
Let A I and Bj denote the expressions: 
A, = F,+ (2jf, - y;)F, + yrFy. + {y[ - yif F^., , (86) 

B, = {u;-y(yFyy' , 

the arguments of the derivatives of F being a^i , ?/i , yl ; then 

For the further discussion of the inequality J"{xi)^Oj we 
leave aside the exceptional case where y( = y^^ {, r., ire sup- 
pose that the extremal (^ and the curve 6 are not tangent to 
each other at the point 1. Then Bi>0, since we have 
moreover already supposed that Fyy^O. 

iQivoii, in a slightly different fonn, by Bliss, Mathematiache Annalen^ Vol. 
LVIII (1903),!.. 77. 
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According to equation (30) of §15, we have in the nota- 
tion of SS13 and 14: 



and therefore 

ax, 



*y*(^i. yo) = c- 



Now let H (xi , x) denote the function 

H{x,,x) = AA{x,,x)+B,^^^^^ , (87) 

then the expression for J''{xi) may be written 

The function 

A (jr, ,x) = ri ( J-,) r, (x) - r, (j-,) r, (a-) 

is an integral of Jacobi's differential equation and van- 
ishes for x = Xi, The function H(iri, ^) ^ likewise an inte- 
gral of Jacobi's dififerential equation, since it is linearly 
expressible in terms of ri(x) and r2{x). Since £i>0 and 

r^ (x,) ri (x.) - r, (a-,) r/ (a-,) =^ (38) 

(see pp. 57, 58), 

H(x,,ar,)=^0 . (39) 

Hence if we denote by x{ the root of the equation 
A(x,,ar)=0 

next smaller than Xi and by Xi the root next smaller than Xi^ 

of the equation 

H(x,,x)=0 , 

it follows from Sturm's theorem* that 

xi'>x[ . 

At x=j'i', H(xi, x) changes sign. 

1 Comparo p. 58, footnote 2. This remark is due to Buss, Tran$aeticn»y ete. 
p. 138. 



CO 
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Again from (38) it follows that 

^L{x, - x) ^— ^ / A (x, , ar) = 1 

and therefore 

Hence we infer that 

i> when a?," < a?o < a?, , 

= when 0*0 = or," , 

< when x/ < a-o < x!' . 

For reasons which will appear later on (under /), the 
point of the extremal ^ whose abscissa is xl' is called, accord- 
ing to Kneseb,* the ^^ focal poinV* of the curve S on the 
extremal Gq- 

We have therefore reached the theorem : For a minimum 
H is necessary that the focal point of the curve S on the 
extremal ©o shall not lie betweeti the points and 1, 

e) It remains to consider the question of the sufficiency 
of these conditions. 

If in addition to (lib') and (33) the condition 

^."<^o (41) 

is satisfied, then 

J\x,) = , J'Vi)>0 , 

and therefore the function Jipc^) has a minimum for x2^Xi. 
Let now 6 be any curve of class Z)' which begins at the 
•point and ends at some point 2 of S, and which lies more- 
over in the improper field Ujt about ^ defined under 6). 
Let ®2 ^ ^be extremal of the field from the point to the 
point 2 (see Pig. 21), then we have 

iTho disooTory of tho focal point (^'Brennpankt") is due to Kneseb, see Lehr- 
b%wK 624. For the special case of the straight line, the focal point occurs already in 
8bdmann*8 paper referred to above. Buss uses **critical point '* for *' Brennpunkt." 
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On the other hand, since we have supposed k so small that 
^(x. 71 + for 

x» < X ^ X, , y — y^ ^t , 

the region f^^ is at the same time an (improper) fieM' about 
the extremal &<^<1 therefore since (lib' ) holds thronghoat i^ . 

J*, < Ji r 

according to §22, 6^ Hence 

The extremal ^ furnishes therefore a smaller value for the 
intt^ral J than any other curve of class D' which can be 
drawn in the r^on f^^^ from the point to the curve 6. and 
III /Ai> sense the exiremnl ^ minimizes' ihe integral J if the 
conditioHS {Ilh'h iSS) and {41) are/ulfitlefl. 

ExAMPi^ Via: To dratc tkt^ cnrre of *horie^ tengik from a 
girrtk poini to a giren CHrrr. 

Here: f- = y T^' : 

hence we obtain for the conditioo of trsmsrefsalitT 

l + ir;ii=o . 

I. ^^ the miniinrriifcg ' sliaight Kne ma^ be normal to the curfe € at 
the point 1. 

Further we get easil v 






therelofe a' * i _^ z.^s 



jr. =Xi — 



lor almpAiextr restricted t to aa mt«rval ij.^ — k. Jn^k* vhoee Mwfcltr potat isj=j,p. 
Wfemi^titst9swifRhAT^takKa*itmMKTTaloithifxaa€ffgKmfvml1hr^ - k^^j^—k^)^ 
la tike present case Hut term field matit be saderstood eb tkfe» 5li«&tly anoc« genectkl 



* It i&DiKid. however, be uhamt-il that tW retpoa ^ doe» bi9C. :ftrijetl3r i^pMikimc;. 
caastitate a neufiLborbood (»• $3^ 4 > ^ «f tbe arc <f^ :«nee ct» v^JsIl asvc^McinfH aeco 
ae»^ appcoaebtf» tbe ralne x^^. The pcoi>f that «;| mfmni.rara thif iaSa^ml J itf ehifcv- 
fece ni>c (ivte cotnpbftm. Kssmk';* snffineacr pew)C which wiH be ^xvea ba. chaffs r 
for the ygwhfam nt parmeter ^ a yeeaeu totttatt. t» aot op eit to tfc» ohBtcftaxu 



§23] Sufficient Conditions 111 

Hence it follows that the center of curvature 1" of the curve (5 
at the point 1 must not lie between the point and the point ], 
Conversely : If this condition is fulfilled and if moreover 1 ' ' does 
not coincide with the point 0, then the straight line 01 actually 
furnishes a minimum. 

Entirely analogous results are obtained in the case when 
the point 1 is fixed and the point movable on a given curve. 
The condition of transversality must be satisfied at the point 
0. Again, if Aq, Bq have the same meaning for the jxjint 
as the constants Ai, Bi for the point 1, and if jtq' denotes 
the root next* greater than Xq of the equation 

ll{xo,x) = AA{^o.x) + Bo^-^^^=0 , . (42) 

then Xq must not be less than Xi, 

f) Geometrical interpretation of the focal point. Let us 
consider the problem to construct through a ix)int 2 of the 
curve S in the vicinity of the point 1 an extremal which 
shall be cut transversely at the point 2 by the curve §. Let 

y=f(Xya, P) 

be the required extremal. Then we have for the determina- 
tion of a and /3 tlie two equations 

M=f{x,,a,fi)-f(x,) = , ^^g^ 

N = Fix^y 2/j, q^) + (7>2- ^2)^V(-^2, yny g?) = ^^ » 
where 

2/2=7(^2) , lh-f'{^^ , Q2=fx{^2^^y P) . 

The two equations (43) are satisfied for x-^'^Xi, aT=aQ^ ff = ^^^ 
since 6 is transverse to Qq at the point 1 ; the left-hand sides 
of the two equations (43) are functions oi Xo, a^ fi of class 
C in the vicinity of Xo = Xy^ a~a^, /9 -ySo ®"^ their 
Jacobian with respect to a and B is diflFerent from zero for 
Xo- x^^ a = :aQ, /3 = ^Sq, if yl — 2/i 4= as we have supposed ; 
for it reduces to 

(//' - Ui ) Fy.y. ir, (or,) r,' (x,) - r, {x,) r[ (x,)) . 
1 Compare the Addenda at the end of the book. 



) 
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Hence the equations (43) admit, according to the theorem 
on implicit functions/ a unique solution : 
o = a(ara) , p = p{x^ , 

which is of class C in the vicinity of x^ ■^= x^ and satisfies 
the initial conditions 

a(ur,) = ao , P{x,)=zfi^ . 
If we denote 

f{x, a(a-,), P{x^))=^g{x,xii * 

the required extremal is therefore 

y = (j{x,Xi) , (44) 

and if we consider X2 as a variable parameter, this equation 
represents a set of extremals each of which is cut transversely 
by the curve ® ; the extremal ®q is itself contained in the 
set and corresponds to 0^2 = ^1 • 

The envelope % of the set (44) is defined by the two 
equations 

y-g{x, x^) , gx^{j^, a-,) = , 

and the abscissae of the points at which the extremal ^ 
meets this envelope are the roots of the equation 

f^xjC-^,-*'^) =0 . 

To obtain this equation we compute the derivatives 

da dp 

dx^ ' C/OTj 

from the two equations (/Jf/cLc2 = 0, dN/dx2^^0, substitute 
their values in the equation 

and finally put X2=Xiy a = clq, fi = PQ. 

Carrying out this process, we are led to the three equa- 
tions 

I Compare footnote 2, p. 35. 
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(yi - yi ) n .['•.' (•''.) «' (-^i ) + 'V (.r,) iS' (x,)] = - A, , 

from which, by eliiniiiatiii^ ^\'r\). y8'(jri), we obtain the result 
H(j', , J-) = , I. e.. 

The focdl jioiuV is fhr point (it which the extremal @o t^*^*^ 
for the first time — eountituj from the jwint 1 toicard the 
point — the envelope of the set of extremals which are cut 
transrerselfj bfj the cur re 6. 

Example Via : The set (44) consists of the normals to the 
Clin e 6 : th(^ envt»l()p<^ '^ is the evolute of the curve 5 . 

(j) Case of two movable end-points: We add a few 
remarks concerning the case when the point is movable 
on a curve (^ and at the same time the point 1 movable on 
a curve ^j. 

The considerati(jn of special variations leads at once to 
the result that the minimizing curve must be an extremal, 
that the condition of transversality must hold at lx)th end- 
|X)ints, and that the inecjualities 

•^0 :=» "^i > -^'i <; •'» 

must be satisfied. 

But still another condition must be added : If x[ ' ' denotes 

the root next greater than x^ of the equation 

then ttie follow in {) ineipialitji must he satisfied:^ 

'Thin f^eomotrical intori>r»tatioii of tho focal iK>int is due to Kneheb; soe Lehi-' 
burh, §24. 

2This rt'sult is duo to Blihh; sec Mathemaiische Annalcn^ Vol. LVIII (1903), p. 
70. He also proves that for a re«rular problem the condition a'j<ar|"<.ry » to»foth<»r 
with the two transversality conditions and the condition that tho minimizinf? curve in 
an oxtremal, are sufficient for a minimum. His proof is based upon Knosrr's theory 
of the problem with one variable end-point. 

For tho example of the curve of shortest length between two given curves, the 
ino<iuality (4.'») had already boon givon by Krdmann {loc.cit.). Another im))ortant 
example with both end-iM>ints variable (the si)ecial isoperimetric problem) has b«»en 
completely discussed by Knbhkr (MtUhematische Annalen, Vol. LVI (1902), p. 169). 
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x,<a-,"'^a-." 



(45) 

The problems on variable end-points which we have dis- 
cussed in this section are special cases of the problem : To 
minimize the integral J when the co-ordinates of the two 
end-points are connected by a number of relations:' 

4>^(jro, 2/«, a-,, ^,) = . 

The "method of differential calculus" used in this section 
can be applied also to this case. 

The number of independent relations cannot exceed four ; 
if it is exactly equal to four, we have the case of fixed end- 
points. If both end-points are perfectly unrestricted, the 
vanishing of the first variation leads to the four conditions 



= , 



= 



F . 



= 



F . 



= 0, 



which are in general incompatible. 

1 Compare Kneser, I^hrbuch, §10. 




CHAPTER IV 

WEIERSTRASS'S THEORY OF THE PR0BLP:M IN 
PARAMETER.REPRESENTATION » 

§24. FORMULATION OP THE PROBLEM 

In the previous chapters we have confined ourselves to 
curves which are representable in the form y-.^f{pr\ a 
restriction of a very artificial character in all truly geomet- 
rical problems. We are now going to remove this restriction 
by assuming henceforth all curves expressed in parameter- 
representation. 

«) Ocneralities cancf^ming curves in lyarameter-repre- 
sentation? 

A ^'continuous curve'*'* G is defined by a system of two 
equations 

6: x = 4>{t), y = *it) , to^t^t, , (1) 

<f> and yjr being functions of /, defined and continuous in 
(<o/i). As / increases from /q to /i, the curve is described in 

1 The treatment of the problems of the Calculas of Variations in paramoter-rcpn*- 
santation is entirely duo to Weikbhtbash ; he used it in his lectaros at least as early 
as 1872. In order to avoid repetitions, we shall discuss in detail only those points in 
which the new treatment differs essentially from the old one. For the rest, wo shall 
confine ourselves to an account of the resnlts. 

As re(?ards the relative merits of the two methods, one is inclined to consider the 
older method — in which x is taken for the independent Tariable— as antiquated and 
imperfect when compared with Wei ers trass* 8 method; nnjostly, however, for the 
two methods deal with two clearly distinct problems, and which of the two deserves 
the preference, depends upon the nature of the special problem under consideration. 

Generally speaking one may say that in all truly geometrical problems the method 
of parameter-representation is not only preferable, but is the only one which fur> 
nishes a complete solution. On the other hand, the older method has to bo applied 
whenever a function of minimising properties is to be determined (for instance, 
DirichleVs problem). 

For examples illustrating the relation between the two methods, s*ni Koi.za, 
Bulletin of the American Mathematical Society (2), Vol. IX (1908), p. 6. 

3 Compare J. I, Nos. 96-113. 
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a certain sense, called the **jK)sitive sense," from its origin, 
say 0, to its end-point, say 1. 

If we make the ^^ parameter 'transformation^'* : 

t = Xir). (2) 

where xi*^) is a continuous function of t which constantly 
increases from /q to /j as t increases from Tq to Tj, the equa- 
tions (1) are changed into 

^ = * (x(t)) = * (t) , y = ^ (x(r)) = ♦(r) , (la) 

Vice versa, the equations (la) are again transformed into 
(1) by the inverse transformation 

r = X-'(0- (2a) 

We agree to consider the two curves defined by (1) and 
(la) as identical, and conversely two curves will be consid- 
ered as identical only' when their equations can be trans- 
formed into each other by a parameter-transformation of the 
above properties. 

The curve (S will be said to be of clriss C'{C") if the 
parameter / can be so selected that <^(/) and -^(Z) have con- 
tinuous first {and second) derivatires in (/oA)? a^id if more- 
over <^' and yjr' do not vanish simultaneously in (/(/i) so that 
*'' + f'4=0 in(W,). (3) 

A curve of class C has at every point a continuously 
turning tangent; the amplitude of its positive direction 
is given by the equations 

oo8d = -^=£=, sin = —=£ . (4) 

Every cur\'e of class C is rectifiable,* and the length s of 
the arc /q/ is expressible by the definite integral 

J Accord inflr to this agreement, a curve (more exactly ** path-carve," E. H. Moore) 
is not simply the totality of points defined by (1) but the totality of these points 
taken in the order defined by ( t). 

3 Compare J. I, Nos. 10&-U1. 
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=r^'*' 



^ + ^'^dt . (5) 

By an ^^ ordinary curve''' will be understood a continuous 
curve which is either of class C or else made up of a finite 
number of arcs of class C , A point where two different arcs 
meet will be called a "comer" if the direction of the positive 
tangent undergoes a discontinuity at that point. A curve 
will be said to be regular at a point t = t\ if for sufficiently 
small values of \t—t'\j x and y are expansible into con- 
vergent power-series : 

and if moreover ai and hi are not both zero. 

b) Integrals taken along a. curve; conditioyis for their 
invariance under a parameter-transformation. 

Let F{x^ Vj ^\ y') be a function of four independent 
variables which is of class C" in a domain E which consists 
of all points oc, y, x\ y' for which a) x, y lies in a certain 
region ft of the x, ?/-plane, 6) x\ y' are not both zero. 

We suppose that the curve G defined by (1) lies entirely 
in ft, and select two i)oints 2 and 3 (/2< '3) on G. Then we 
consider the definite integral 



J= (' F{x,y,x\y') 



dt 



in which x, y, x\ y are replaced by 4>(t), V^(/), <^'(0» "^'(0 
respectively, and ask : Under what conditions will the value 
of the integral J depend only on the arc 23 and not on the 
choice of the 2^(i^o>meter tf 

The simplest example of an integral which is independent 
of the choice of the parameter is the length of the arc 23, 
which is always expressed by the definite integral 

I Vx"'+y'^dt , 
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no matter what quantity has been selected for the independ- 
ent variable /, provided that <2 < h^ so that if we pass from 
the i)arameter t to another parameter t by any admissible 
transformation (2), we must have 

Returning now to the general case, our question may be 
formulated explicitly as follows : 
Under what conditions is 

with the understanding that this relation is to hold: 

a) For every transformation t — xi'^) ^^ ^^^ properties 
indicated above ; 

0) For all positions of the two jx)ints 2 and 3 on the 
curve 6 ; 

7) For all ix)S8ible curves 6 of class C, lying in ft ? 

On account otfi) w^ may differentiate (6) with respect to 
T3 ; writing for brevity /, t instead of f^, T3, we obtain 

_/ dx dy\dt ^/ dx dy\ 

^V''^-dl^dt)dr = ''V^^^d^^dr)^ 

or since ^ ^ ^a ^ ^ ^* 

dx __ dx dt dy _dy dt 

'di~"didi ' di'~"didr ' 

( dx dy\dt_i dxdt dydt\ 

^r ' y^ di ' di) dr - ^V^ '^'dtd-r^ TtdrJ' <^> 

On account of a) this must hold for the special trans- 
formation 

k being a positive constant. Hence 



> 
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But by properly choosing the curve (1) /see assumption 7)) 
and the parameter /, we can give the four quantities 

""' ^' dt ' dt 

any arbitrary system of values in the domain ®, and there- 
fore the relation 

F{x, y, kx\ ky') = kF{x, y, x\ y') (8) 

must hold identically for all values of the independent 
variables j*, ?/, x! ^ y' in 3( and for all positive values of fc, or 
as we shall say: F{x, y, x\ y') must he ^^positively homo- 
geiieous^^ and of dimension one with respect to x\ y\ 

Vice versa, if this condition is satisfied, (7) holds since 

we suppose 

dt ^ 

and therefore also (6), as follows by integrating (7) between 
the limits T2 and T3. This shows that the homogeneity con- 
dition (8) is necessary and sufficient for the invariance of 
ihe integral J} 

We shall in the sequel always suppose that the function 
F satisfies the homogeneity condition (8), and we shall 
denote the value of the integral 

f^l' F{^{t),^{t\i>\t),^\t))dt 

indifferently by J^ or «/oi, and call it the integral of the 
function F{Xy ?/, x\ y') taken along the curve 6. 

If we wish to reverse' the direction of integration we 
must first introduce a new parameter which increases as the 

1 Weiebbtbass, Lectures; also Knbseb, Lehrbuch, §3. 

This lemma has been extended to the case where ^ contains higher derivatives 
of X and y by Zebhelo, Dissertation, pp. Z-23; to the case of double integrals by 
Kobe, Acta Mathematical Vol. XVI (1892), p. 67. 

2 Compare Kneseb, Lehrbuch^ p. 9. 
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curve is described from the point 1 to the j)oint 0, for 
instance : ?/ - — /. The equations 

where i/q— — /j, ?/i= — 1^^, represent the same totality of 
points as (1), but the sense is reversed. 

The integral of F{,r, //, .r', ?/') taken along 6~^ has the 
value 

r"» ,/ (Lr (iu\ , 

^^ F(<^(/), ^(/K - <k'{f), '-r(t))dt . 

If the relation (8) holds also for negative values of k, as 
hapi)ens, for instance, when F is a rational function of jr\ //', 
then 

Fix, y, - y, — f/') = — Fix, y, x\ y), 

and therefore : J^io — •/oi- 

But the relation (<S) need not hold for negative values of 
A: ; thus in the example of the length we have for negative 
values of A: 

Fix, «/, kx\ ky) = — kFix, y, x\ y) ; 

hence in this case Jio" «/oi- 

In other cases the relation is more complicated, for instance, 

when -, , 'IX, ~!'~\ — ^ 

/» —xy — X y + W X •-\-y^ . 

From the homogeneity condition (S) follow a number of 

imjwrtant relations brticcrn thr purfial derivatives of F. 

Differentiating (8) with respect to k and then putting 

k- 1 , we gei 

x'F,. + y'F,. = F , (9) 

Differentiating this relation with respect to x and y, we obtain 
F^^x'F^^ + yF,., , F, = xF,.,-^y'F,., . (10) 



§24] Weiebstrass's Theory , 121 

Differentiating (9) with respect to x' and y' we get 
x'F,.,. + y'F,.,. = , x'F,^,. + y'F,,,, = ; 

hence if x and y' are not both zero, 

F^.,. : i^V.- : F,',' = y''- xV: x'' ; (11) 

there exists therefore a function J\ ot x, y, x\ y' such that 
F,.,. = y'^F, , F,.,. = - x'y'F, , Fy.„. = x"F, . (11a) 

The function i<\ thus defined is of class C in the domain 
®, even when one of the two variables x', y' is zero ; but 
Fi becomes in general infinite when x' and y' vanish simul- 
taneously, even if F itself should remain finite and continu- 
ous for x' = 0, y' = 0. 

For instance : 

F = yVx'' + y'' , F, = Y—=M===^,, 

c) Definiiion of a Minimum:^ Two points A{xq^ y^ and 
^(•^1 J 2/i) being given in the region ft, we consider the totality 
iK of all ordinary^ curves which can be drawn in ft from A 
to B, Then a curve 6 of iK is said to minimize the integral 

J= ) F{x,y,x\y')dt , 

if there exists a neighborhood H of 6 such that 

J^^J^ (12) 

for every ordinary curve G which can be drawn in H from 
A to B, 

We may, without loss of generality, choose for M the 
strip' of the a?, y-plane swept over by a circle of constant 
radius p whose center moves along the curve 6 from A to B, 
This strip will be called "the neighborhood (p) of 6." 

1 Compare §3. The definition is due to Weiebstbass, Lectures^ 1879; compare 
also Zebmelo, DUaertation, pp. 25-29, and Knesbb, Lehrbuch, §17. 

2 An extension of the problem to a stiU more ffeneral class of curves wiU be con- 
sidered in §31. 

sin case difiPerent portions of the strip should overlap, the plane has to be 
ima(?ined as multiply covered in the manner of a Riomann- surface ( Weiebhtbass). 
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§25. THE FIRST VARIATION 

We suppose that we have found an ordinary curve 

contained in the interior of R, which minimizes the inte- 
gral J. We replace the curve 6 by a neighboring curve 

6: X = X + i , y=zy-{-ri , 

where f and 17 are arbitrary functions of t of class D\ which 
vanish at /© a^^d '1 • 

i{U) = , 17(0 = ; i{U) = , 17(0 = . (13) 
The consideration of special variations of the form 

i = cp , i7 = €g , (14) 

where € is a constant, and p and q are functions of t of class 
D\ which are independent of € and vanish at /^ and /i, leads 
as in §4 to the result' that 

AJ = Sj+c(€) , (15) 

where (e) is an infinitesimal and 

8 J = £ i^J + ^yV + FA'+ Fyv) dt , (15a) 

whence we infer again that Bj must vanish for all admis 
sible functions f , 17. 

Considering first special variations for which 17 = , and 
secondly special variations for which f = 0, we see that we 
must have separately 

JJ' {FJ + F,.n dt = , £ {F,v + F,.rf') dt = , (16) 

iTho same results hold for Tariations of the more general type 

where the functions ^(^« •),n(<« «), their first partial derivatives and the cross- 
derivatives (f^ , Iff, are continuous in the domain t^^t^ti^ i c | ^e^, cq beinsr a suffi- 
ciently small positive quantity. Moreover 

Hto.')=0, if(fo,«)=0, 

^(t„t)sO, ij(t„t)=0. 
Compare §4, d). 
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To these two equations the methods of §§4-9 can be 
applied with the following results : 

a) Weierstrfiss^s form of E alerts equation: The func- 
tions X and y must satisfy the two differential equations 

^'-dV'— ^' ^»-|^»=0; (17) 

these two differential equations are however not independ- 
ent ; for, if we carry out the differentiation with respect to t 
and make use of the relations (10) and (11a) we obtain 

F, - J^i^V = y'T , F, - |f,. = - x'T (18) 

where T=F^.--F,,. + F^{xV'^x'y) , (19) 

or", y" denoting the second derivatives of x and y with 
resi^ect to /. Since x/ and y' do not vanish simultaneously 
(see §24, a)), the two differential equations (17) are equiva- 
lent to the one differential equation 

T=F,,.^F,,. + F,{xY'-x'y) = . (I) 

This is Weierstrass's form of Euler's differential equa- 
tion.^ Every curve satisfying (I) will again be called an 
extremal. 

The same result can also be derived from a transforma- 
tion* of BJ which will be useful in the sequel. 

If we perform in the expression (15a) for Bj the well- 
known integration by parts, and make use of (18), we obtain 

BJ=[iF,. + vFy]''+ C'Twdt , (15b) 

where to-y'^ — x'r), 

1 Weiebhtbash, Lectures; compare Zebmelo, DiMcrtation^ p. 37. 
If we introduce the curvature 

1 __ x'y"-x"v' 

the differential equation may also be written - '1 
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The differential equation (I) together with the initial 
conditions determines the minimizing curve, but not the 
functions x and // of /. In order to determine the latter, 
we must add a second equation or diflferential equation 
between /, «r, ?/. This additional relation (which is equiva- 
lent to some definite choice of the parameter /) must be 
such that X and y come out as single -valued functions of 
/ of class D' satisfying (3) ; otherwise it is arbitrary. The 
best selection dei)ends largely uix)n the nature of the par- 
ticular example under consideration (see the examples in §20). 

If we add to (I) a finite relation between ty x, y we 
obtain as the general solution a pair of functions of / con- 
taining two constants of integration : 

^=f{t.a,,S) , y = g{f.a,P) . (20) 

The constants a, )8 together with the unknown values /© 
and ti have to be determined from the condition that the 
curve must pass through the two given i)oints : 

.r, =/(/., a, )8) , y, = g{f,.a.0) . 

b) Extremal throu(jh a given point in a given direction: 
In order to construct an extremal through a given [)oint 
0(a, b) of R in a given direction of amplitude 7, we select 
the arc of the curve measured from the given point for the 
parameter / and have then to solve the simultaneous system 

T = 0, x" + y''=l (22) 

with the initial conditions 

.r = a , y = b y a?' = cos y , y'= sin y 

for / - 0. Diiferentiating the second differential equation 
we obtain the new system 

F, (z/'.r"- xy'') = F^, - Fy,- , 
xx'+y'y''=Q . 
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Solving with respect to ir", y" we obtain x'\ y" expressed 
as functions of x, y, x, y' which are of class C in the 
vicinity of x=^a, y = by ic' = cos7, ?/' = sin7 provided that 

Fi{ay b, cos y, sin y) 4= . (23) 

Hence* there exists a unique solution 

a7 = 4>(#; a, 6,y) , 2/ = *(<; a, 6, y) 

of the system (22a) satisfying the initial conditions and of 
class C in the vicinity of f = 0. 

This solution satisfies also the original system (22). For, 
by integrating the second equation of (22a) we get: 
x'^ -\- y'- = const, and the value of this constant is found to 
be 1 from the particular value / = 0. Thus we reach the 
result:^ 

If Fi{a,b, coByy sin y) 4= 

one and but one extremal of class C can be drawn through 
the point (a, b) in the direction 7. 

Hence, if (23) is satisfied for every value of 7, a 
unique extremal of class C" can be drawn from O in every 
direction. 

If (23) is satisfied at every point (a, b) of the region ft 
for every value of 7, the problem will be called a regular 
problem (compare §7, c)). 

c) ^'Discontinuous solutions:'''* As in §9, a) we infer by 
the method of partial variation that every "discontinuous 
solution"' must be made up of a finite number of arcs of 
extremals of class C , 

Furthermore, the method of §9, b) applied to the two 
equations (16) leads to the result :* 

1 According to Caucut's cxistence-theorom ; compare p. 28, footnote 4. 
SSeo Kneseb, Lehrbuch, §§27, 29. 

>/. e., a solution which has a finite number of corners; compare §24, a). 
«WeI£B8TBA88, Lccturet; compare also Kneses, Lehrhuch^ §43. 
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At a corner / = /2 of the minimizing curve, the two con- 
ditions 



F . 



F . 

•*• Of 



'a-H 



F^ 



= F 



'2+0 



(24) 



7nust be satisfied, i. c, the two functions Fj, and Fy must 
remain continuous et:en at the corners. 

We add here the following corollary, though its proof 
can be given only later (§28) : 

At a comer [Xi, yo) of the ihinimizing curve, the function 
i^i(i*'2i y%9 cos 0, sin 0) 

must vanish for some value of the angle 0. 

Hence it follows : If at every point (r, y) of the region ft 
Fi{x, y, cobO, sin d) 4=0 

for every value of 0, no ^^discontinuous solutions^'* are pos- 
sible. 

§26. EXAMPLES 

In applications it is frequently convenient to use one of the two 
equations (17) instead of (I), especially when F does not contain x 
or y, in which case one of the two equations (17) yields at once a 
first integral. It must, however, be borne in mind that each of 
these two equations contains a foreign solution' (2/ = const, and 
0? = const, respectively), and that only their combination is equiva- 
lent to (I). 

a) Example X: To determine for a heavy particle tfie curve 
of quickest descent in a vertical plane betu^een two given points 
(" Brachistochrone ''^). 

iThis happens, for instance, in Example I: 



? 



where a first inte^al is obtained from (17) : 

y^' =, . 

when « = 0, y = is such a foreign solution. 

3 Compare LindelOf-Moiono, loc. cit,^ No. 112; Pascai., loc, cit,^ 6 SI; Knbsbb, 
Lehrbuch^ p. 87. 
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If we take the positive ^/-axis vertically downward and denote 
by g the constant of gravity, by v© the initial velocity, which we 
suppose different from zero, we have to minimize the integral 

' Wx'^ + y^dt 

Vy-Vo + fc ' ' ..^ - J 

where 

The curves are restricted to the region 

R- y-y^ + k>0 . 

Since jPa. = 0, we obtain the first integral 

The theorem on discontinuous solutions shows that the constant a 
must have the same value all along the curve. 

If a = 0, we obtain x = const., which is the solution of the prob- 
lem when the two given points A a^d B lie in the same vertical line. 

If a=t=0, we choose for the parameter t the amplitude of the 
positive tangent to the curve ; then we have the additional relation 

«^' 

= cos t , 



which reduces (25) to 

y — |/o + A? = r(l + cos 2t) , 
where 

Hence 

y'= -2rsin 2t , 
and 

a;'= zh 4r cos'^ . 

If we finally make the substitution 

we get the result 

a; — iTo + /i = ±: r (t — sin t) , 

y — yo + ^= r(l — cost) , 



(26) 
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h being the second constant of integration. The extremals are 
therefore cycloids^ generated by a circle of radius r rolling upon 
the horizontal line y-'yo+Jc = 0, 

Among this double infinitude of cycloids there exists' one and 
but one which passes through the two given points A and B and 
has no cusp between A and B, provided only that the co-ordinates 
of the two given points satisfy the inequalities 

a?! 4= ^0 , yi - 2/o + A: ^ . 

I b) Example XI: To determine the curve of shortest length 

f( which can be dravm on a given surface between ttoo given 

■j points, 

\ If the rectangular co-ordinates a:*, j/, z of a point of the surface 

are given as functions of two parameters u , v and the curves on 
the surface are expressed in parameter-representation 

n=^(f). r = ^(0, (27) 

the problem is to minimize the integral 

J = r ' VEu^'^2Fu'v'-\- Qv^dt , 
where 

the summation sign referring to a cyclic permutation ol x, y^z. 

The curves must be restricted to such a portion l^ of the surface 
that the correspondence between f^ and its image ft in the u, t;-plane 
is a one-to-one correspondence. We fiurther suppose that Ey Fy G 
are of class C " in ft and that is free from singular points, f . e., 

EO-F^>0 . 

a) If we use Weierstrass's form (I) of Euler^s equation, and 
denote by *(i^) the differential expression 

iThis result is due to Johann Bbsnocllj (1696) ; see Ostwald'b KUutiker, etc, 
No. 46, p. 3. 

2 See Heffteb, "Zam Problem der Brachistochrone,'* Zeit9chnft fUr McUhe* 
tnatik und Pfcywik, VoL XXXIV (1889), p. 313; Bolza, **The Determination of the 
(Constants in the Problem of the Brachistochronc,** Bulletin of the American 
Mathematical Society (2), Vol. X (1904), p. 185; and E. H. MoORE, ''On Doubly Infinite 
Systems of Directly Similar Convex Arches with Common Base Line,** Bulletin of 
the AmeHcan Mathematical Society (2), Vol. X (1904), p. 337. 
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^{F} = F^. - F^,. + F,{x'y"- x"y') . 
we obtain easily 

where 

T = {EG - F^){u'v" - u''v') 

+ {Eu+Fv') [{F, - \ E,) u' + Gyv+ \ G^v"'] (29) 

- {Fu'+ Qv') [\Ey' + Eyv' + {F, - \ G„)i/*] . 

The extremals satisfy, therefore, the differential etjuation* 

r = . (29a) 

This differential eqiiation admits of a simple geometrical interpre- 
tation : 

The geodesic curvature of the curve (27) at the point t is given 
by the expression* 

1^_ r 

Pg "" VilG - F'(VEu'' + 2FulP+ Gv^y ' ^^^^ 

Hence the curve of shortest length has the characteristic property 
that its geodesic curvature is constantly zeroy i, e., it is a geodesic. 
In passing we notice the relation 

4> ( x/Eu^ + 2Fu'v'+Gv'*) = ^^^~^' , (28a) 

Po 
which will be useful in the sequel. 

/3) If instead of (I) we use the two differential equations (17) 
and, moreover, select the arc s for the parameter f , we obtain for 
the extremals the two differential equations :' 

iThat (29a) is the differential equation of the geodesies might bo taken directly 
from the treatises on differential geometry: Knoblauch, FlOchentheorie, p. 140; 
Bianchi-Ldkat, Differeniialgeometriey p. 154; Darboux, TMorie det Surface*^ Vol. 
n,p.403. 

2 See Laurent, TraiU d' Analyse^ Vol. VII, p. 132. 

For an elementary proof see Bolza, ** Concerning the Isoperiraetric Problem on 
a Given Surface,'* Decennial Publications of the University of Chicago^ Vol. IX, p. 13. 

» Compare Knoblauch, loc. cit.^ p. 142; Bianchi, loc. cit., p. 153; Darboux, loc. 
ciU p. 405. 
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They have likewise a simple geometrical meaning : From the 
definition of E, F, Git follows that 

dw . ^dv '^^ dx 



„du , ^dv x^ dx 




Differentiating with respect to 8 we obtain 

hence on account of (31) 
and similarly 

Therefore 

dfx ^y ^z . . . . , . .g^. 

d^ ' d^ d?^ (2/«^o - y..2:J : (^^a-^ - 2r^„) : {x^y„ - ar^2/„) . (32) 

The geometrical meaning of this proportion is that at every point 
of the curve f/w principal normal coincides with the not'mal to 
the surfacCj which is another characteristic property of the geodesic 
lines. 

§27. THE SEGONO VABIATION 

Let 

y = g{tyo^,Po) = git) , 

represent an extremal of class C' passing through the two 
given points A and B, derived from the general solution (20) 
by giving the constants the particular values a = aQ, I3 = /3q. 
We suppose that the functions /(/, a, /8) and g{t, a, ^), 
their first partial derivatives and the following higher deriva- 
tives, 

ftt 9 fu » ft^ > ftta » ftt^ > Gn > Qta » Qtfi » QttoL > Qtt^ » 
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are (•ontinuous in a domain 

where 7o<'oi ^i>^» ^^^ ^^ is a suflSciently small positive 
quantity. 

Then we infer, as in §11, that in case of a minimum the 
second variation of J must be positive or zero. The second 
variation is defined by the integral 



^r^^'*^'' 



where 

+ 2F,y'iv+ 2F,,.^'+i'V..i'^+ 2i^V. f 17'+ I^VyV' , (34) 
the arguments of the partial derivatives of F being 
^ = /(O , y=-y{t) , y= fit) , y = g\t) . 
a) Weierstrass's Trcnisfomiatian of the second varia- 
tion:^ This transformation proceeds by the following steps: 

1. Express Fy^y F^y^ Fyy' in terms of Fi by means of 
(11a) and introduce the abbreviations 

w = y'( — Xff , 
L = F,,. - y'y-F, , N = F^^. - x'x^F, , (35) 

M = F^^, + xy'F, = F^,. + y'x''F, ; 

the two expressions for M are equal since x and y satisfy 
the differential equation (I). 
We thus obtain 

^F = F, ( ~y+ 2U('+ 2M((rf'+ 7f ') + 2Nnrt' 

+ {F,,-y''F,)e + 2{F^ + x-y-F,)tn + {F,,-x-'F,)rf. 

2. Observe that 
2Lii'+ 2M{iri'+ 7^') + 2Nrm' 

1 WEIEB8TRA8S, Lccturea^ at least as early as 1872. 
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and introduc^^ the abbreviations 

dN 

'""»'«'"" '"■ ~dt * 

Then the above expression for ^F becomes 

3. The three functions ij, My, Ni have the important 
property of being proportional to y'^^ — *v' y\ •^'". 

Proof: From the definition of i, Jf , N and the relations 
(10) follows 

Lx'+My'=F^ , Mx'+Ni/ = F^ . 

Differentiating the first of these relations we get 

dL , dM , . ^ '' I i# '' 
-x^—y+Lx +My 

= F,,y+F,^y'+F,,.x'+F^.y" . 
But 

Lx-+My''=F,,.y'+F^,y' , 

and from (I) it follows that 

Substituting these values we obtain 

similarly 

M^x'+N^y=0 ; 

whence we infer that indeed 

L,:Mi:Ni = y': -x'y'.x'^ . 

There exists therefore a function F^ of / such that 

A = y'^i , M,= -^ x'y'F, , JV| = x'^F^ . (37) 
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This reduces the expression for S-J to the final form 

.»-x:[-.0+-.-]<« 

+ ^Le + 2M(r, + Nrf\ ' (38) 

If, as we suppose for the present, the two end-points are 
fixed, then f and rj vanish at /q ^^^ h and the expression for 
^J reduces to 

This definite integral must then be ^0, for all functions w 
of class Z)' which vanish at both end-points. 

From the assumptions made at the beginning of this 
section with respect to the functions /(/, a, ^), g{t^a,fi) 
together with our assumptions concerning the function 
i^(see §24, fe)), it follows that Fi and F2 are of class C in 
the interval (ro^^i) 5 we suppose that they are not both 
identically zero. 

b) Weierstrass's form of Legendre's and Jacobi's 
conditions: The second variation being now exactly of the 
same form as in the previous problem (§11)? we can directly 
apply the results of Chapter II, 

Accordingly we infer in the first place, as in §11 : 

The second necessary condition for a minimum (maximum) 

'"''"' F.^O (F.50) (II) 

along the cun:e (Sq. 

We suppose in the sequel that this condition is satisfied 
in the slightly stronger form 

Fi > , along e^ • (H') 

Again, Jacobi's differential equation (equation (9) of 
§11) becomes 
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JdCobVs theorem conceniing the integration of this dif- 
ferential equation takes now a slightly different form. If 
we substitute in the differential equation 

F — ^' F . = 
' (it ' 

for X and // the general solution 

x=f(t,a,p) , y = g{t,a.p) 

and differentiate with respect to a we get 

In this equation we express the second partial derivatives of 
F in terms of i, M, X, F\, F^ by means of (11a), (35), (36), 
(37) and obtain, after some simple reductions, 

where 

If we oj)erate in the same manner upon the differential 



^'-<«^v=^^- 




equation ^ 

we obtain 

Therefore, since /^ and g^ are not both zero, we find that 

An analogous result is reached if we differentiate with 
resi)ect to /8. Finally, giving a, /8 the particular values 
Oq, /So, we obtain Weierstrass's modification of Jacobi's 
theorem : 
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Again, we obtain from (26) 
0(t, To) = dz 4?^ sin 2 cos 2 sin y cos ^ 



Ft - 2 tan^ - To + 2 tan ^"T 



The parameter Ty of the conjugate point A ' is therefore determined 
by the transcendental equation 

T — 2 tan ;^ = To — 2 tan ~ , 

As T increases from to x and then from r to 2x, the function 

r — 2 tan ^ decreases continually from to — oo and then from +® 

to +2»'. Hence r = to is the only root of the equation between and 
2x. There exists, therefore, no conjugate point on the arc AB, 

e) Kneseb's fonn of JacohVa condition: As in §15 the exist- 
ence of a set of extremals through the point A can be proved,* rep- 
resentable in the form 

x = 4^{t,a) , y = ^{t,a) , (43) 

1 Weiebbtrass obtains the set of extremals through A as follows (Lecturet^lSSZ) : 

Let 

a: x=/(^«,P). y = g(f,a,^) 

represent the extremal passing throagh A and making at ^ a given small angle m 
with the extremal 

Ltit farther /^ denote that vain? of ( which corresponds on (» to the point A, Then 
we have for the determination of f^, a, ^ the three equations : 

w^berc the argument of x\ y' is fg, that of jc\ y : f^ and where 

as(j; ''' + y^)sin •». 

The three equations are satisfied for <® = (q, a = o^,, p = ^q; the functions on the left- 
hand side are continuous and have continuous partial derivatives in the vicinity of 
/*• = f^j , a = o^ , ^ = Po , and their Jacobian with respect to ^, a , ^ is different from zero 
at this point, since it is equal to 

•i«o)V<«o)-«2«o)^'(«o)* 

which is different from zero if, as we suppose, 0| (f ) and #2 (f ) are linearly independent. 
There exists, therefore, according to the theorem on implicit functions, a unique 
solution 1^, a , ^ of the above equations, which leads to two functions ^ (f , a) , f « , a) 
having the properties stated in the text. 



•3 
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where 0(7, a) and V'C^, «) are continuous with continuous partial 
derivatives of the first and second orders with the possible excep- 
tion of (paa, i^aa — iu the doHiaiu 

To^t^ r, , la-ool^do , 

«„ being the vahie of a which corresponds to the extremal (So through 
A and -B, and do Ixjing a suflSciently small positive quantity. 
Again, the Jacobian 

differs ^ for a = a<, from the function e(^ , t^) only by a constant factor: 

A(^ao) = C.0(/, fu) , (44) 

where C^O, 

Furthermore the value f = f which corresponds on the extremal 

(43) to the point A, and which satisfies therefore the equations 

X,, = 4> {f, a) , 2/0 = ^(^, a) , (45) 

is a function of a, which is, in the vicinity of ao, of class C . 
From (44) follows KNESER's^/onn of Jacobins condition: 

A{t, 0^)4^0 for t,<t<ti (III) 

Further, if fi denotes the value of t corresponding to the conju- 
gate point A', we have 

A(fo',ao)=0, (46) 

and at the same time 

A,(^o',ao)4=0 , (47) 

provided that Fi , F2 are of class C in the vicinity of fj and -Fi =(= 
at to . The inequality (47) follows' from the fact that A(#, a©) is an 
integral of J a c o b i ' s differential equation (40). 

From this second form ofJacobi's condition it follows* easily 
that the conjugate point A' has the same geometrical meaning as 
in the simpler case of § 15, 

1 This foUows either by direct computation from the equations which define 
t^, a, ^ as functions of a, or else from the fact that A(t,ao) and 9(^, f^) are integrals 
of Jacobins differential equation and vanish for t^^©. 

3 See Kneber, Lehrbuch, §31. 

3 Compare p. 58, footnote 2. 

«See Kneaeb, Lehrlmch, §24, and the references Kiven in E. Ill D, p. 48, foot- 
note 117. 
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§28. THE FOURTH NECESSARY CONDITION AND SUFFICIENT 

CONDITIONS 

We suppose in the sequel that for our extremal @o the 
conditions 

F^>0 (II') 

and 

0(f,f,)zt=O for U<t^U , (III') 

are fulfilled. 

a) These conditions are not yet sufficient for a (strong) 
minimum; di fourth condition must be added. 

Let E(ir, ?/; x\ ;/' ; x\ y') be defined* as the following 
function of six independent variables : 

E(x, 2/; x\ y') x\ y') = F{x, y,x\ y') 

-[x F,.(x, y, x\ y') + r F,.{x , y, x\ y')] , (48) 

or, as we may write on account of (9), 
E(x, y; x\ y'\ x, y')^ 

x' [f,(x, y, x\ r) - F,.{x, y, x\ y')] 

+ y'[F,{jr,y,x\r)-F,.(x,y,x\y')] . (48a) 

Let further (x, y) l>e any point of the extremal 6o, j), q 
the direction-cosines of the positive tangent to 6o at {x, //), 
and 2>, q the direction-cosines of any direction. 

Then the fourth uecessary condition for a minimum 
{maximum) is that 

B(a;, y; p^q; Pyq)^0 (^0) (IV) 

for every point (j*, ;/) of ©o ^^^ f^^ every direction j), 5- 
The proof follows* immediately tTomWeierstrass^slemma^ 

an a special class of variations : 
Let 

iThis is Weieb8TBA8S*h orierinal definition; Kxksks writes — B instead of 
Weiers trasses -^E^Lehrimch^ p. 75. 
sCompare§18, 6). 
2 The reasoning is the same as in §8 ; compare also 64, d). 
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be any extremal of class C" lying in the interior of the 
region fi, and let 2:(/ — /g) ^^ ^^ arbitrary point of 6. 
Through the point 2 draw an arbitrary curve of class C : 

g: x = ^{t) , y =^(t) , 

the value of r = T2 corresponding to the point 2 . 

Let 3 : (0^2 + ^2 J ^2 + ^2) be the point of 6 corresponding 
to T = T2 + A, where ft is a sufficiently small positive quan- 
tity. Finally, from a point 0: (< = /o<'2) ^f ® to the point 
3 draw a curve 6 re presentable in the form 

g: ^ = X'\'i , y = y-\-rj , 

where f and 17 are functions of t and h which vanish identi- 
cally for h = 0, and which satisfy the following conditions': 

1. f , 77 themselves, their first partial derivatives and the 
cross derivatives ^th^ Vthi ^re continuous in the domain 

Aq being a sufficiently small positive quantity. 

2. i{f,,h) = , rf{t,,h) = 
i{f2, ft) = ^2 , v(Uy ft) = V2 

for every ^ ft ^ fto* Then the 
difference^ 

has the following value : 

e/03 - (t/02 + J23) = - ft [b (0-2,1/2; a-/,!//; ^2, ^2) + (ft)] . (49) 

Similarly, if we denote by 4 the point of S corresponding to 

1 Functions ^, i) satisfying these conditions are, for instance, the following: 

if u , t? are two functions of t of class C which vanish for < = <o *°d are equal to 1 for 

2 For the notation compare §§2,/), 24 o), and 8. 
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T = To — h and draw a curve 6 from to 4 of the same char- 
acter as 6 , we obtain : 

t/o4+ «A2 -«/(»= +'^[e(^2» 2/2; ^iyVi; ^2,^2) + (/0] • (49a) 

By the same method and under analogous assumptions 
5- we further obtain the following 

^, results, which are suflSciently ex- 
plained by the adjoining dia- 
FIG. 23 gram: 

J2» + J^i-J2i = h[E{xt,yt;xi,yi; xiyyi) + {h)j , (50) 

'/41 - (*/42 + '/21) = -h [£(0-2, y, ; a-;, yi ; x,', yi) + {h)'j . (50a) 

From the relation (8) it follows that 

E{x,y; kx\ky; kx\ ky') = kE{x, y; x\ y' ; x\y') , (51) 

if *:>0and A->0. 
Hence if we set 



(52) 



■5 



X t/ 

J>= — =coBtf , Q = -—====. sin $ , 

p = - , — . - = COS ^ , q= — - = sm ^ , 

we get 

E{x, y; x\ y'; x\ y') = \/W^+J^E{x, y; p, q; p, q) , (53) 

which reduces the second and the third pair of arguments of 
the E-function to direction-cosines. 

If we choose for the parameter t on the curve S the arc, 
we may replace in the above formulae a?2, yi and ^2, yi by 
the direction-co^nes j)2i <lz ai^d j52» 52 of ^h^ positive tan- 
gents at 2 to @ and to S respectively. 

6) Relation behceen the E-functton and the function Fi : 
If the angles and d are defined by (52), we have, accord- 
ing to (48), 



Jo t 
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E(:r, 2/; Vyq\ p, q) 

= COS S^F^.{x, y, cos 9, sin?) — F^.{Xy y, costf, sintf)] 
+ sin d ^Fy. (x, y,coBS, sin S) — F^. (a?, y , cos ^, sin ^)1 . 

But 

F^. {Xf y, cos S, sin ?) — Fgg.{x, y, cos ^, sin ^) 

h dr^' {jc,yyCOs{0-\- t), sin [6 + t)) r/r , 

where (o- — \ and an analogous formula holds for Fy , 

If we perform the differentiation with respect to r and 
then make use of the relations (Ha), we get 
E(a:, 2/; p, q\ p, q) 

= j F, (ar, 2/, cos (^ + t), sin (^ + t)) sin (w — t) dr . 

By adding to 9 a proper multiple of 27r, we can always 
cause o) to lie in the interval 

so that 8in(a) — t) does not change sign between the limits 
of integration. We may then apply the first mean-value 
theorem and obtain the following relation^ beitoeen the 
^'function and the function JP\; 

E (a; , y, cos , sin ; cos f , sin 5) 

= (1 - cos (? - 0)) F,{x,y, cos 0*, sin 0^) , (54) 

where ^* is a mean value between and 9, 

From this theorem follow a number of important conse- 
quences : 

1. If we let 9 approach 0j we obtain 

. E(a;, 2/; p, g; p, 5) .^^. 

/-~; 7^~T^ =i'^(a;,2/,i>,<7) . (55) 

1» = « l--cos(^ — ^) 

Hence it follows that Condition {II) is contained in Con* 
dition {IV). 

1 Weiebstbasa, Lectures^ 1882. 
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2. Condition (IV) is always satisfied when 

i'', (x , ^ , cos y , sin y) ^ (Ila) 

for every j)oint (j*, y) on Qq and for every value of 7. 

3. The E-function vanishes whenever ff=^-0 ("ordinary 
vanishing")*; for a value S^O it can only vanish' ("extra- 
ordinary vanishing") if Fi{jr, ?/, cos 7, sin 7) vanishes for 
some value y = 0* between and 0. 

c) Example XII:' To minimize the integral 



, f^' yy''dt 

X y + y' ' 



^ 



The value of the E-fimction is easily found to Ik* 

Mor.y;p,q;P.q) = (p^+^fip^ + r) 

= y sin' ($ - $) sin (2^ + 5) . 

Apart from the exceptional case when both end-points lie on 
the a'-axis, E can be made negative as well as positive by choos- 
ing B suitably; and therefore no minimum can take place. 

More generally, whenever the homogeneity condition (S) 
holds not only for positive but also for negative values of A*, 
as happens, for instance, when F is a rational function of 
x\ y\ no extremum can — in general — take place. 

For in this case (51) holds also for negative values of t, so 
that 

^{Xf y; Pyq; -i>, -5)= -E(j-,y; p,q: +p, +q) . 
Condition (LV) can therefore be fulfilled only if 
E(a?, y; p,q; i>, q) = 

I Kns8ER*8 terminolo«T, Lehrbuch, p. 78. 

3 Hence follows the corollaiy on disoontinnons solutions stated on ]x 126. Fc« 
from (24) follows 

>To this definite integral leads Newton 's celebrated problem : To determine the 
•oltd of revolution of minimum resittanee. Comi>are Pascai., loc. eit.^ p. Ill ; Kneseb, 
Lekrbuch^ §§11, 18, 26; the above expression for B was given by Wkiebst&ass (1882). 
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along Hq for every direction j3, fjj which, on account of (54), 
is possible only in the exceptional case when JPj = along Qq. 

d) Sufficiencij of the four preceding cofiditions :^ The 
four conditions which so far have been shown to be neces- 
sary for a minimum of the integral J, are — apart from cer- 
tain exceptional cases ^ — also sufficient. 

Let us suppose 

1. That ®Q (or AB) is an arc of an extremal of 

class C" without multiple points, lying wholly in the (I') i- 
interior of the region* K ; 

2. F,{x, y,p,q)>0 along* ©o ; (H') ^ 

3. The arc &q does not contain the conjugate point 

^'of the points. (Ill') J 

4. E(j:, 2/; p, q; J>, q)>0 along* ©o (IV) W 
for every direction p, q different from the direction p, qoi 
the positive tangent to ©q ^^ (^) v)- 

Moreover we retain the assumptions made in §27 con- 
cerning the general integral of Euler's differential equa- 
tion. 

We projx)se to prove that under these circumstances the 
extremal @o actually minimizes the integral 



J'o 



F{x,y,x\y')dt . 

From the assumptions (III') follows the existence of a field 
of extremals about the arc @o» '• ^-j there exists* a neighbor- 

1 Weierstrahs, Lecture*, 1H79 and 18H2; Zehmelo, Diuertatiotu, pp. 77-^; and 
Kneses, Lehrbuch^ §20. 

2 The exceptional eases are 

1. 9() has multiple points or corners, or meets the boaudary of S ; 

2. Fj ^0 at certain points of c^^ ; 

3. A' coincides with B; this case will be considered in §38. 

4. B = at iwints of (^^ for certain directions jy, (f not coinciding with p , 9 . 
3Compare§24, &). 

*That is, for every point (x, y) of Cq, p, g denoting the direction-cosines of the 
positive tangent to <fo at (a;, y). 

<> Compare §19. A sharper formulation and a detailed proof of these statements 
will be given in §34 in connection with Kneser's theory. 
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liootl i/^l of (y,^ siu-li lliat to I'Vt'n |H»iut P of {p) theiv t-aii be 
ilrawn fn»iu {\w |>i»iur' .1 a uiiiijuoly dotiiicd oxtivuinl which 
varit's rout iiiiioiir.lv with tht* jKisiitiuii of tlio j)oiiit P and 
coiiuidi's with ii^ wlit-u /* it»iiKiiK's> with H, 
Lit iii»w 

Ih" aii\ ouliuarj lurvr drawn trv»ui -I U» ^ and lying wholly 
ill the iioiijhlHuhviod \p\ of vr^,, s dt'UoUug the an" i»f the 
riirvt' VS uu'asuivd from souio rixfd \k^x\\\ of 6, and lei SJ 

dfuotf thi' lotul v.iiialiou 

\.l ./ - ./ ^ . 

TL^'ii .'I uasoniug" auaU'gous ti.» that, t'mpk»y^.'A.l in §:£t.> leuiiis^ 
loiiu- f^»llowiiigr\[»iv>si«.»ii f».»r A-/ 1 Weierstrass'sTluAjiviu): 

A./ I E -a:, ^ ://.'/; /y. '/v/<« . i TiB) 

wh»'iv </ . //I deiiotis a |K.>iiit ^.jf Ci, /J, 7 the direclioii-co5>uie& 
of \\w \K}>\n\x.' taiigeni To C at u*. .y), juid y>, •/ the direct ioii- 
• ■osiuvs <«f the jH.»Biiti\>' tungcut to ^he 'luiijiu- extreiunl of the 
ricid passing ihixnigh (./•, //). 

1 1 Ti««w ..luiy remains to show thiit. a& a ».-oasequeuct- of 
•.»ur assuui['i:ons ill) and ll\ », the iutegraud in lo'W is 
iu'Vt.T n..i^anv.' along thi- curvt,- 0. 

Let [.I \ in ^v any jK-int of the alx)\e detined neighborhood 
\p) *»? ^fi -iiid K-r, as Ik- fori.', ft, *i deuote the directiou-cv>j?iiiet» 
of the |H»r;iTi\>- tangent at {.i\ //) to the uuiiiiie extremal of the 
lieM |)assini; Uuou^h l.r, //), and Jk 7 the direction-*.-«>e?iiie6 of 
any tiireetion P, and «.l«-rine 

• 'r iM-cti.T :>...!■ I i*i::ic J :u 'uv ■• icuiity i»f .1 -m liie ctiULUiiidtittU of ■%, N-jioiU 
.4, .- ;iSl'». . ■. 

VV.:.-r>r rt -i-'- •h...'r'Mn -x.W N- „'iv».-ii ;ii ^::7 iu CMUJt*ctiou wivu Iiu»'»t:r ■> tiimjry. 
'It :- .:i*.lii-< .1.-: .•iiiM?;ti~:,.u -tLit tilt- i-riiiilTtii in I'ar.iuii-ur-r'.-iiri.'.-oiitaUuaiUliF*?!* 
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[ ^i (i», y,P,Q) y when 1 - {pp + qq) = , 

/. e., p =p , q = q . 

The direction-cosines p, q are single-valued and continuous* 
functions of x, t/ in the neighborhood (p) of @o- Hence it 
follows, on account of (54), that Ej is a continuous function 
of j\ fj, d in the domain 

ix,y) in (p) , 0^5^^27r , 

and since, according to our assumptions (II') and (IV), Ej 
is j)08itive along 6o for every value of ^, it follows from 
general theorems on continuous functions that Ej is positive 
throughout the domain 

{x, y) in (/)) , 0^?^ 27r , 

provided that p has been taken sufficiently small. 

The integrand of (56) is therefore j)ositive at all points 
of 6 at which the direction ji, q does not coincide with the 
direction p^ q^ and zero where these two directions do coin- 
cide. Hence A !/> unless it should happen that p==Piq~~q 
all along 6, in which case we should have At/^O. 

But the latter alternative is impossible^ unless 6 be iden- 
tical with (Sq. This proves that the arc ^ actually minimizes 
the integral J if the four conditions enumerated at the 
beginning of §^8, d) are fulfilled. 

Example VII (see p. 97) : 

F = g{x,y)\/x' + y'^ . 
Here 

Ei(ir,y;p,g; Pyq)=g{x,y) , 

> Cumpare §31, Corollary 4. 

^The proof is similar to that ffiTen in §22, a) ; for tho details compare Knbsbr. 
Lehrbuch,%22, 
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and therefore Condition (IV ' ) is satisfied if 

along ®,. 

This shows that in the problem of the ])rachistochrone an art* 
^ B of the cycloid (26) actually furnishes a minimum if it contains 
no cusp (compare p. 1(6) . , 

Corollary : If the condition 

jP;(x, y, cosy, siny) > (Ha') 

is satisfied for every point (x, y) of ^ and for ex:ery vahtr 
of 7, then (II') and (IV') are a fortiori satisfied, the latter 
on account of (54). 

Example XI (see p. 128) : The Geodetfics, 
Here 

' {V Eu^ +2Fuv' + Gv'f ' 

Hence under the assumptions made on p. 128 concerning the nature 
of the portion of the srurface to which the geodesies are restricted, 
Condition (Ila) is always satisfied. 

e) Existence of a minimum '^im Kleinen'\' We add here an 
important theorem which has been used, uithout proof, by several 
authors^ in various investigations of the Calculus of Variations, 
viz., the theorem that under certain conditions two points can 
always be joined by a minimizing extremal, provided only that the 
two points are sufficiently near to each other. An exact formula- 
tion and a proof of this theorem have first been given by Bliss.' 
His results are as follows : 

We suppose that in addition to our assumptions concerning the 
function F (see §24, &)) the condition 

Fi{Xy y, cosy, siny) > {T)S) 

1 Wbierhtrass { Lectures^ 19^9) in his extension of the sufficiency proof to curros 
without a tanirent, see §31 : Hilbebt in his existence proof (see the references gxxt^n 
in chap. Tii); Osgood in his proof of the identity of Weierst russ*s and Hil- 
berths extension of the meaning of the definite integral J to curves without a tan- 
gent (TranBoctionM of the American MathemcUical Society^ VoL II (1901), p. 296). 

2 Trarmactions of tke American Mathematical Society, VoL V (19(M), p. 11.^ His 
proof is based upon an extension of a theorem of Picabd'h concerning; the exist- 
ence of an integrral of a differential equation of the second order, taking for two 
given values of the independent variable two arbitrarily prescribed values {Traiti 
d'AnalyBC, Vol. Ill, p. M). 
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Is fulfilled for every point (a:, y) in a finite closed region S© con- 
tained in the interior of S, and for every value of 7. 

Since Fx{x^y^ cos 7, sin 7) is continuous at every point (ar, y) of 
S and for every value of 7, a finite closed region, Si , contained in S 
and containing S© in its interior, can be determined such that the 
inequality (58) still holds for every point (x, y) of Si, and for every 
value of 7. 

Under these circumstances, if a positive quantity e be assigned 
arbitrarily, a second positive quantity p« can be determined such 
that from every point P\{x\^ y\) of S© to every point PaC^fa, y%) in 
the circle fPj, p), where 0<p^p€, an extremal of class C can be 
drawn which lies entirely in the circle (Pi, p), and which has the 
property that at every one of its points the slope with resjiect to 
thtj direction P1P2 is numerically less than «. Moreover the circle 
(Pi , p) lies entirely in the region Si. 

This extremal is at the same time the only extremal of class C 
which can be drawn from Pi to P2 and which lies entirely in the 
circle (Pi , p) . 

Let this extremal be represented by 

a' = *(/; u-i,^,; x^, y,) , ^_ .-, 
y = ^{t; x„ 2/,; Xa, y^) , 

Then there exists a positive quantity Z, independent of X\ , 7/1 , OTa, yj, 
such that the fimctions *, Sk, *,, Sk, are continuous and have con- 
tinuous first partial derivatives with respect to t^ Xi, yij Xi, y^ 
throughout the domain 



iM <'; (-^M 2^1) in tto; 0< }{x2 — Xt)^ + {y2 — yiy:^p . 

Finally also the value t = t2 which corresponds to the point Pj 
is a continuous fimction with continuous first partial derivatives of 
Xi , yi, Xiy y2 for all positions of the two points Pi , Pj here consid- 
ered. 

For the parameter f of a point P of the extremal we may choose 
the projection of the vector PiP upon the vector P1P2. 

This unique extremal P1P2 furnishes for the integral J a 
smaller value than any other ordinary curve (£ which can be 
drawn from Pi to P2 and which lies entirely in the circle (Pi, p). 

If in addition to the inequality (lib) the further condition 

F{Xy y, cos y , sin y) > 
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is fulfilled for every point {x, y) of the region Su and for every value 
of 7, and if both points Pi and P% lie in By, then the unique 
extremal P\P% furnishes for the integral J even a smaller value 
than any ordinary curve, different from the extremal P1P2, which 
can be drawn from Pi to Pa and which lies entirely in Sy, provided 
that I Pi P2I ^ Po, where A) is a certain positive quantity less than p 
and independent of the position of Pi and Pq. 



1 



§29. BOUNDARY CONDITIONS* 

a) Condition along a segment of the honndary: If the 
minimizing curve 0231 has a segment 23 in common with 
the boundary of the region K to which the admissible 
curves are confined (see Fig. 7), we obtain the condition 
which most hold along the boundary 
as follows : 

In order to fix the ideas, we sup- 
pose that as we go along the boun- 
dary S from 2 to 3, 1. r., in the 
I)Ositive direction of the minimizing 
curve, the region ft lies to our left. 
Let the curve 6 be represented by 
6: x = ^{H)y y = ^{8)y 

A denoting the arc, and suppose that the first and second 
derivatives of ^{s) and "^{s) are continuous along 23. 

Then if we construct at a point {d\y)oi 23 a vector of 
length ti , normal to 23 and directed toward the interior of 
ft, the co-ordinates of its end-points are 

X = X-\-i , y = y-\-yi , 

where ^ ^ ^y ^ tix^ 

ix' + f' ''^V^'HFF' 
Hence if we substitute for u a function of s of the form 

1 Due to Weierstrass, Lectures^ 1819; compere §10 and Kmesbs, l.^rbuch, §44. 
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where e is a positive constant and p a function of s of class 
D' which is ^0 in {s^^ and vanishes at s^ and S3, the pre- 
ceding formulae represent for suflBciently small values of e a 
curve which remains in the region % and which is therefore 
an admissible variation of the arc 23. 

For this variation we obtain, if we apply (15a), for A J" 
the expression 

A J = c^- X' ^^ ^^"+5"^+ W] > (59) 

from which we infer, by the method of §5, that in case of a 
minimum we must have 

f^O along 23 , (60) 

where f is the expression (19) in which x, y are replaced 
by 5, y. 

If Fi is positive not only along the arcs 02 and 31 but 
also along 23, the preceding condition admits of a simple 
geometrical interpretation ;' For, if we introduce in the 
expression for f the curvature 1/r of S at a point P, and 
denote by 1/r the curvature at the same point P of the 
extremal which passes through P and is tangent to ^ at P, 
then (60) may be written, according to equation (la) of p. 123, 
footnote 1, 

l^l ' (61) 

T r 

Hence if r>0, i. c, if the vector from the point P to the 
center of curvature M of S lies to the left of the positive 
tangent to S at P, also r must be positive and the center of 
curvature M of the extremal must lie between P and M or 
coincide with M, 

If, on the contrary, r<0, i. e., if the vector PM lies to 
the right of the positive tangent, M must lie either on the 



iThis is an extension of the results given for the special case F'^ Y x^-\-y^ by 
Knesek, Lehrbuch, p. 178. 
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opposite side of the tangent to M (when r > 0) , or else on 
I the same side as, bnt beyond, M (or coincide with M). 

I If, as we go along the boundary from 2 to 3, the region 

ft lies to the right, the condition becomes: 

! f^O along 23 (60a) 

I or 

-<:= . (61a) 

b) Conditions at the points of transition: An additional 
condition must hold at the point 2 where the minimizing 
; curve meets the boundary, and likewise at the {X)int 3 where 

I it leaves the lx>undary. To obtain the first, let A be a posi- 

tive infinitesimal and let 4 be the point of S whose parameter 
I is 8— 80 + A; join the points and 4 by a curve 6 of the 

j type defined in §28, a), and consider the variation 0431 of 

the minimizing curve. For this variation we obtain, accord- 
ing to (49) and (53) : 

! ^J = Joi-{J^ + J2A)= -/*[E(jr,, ^j: />,, g,; Pi,qt) + ih)] , 

where j>2» Q2 ^^^^ /^» ^2 ^^e the direction-cosines of the posi- 
tive tangents at 2 to the curves 02 and 23 respectively. 

Similarly, if we join the point 5 (8 = 82 — h) of S with 
the point by a curve 6, we get, according to (49a), 

Ae/ = J.^+ Jja- J»«= +h[E{x^,yj; p,,g,; Pa,5a) + (*)| , 

whence we infer in the usual manner that at the point 2 the 
following condition must be satisfied: 

EC-Ta, y^'y Pi.qt'^ 1>2, 52) = . (62) 

Applying similar reasoning to the point 3 and making 
use of (50) and (50a), we reach the result that ai the point 3 
the analogous condition 

K(x„ y,; p„ q^; p„ §,) =0 (68) 

must be satisfied^ where JJ3, ^3 and p^y §3 are the direction- 
cosines of the positive tangents at 3 to 31 and 23 respectively. 



•2 
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The two conditions (62) and (63), together with the con-, 
dition that the minimizing curve must pass through the 
given points and 1, determine, in general the constants of 
integration of the two extremals 02 and 31 . 

If the problem is a "regular" one, L e,, if the condition 

^li^f y, cosy, siu7)=|=0 

is satisfied at every point (j*, y) of the region K and for 
every value of 7, it follows from (54) that (62) and (63) can 
only be satisfied if 

ih = ih y 52 = ^2 ; Th = P3 » ga = ^3 . 

This means geometrically that the arcs 02 and SI must 
touch the houmlarij at the points 2 and 3 in such a manner 
that their positive tangents coincide with the positive 
tangents of the boundary. 

c) Case where the minimizing curve has onlij one point 
in common tvith the boundary: Sup- 
pose that the minimizing curve has 
only the point 2 in common with 
the boundary 6. Then the arcs 02 
and 21 must be extremals. To find 
the jx)int 2, let 3 be the point of G 
whose parameter is s = S2 + h, and 
consider a variation 031 of the curve 021 (see Fig. 24). 

For this variation we obtain 

^J = Jm+Jzi— (Joi + Jti) 

= [J03- (^02+ e4)] + [Jn+ Jn - Jn] , 

which, according to (49) and (49a), is equal to: 
AJ' = /i[E(xa,2/2; Pi, g^; ^,, 5a) 

-^(xj, 2/2; ^, g,; Pa, 5,) + (^)] . 

where }>2> ^2 5 P2j Q2 5 Pi) Q2 ^^e the direction-cosines of the 
positive tangent^ to the arcs 02, 21, 23 respectively at the 
point 2. 




FIG. 24 
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Similarly, if 4 be the |)oiut oTf S whose parameter is 
<? 2.^2 — h, and we consider a variation 041 of the curve 0!il, 
we obtain 

A J = [jo4 - '/« + /«] + [cA, - (c7« + «/2,)] 

— £(^-2, ^2 ; 7>2» ^2; Piy qi) + (h)^ ' 

Hence we infer that at thr point 2 the couditiou 

_ + + 

£(^-2, yi\ Piy (h'y Ply 92) ^E(^,, y^; P2, Qi-y Pi y Qi) (64) 

rriNsf he ^intisjicd. 

d) Example VI* (see p. 84): 

F = 1 'y+y'' . 
Suppose the region * to be the whole plane with the exception 
of the interior of a simply closed curve of class C " , and suppase 
that the straight line joining and 1 passes through the excluded 

region. 
/ » The minimizing curve must be com- 
posed of segments of straight lines and 
segments of the boundary, the latter 
turning their cojicex side outward 
since in this case 1/r = and therefore 
1 




= 



or 



;o 



FIG. 25 



1 



according as 23 is described positively 
or negatively with respect to S. The 
lines 02 and 31 must touch the arc 23 
positively at 2 and 3 since Fx{x , y^ cost, sin7)= 1- 
Again, 
E(-r, 1/; cosd, sin^; cos ^^ sin?) = 1 - cob {S — B) . 
Hence if the minimizing curve is to 
have one point 2 in common with the 
boimdary, the condition 

cos (^ — ^,) = cos (?2 - ^2) 
must be satisfied at 2. This means 
that the lines 02 and 21 must make 
equal angles with the tangent to the 
boundary at 2. 

1 Comimre Knesek, LehrbucK, p. ITS. 




FIG. 26 
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e) Example I (see p. 1): 



the region S is the upper half-plane : 

The extremals are here 
o) The ciiteuaries 

X = t f y = a cosh ; 

a 

/9) The straight lines 

ir = a. y =z t , 

Since the catenaries never meet the ir-axis, 
the only possible solution containing a seg- 



ment of the boundary consists of the ordi- ^/////////////////// 
nates of the two given points : /////////////////// 

FIG. 27 

a? = 0*0 and a? = -r, , 

together with the segment 23 of the ic-axis between them. 
Since along the x-axis 

condition (60) is satisfied along 23 ; and since 

E (ar, y ; cos ^, sin ^ ; cos ?, sin ^) = (l — cos (S' — ^)) j/ , 
conditions (62) and (63) are satisfied at 2 and 3. 

§30. THE CASE OF VARIABLE END-POINTS 

The methods explained in §23, slightly modified, can be 
applied to the*case when all curves considered are expressed 
in parameter-representation. In one respect the treatment 
of the problem in parameter-representation is even consid- 
erably simpler, viz.: the variation of the limits of the inte- 
gral J can be completely avoided. For let 
(^: x = <l>{f) , y = iHt) , to^t^t, , (65) 

be the minimizing curve, and 
6: x = ^(t), y = ;f{r), To^T^T, , (66) 
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; 



n ntM^hboriiig curve. If we then ai)l)ly to 6 the "parameter- 
transformalion" (see ^24, (i)\ 

Ti — To 

we obtaiu for (S a represeiitatiou in terms of the parameter 
/ for which the end- values are /q wiul /i, the same as for @q. 
We consider briefly tht> case where the point 1 is fixed 
and the j>oint movable on a given curve of class C": 

The minimizing curve (i\T^) must again l)e an extremal ; it 
l^egins at a jHjint of the curve fi whose |)arameter on G we 
denote by fi^. Let 2: [n- (tf^-. c) bo a point of S in the 
vicinity of 0, Jo-rfo> !fo + Vo i*^ co-ordinates; then 

An admissible variation 6 of sufficient generality which 

{lasses through 2 and 1 , can easily 

«^ ^^^-^^^ — ^^>, ^ be constructed analytically in the 
y form 

6: x — x^i, y = u+ii , 
where 

M, r being two arbitrary functions of / of class C which 
vanish for tti and are equal to 1 for / - A© • 

For this variation of the curve (?,, we obtain, according 

to (15b), 

I- I'l i^^ 

SJ = \$F^. + rfF^\ + I (y'$-Xr,)Tdt + €{€) . 

Substituting the values of f , 17 at /,) and /j and remembering 
that T- along the extremal (Sd, we. get' 

AJ = c[-(x'i'V-h5'^V)| ^- W] » 
where 

I Wkikhatkaim, LeciwreBy ISSL 
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da da 

We obtain, therefore, the condition of transversality in 
the form 

xF,.{x, y, x\ y') + Jf' F,.(.t, y, x\ y') [=0 (68) 

where x\ y' refer to the extremal ^, x\ y' to the given 
curve G. 

Example XI (see p. 128): The Geodesies, The condition of 
transversality is 

u{Eu+Fv') + v'{Fu-\-Gv)=Q ; (69) 

its geometrical meaning' is that the geodesic must be orthogonal 
to the given curve. 

The focal point is determined by the following formulae :' 
Let Aq and Bq denote the following two constants 

. _ x-F,. + y-F,. + Lx''+2Mx'r'\-Ny" 

^'- x^ + r' 



(70) 



where the arguments of F^*^ Fy*y i<\ are Xq^ yo, Xq, 2/0 ^^^ 
Ly M, N are defined by (35). Bq is different from zero if 
we suppose, as in §23, that ®q and 6 are not tangent to each 
other at the point 0. Let further 

H (/,, = ^0(^0, + ^0 ^^^\ (71) 

the function being defined by (42). Then the parameter 
/q' of the focal point is given by the equation 

H(f„0 = . (72) 

If 

x = it>(t,a) , y = ^{tya) 

» Compare Bianchi-(Lukat), Dij^erentialgeometrie^ p. 65. 
2 See Bliss, Trantaction$ frf the American McUhemcUical Society, Vol. Ill (1902) 
p. 136. 
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ib tlut oxtvt^iiml whioh imHHtvt through the |)oint a of the 
i'ui\o 6 ami it) out traimvorsely by 6 at thnt jwint, and if 
A(/, (*) iloiu»tt« tho JaiHthiau i>f the two functious 4>, y^ with 
ivdjHH't to /» o, then* 

AU.(i) -: rH(f,,rt (78) 

whieh juoveti the ^nuuetrieal meauiu^ of the fot^'al point. 

The ijueHtivui oi ^uffieieut oi>mlitiond will be discossed in 
detail iu ei»uuei'tioii with Kueser*d thtK>ry in chape v. 

§3:1. WKIKKSTR-VSS'S KXTENSION OF THE XEANIXG OF THB 






\Vc hiive cvHiHued^ ourselves iu all thse prwediujyr invesdjurations 
to "oidiiitU'v*' cui'ves, Ttiis liiuitatiou was indeed neeesftsunr fior 
UK>bt of oui- pLv>ois, but it in not implied iu the nature of the 
pivbi^m. 

The most ijtMicml chiiis^ of cnrvt» for which the problem hu» a 
uioiUiiii^ Houid be the tuttility ot curviie tot whieh the integral 







iii tiuitti uuil determinate. 

1x1 luiiiiy po>bleiiis of :i i^eouietrival orti^n. however, u :)till 
fiuthor i^t^uoiHiizatiou in desirable. 

'♦,» /sa'*nM/»/e «>/ //hj lenyih 'tf «.i oiwy.; ThtiK for instance, the 
pi\>bleui to detenu i lie the curve of shortest length b«»ix%t4«u two 
^i\«ui poiiitK A uad fi^ is^ mrt exactly o^uivalout to tfat) prubkon to 
miuiuiizK) tiio iute^i-al 

\hXii,Hf9^ rlK' leu^h oC ci curvt) ociuiiot iu .lU casern be exprmiied by 
thi!> iutt-Kiul. 

I'iw leiA^tU of III ooutiuiiousi' ourvo 
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2: x = <l>(f) , y = ^{t) , U^t^U (74) 

is defined ^ as follows : 

Consider any partition n of the interval {UU) into n subintervals 
by points of division tj, t2, . . ., t„_,, where 

U<r^<r^' ' < r„_, < f, , 

and denote by A, Pi, Pf, • • -^ Pn-iy B the corresponding points 
of S, by Xo, Yo; Jf^i, 2/i; 0-2,2/2; • • •; x„_,,2/»-i; -^i, Ti their 
co-ordinates. Then the length of the polygon ^u inscribed in the 
curve 6 whose successive vertices are these points, is 

where* 

If <Sn approaches a determinate finite limit ^ J as all the differ- 
ences (t^^, — Ty) approach zero : 

At=0 

the curve S is said to have a finite length whose value is J. 

If the first derivatives 0'(O»^ (0 €>xist and are continuous in 
(Wi), the above limit always exists and can he expressed by the 
definite integral* 

6) Extension of the meaning of the general integral/ In an 
entirely analogous manner Weiebstrass^ has generalized the mean- 
ing of the definite integral 

1 See Jordan, Coun dP Analyse, Vol. I, Nos. 105-111. This is the definition which 
is most convenient for our present purpose ; compare also §44, a), end. 

2 With the understanding that rQ = ^Q, a-Q^Xo, Vq" ^o *°^ '^n~^i « ^n~^\ » ^n"^! • 

3 That is, corresponding to every positive t, another positive quantity «, can 
be assigned such that 

for all partitions n in which all the differences (r^.^] — r^) are less than d,. 

« Compare Jordan, loc. cit.^ No. Ill, and Stolz, Tran9cu:tion» of the American 
Mathematical Society, Vol. UI (1902), pp. 28 and 303. 

^Lecturea, 1879; compare also Osgood, Tran»€u:tiong of the American Mathemat* 
ical Society, Vol. II (1901), pp. 275 and 293. 
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taken along a continuous curve 2 (defined by (74)) . which lies 
entirely in the interior of the region li of § 24, 6). 

Consider as before a partition n of the interval {i4\) and denote 
by irii the sum 

w-l 

Then, if the curve S is of class ^ C , this sum Wn approaches a 
determinate finite limit as all the differences (t^_^, — t^) approach 
zero, viz., the definite integral^ Ji{AB): 

LWn= CF{x,y,x\y')dt . (76) 

This remains true when S has a finite nimiber of comers. 
We now agree to define the definite integral 

I F{x, y,x\ y')dt , 



n— 1 w— I 



^ 



iThis implies that ^'^ (0 + ^'(0 +0 in {tfjt{)\ compare §24, o). 
2 For the definite integral may be written 

n — \ ^, n — 1 

.7 = 

whore r'^ is some intermediate value between t^ and '"^4.1 • On the other hand 
A^^ = ^(T;')(Ty_;.|-T^) , Ay^ = ^(T;')(T^^,-T^) , 

where r^' and r;," are again intermediate values between r^ and f^_^, . Hence we 
have, on account of the homogeneity of F, 
w-l 

Wu = '^F(*(T^).^K),^'(T;),i^(r;'))(T^_^,-r^) . 

From the theorem on uniform continuity applied to the function Fix^y.x', y') on 
the one hand, and to the functions ^ (Of ^ (0 and their derivatives on the other hand, 
it follows that corresponding to every positive quantity c another positive quantity 
if can be determined such that 

I f(*(t^), ^K).*'(t;), *'(t;')) -f(*K), iKt^), .^(t;), i^K)) |<« 

for F^O, 1, 2, • • •, n ~ 1 , provided that all the differences i'r^,^l—r^) are less than 
Sf . Hence 

which proves our statement. 
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taken along the curve 8, as the limit of Wn in all cases in which 
this limit exists and is finite : and we denote its value by Jf(AB) : 

Jf{AB)z=L Wn . (77) 

At=0 

This is a natural extension of the definition of the definite inte- 
gral since it coincides with the ordinary definition for all "ordi- 
nary" curves. 

c) First modification of Weierstrass^s definition: Various 
modifications of this definition will be of importance in the sequel : 

Since the curve S is supposed to lie in the interior of the region 
S, the rectilinear polygon whose vertices are the points A, Pi, Pj, 
. • . , Pn-i, B will likewise lie in the interior of S, provided that 
the differences (t^_|_, — t„) have been taken sufficiently small. Let 
Fii denote the value of the integral J taken along this polygon 
from A to B. 

If, then, the curve 2 is rectifiable, and if one of the two sums 
Vn and Wn approaches for LAt = a determinate finite limit, the 
other approaches the same limit,* so that we may also define 

J*(AB) = LVn . (78) 

At=o 

d) Second modification of Weierstrass's definition: If the 
curve 2 is rectifiable and lies in a finite closed region So (con- 
tained in the interior of the region S) in which the condition 

F^{x, y, cosy, siny) > (58) 

iA fulfilled for every value of 7, then the preceding extension of 
the meaning of the definite integral J may be modified as follows : 
Let a positive quantity « be chosen arbitrarily. Then deter- 
mine for the region So the quantity p, defined in § ^, e) and choose 
a positive quantity p^pn arbitrarily. Further select, according to 

» »Se« Osgood, Tranaactiona of the American Mathematical Society, \oh II (1901), 
p. 283. If I^_^| and y^^, denote the lengrth and the amplitude of the vector PyPyti , 
the difference ^u" '^n ™*y ^ written in the form 

^11 - ^''11 = ^ . I [^(^F+i » Pr-f 1 1 c^ Vi'-f I » sin >f4-i) 

»'=« -^(arKtyvtC09y„^i,8iny„^i)]d», 

where x^^, = ar^ + « cos y^^., , y^_,_, = yy-\-$sin y^^, . 

The above statement follows, then, from the theorem on uniform continuity 
applied to the function Fix^ y^x\ y). 
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the theorem on uiiiform continuity, another positive quantity 9 so 
small that 

Xf ) - <l>(f'') ; < p//2 , I ^{f) - il; (t") I < p/\ '2 
for every two values t,t" of the interval (fJi) for which 

\t"-r\<s . 

Finally choose the partition n so that 

T„_,_l — T». < 8 

for >' = 0, 1, 2, • • •, w - 1. 

Then the distance | P^Pk+i I is less than p, and therefore we can, 
according to §28, e\ inscribe in the curve ^ a unique polygon of 
viinimizing extremals with the points A ^ Pi, P2, • • -, P,_i, B for 
vertices, i. 6., w^e can draw from P^ to P^+i a unique extremal Gr-f 1 
of class C which lies entirely in the circle (P^, p) and which fur- 
nishes for the integral J a smaller value than any other ordinary 
curve which can be drawn from Pr to P^^-i and which lies entirely 
in the circle (P^, p), Moreover, at every point of g,.-ui the slope 
with respect to the direction P„P,,^.i is less than c 

We denote by Un the value of the integral J taken along this 
polygon of extremals, /. f ., 

n— 1 

Then if we pass, as before, to the limit I Ar = 0, and if one of the 
iwo sums Un and TFn approaches a finite and determinate limit, 
the other approaches the same limit y^ so that ive may also define 

1 First remarked by Osgood, Tranaaetions of the A merican Mathematical Society ^ 
Vol. II (1901), p. 296. The statement can be proved as follows: 
Liet the extremal ^y^i be represented by 

«r+| : * = *K+l (0 , If = ♦y-}_i («) , O^t^ I^_^, , 

where, as in §28, e), the parameter I of a point P of ff,, ■ j is the projection PyQ of the 
▼ector P^ npon the vector P^„^_| , and l,,^j is a^ain the distance | P^„_j_| | . If 
we denote by y^^i the amplitude of the vector PyPf,_^i and by u the perpendicular 
QP with the sign + or — accordin«r as the point P lies to the left or to the rifdit of 
the vector P^^^i , then we have 

*F+i (0 = *F+ 1 cos y^^i - tt sin r^-fi . ^r-fi (0 = y,» 4- f sin y^^, + u cos »^, , 

♦r+i (0 = cos Yy^., - W sin Yr-J-i » *r+i (0 = «»" Yr+i "H U* cos Yr+i • 

Hence if we write 

K+lit) = Xy + (y , '►r-Hi(') = yr+V . 

*r-f I O = COS Yr-hi + ^r » ^v+l (0 = 8"> T^r+i + •r » 
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Jf{AB) = LUa. (80) 

At=o 

We shall call the totality of rectifiable curves for which the sum 
Wu approaches a determinate finite limit, " the clciss (iC)." 

e) Extension of the sufficiency proof to curves of class (K) : 
After these preliminaries, let ©> denote an extremal of class C 
drawn from A to B and lying wholly in the interior of the region 
S . We suppose that (S, does not contain the conjugate A ' to the 
point -A, and that for every point (x, y) of @o and for every 
value of y the condition 

we havo for «»vpry t in the interval (0Z„ i |) 

! ^K ! ^ P » l^yl^P n 

since <*k+i 1^**^ i" t^® circle {Py%p) ; and 

K„I<«, IM<«, 

.«ince the slope u' of (f„_j.i at the point P with respect to the direction PrP^ i , is 
numerically less than « . 

Applying? now to the into^al Jq the first mean-value theorem we obtain 

where the argument of ^ , If,, , ?^ , ^ is some value of t between and I,, t j . 
On the other hand, we have on account of the homogeneity of F^ 

Fir^, Vy, SXy.Spy) = ly^iFiXy.i'y, COS y^_|.,, sin Yk-|-i) . 

The extremal of (y,,i, — though it need not lie entirelv in the region Sq— certainly 
lies in the larger region S, defined in §28, e>. 

Further, the function Fix^y^x^y) is uniformly continuous in the domain: 



ix,y) in Ml, 1-a^Vx'^ + j'^^l + a , 

whor.> a is any positive quantity less than 1 . 

Hence if a positive (luantity o- be assigned arbitrarily, the quantities «, p and i 
can be chosen so small that 

\ F {Xy + ^y, Vy + lfy, cos yy^^-\-Zy, sin yy_^j-{-7y) 

- F (Xy, Vy, COS yy_^^ , sltt yy^i) l< «r , 
fifFsO,!, • • *, n — 1 , and therefore 

ii-i 



\i^n-Wn\<<r^iy^^ 



But if, as we suppose, the curve i has a finite length I , we have 

n-l 

and therefore 

ICn-^'iiI<<^' 
which proves the above statement. 
1 Without multiple points. 



) 
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Fi{x, y, cos y, sin y) > (Ila') 

is fnl filled. 

Then we can construct, according to §28, r/) and §31, about the 
extremal @o a field f^u which lies in the interior of * ; and if we take 
k suificiently small the inequality (Ila') will be satisfied through- 
out the region i^^ . 

Now let 2 he any curve of class (K)^ not coinciding with (So* 
beginning at A and ending at B^ and lying entirely in the inte- 
rior of f^k', let it be represented by (74). We jiropose to prove 
that 

J^,<Jt. (SI) 

Jf being defined as in 6) . 

Proof :^ We may apply to the ciure 2 the residts of (/), the field 
i^fc taking the place of the region there denoted by So . 

Accordingly we can choose a partition n of the interval (^o^), 
whose points of division Pv do not all lie on (So , so that the dist^mce 

P.Py^x\ < p/3 , (V =0, 1 , . . . , II - 1) , 

and that at the same time the arc PrPr+i of 2 lies entirely in the 
circle (P^, />/3), where p has the same signification as in (/), and is, 
moreover, chosen so small that the circle (P„ , p) lies entirely in the 
interior of i^jt. 

We may then, on the one hand, inscribe in 2 a polygon of mini- 
mizing extremals with the vertices A, Pi, Pj, . • , P„_i, 5. This 
polygon is an ordinary cur>-e ; it lies entirely in the interior of f^uy 
and it does not coincide with 6... Hence we have, according to 
§28, d), 

SJIV 

Uu-J.^,=p>0 . (82) 

On the other hand, let n be a partition derived from n by subdivi- 
sion of the intervals, and so chosen that 

\Un-J?\<P , (83) 

which is always possible on account of (80). Let Q\y Qiy • • -y (^m-\ 
be the points of division interpolated between the points Pv and 

iThe outlines of this proof were fpiven by Weibrstrass in his Lectures^ 1879, 
Another proof has been given by OftOOOD, Transactions of the American Mathemal- 
icnl Society^ Vol. 11 (1901), p. 292, by means of the theorem given in g.%, c). 



■P" 
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Pvx.\ of the piirtition n . These points lie in the circle (Pr , p/S) 
aud therefore 

1^/^/4-.^ V-^ , (/ = 0,l,...,m-l; eo = P.,em=i'K+i). 

Hence the minimizing extremal from Qt to ^/+i lies in the circle 
( Qi , 2p/3) and therefore also in the circle (Pr , p) . Hence it follows, 
according to c/), that the minimizing extremal from Pw to P^-fi fur- 
nishes for the integral J a smaller value than the polygon of min- 
imizing extremals PpQ\Q% • • • ^m-iPk+i^ or at most the same 
value.* Therefore 

Un^Un . (84) 

But from (82), (83) and (84) follows (81), since we may write 

J* ~ J,,, = (J* - Uu ) + {Uu— Un) + (I'll - J^O • 

1 Viz., when the two carves are identical. 



CHAPTER V 

KNESER'S THEORY 

§32. gauss's theorems on geodesics 

Kneseb has given, in his ^^Lehrbuch dcr Variations" 
rechyunKf^ a new theory of the extremum of the integral 

J = fjF{x,y,x\y\)dt , 

essentially different from Weierstrass's theory and reach- 
ing farther in its results, inasmuch as it furnishes suflScient 
conditions also for the case when one end-point is movable 
on a given curve. 

Kneser's theory is based upon an extension of certain 
well-known theorems on geodesics, of which we give — by 
way of introduction — a brief account in this section. 

a) Suppose on a surface there is given a curve Gq whose 
points are determined by a parameter v. At a point M{r) 
of 60 we construct the geodesic @ normal to 6© and lay off 
on 6 an arc MP—xi.^ The position of the end- point P is 

uniquely determined by the two 

__ % quantities w, r. 

' If we restrict ourselves to such 




P 



FIG. 29 A region (^ of the surface that also 

conversely P determines uniquely 
the values of u and r, these two quantities may be intro- 
duced as curvilinear co-ordinates on the surface ("geodesic 
parallel-co-ordinates"). According to a well-known theorem 
due to Gauss,' the lilies u = coitst, are orthogonal to the geo- 
desies V = cwist. 

1 /. e., the len^h of the arc is | u | , its direction is determined by the sign of «. 

2 Gauss, DUquintiones generalea circa mperjicies cunxu^ art. 16. 

164 
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b) Hence it follows that the square of the line element 
takes, for this special system of co-ordinates, the form* 

We consider now a particular geodesic, 6o» ^^ the set 
r — const., say v—Vq, and on it two points 0: (i/q, Vq) and 
1 • (wi, ro),. where ?/o< ^h- 

We join the points and 1 by an arbitrary curve 

d: u = u{t) , v = v{r) , (to^t^t,) . 

Then the length of the arc 01 of 6 is given by the defi- 
nite integral 

On the other hand, the length of the arc 01 of the geodesic 

(So is 

J = Ui — Uq . 

This may be written 

J^Q dr 
and therefore the total variation becomes^ 

The integrand is never negative, and can be zero throughout 
the whole interval (tqTi) only when 6 coincides with ©q* 
Hence it follows that among all curves which can be drawn 
in & between the two points and 1, the geothmc @o ''«^ '^^ 
shortest le^tigth,^ 

It should be noticed that the assumption that the geo- 
desic 6o belongs to a set of geodesies satisfying the condi- 

1 GAU88, loc. cit., art. 19. 

2 Compare Darboux, Thiorie dea surfaces. Vol. II, No. 521. 

3 The conclusion can easily be extended to the case where the point 0, instead of 
being fixed, is movable on a given curve orthogonal to the set of geodesies. 




) 
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tions imposed upon the region &, is equivalent to Jacobi's 

condition. 

c) The necessity of Jacobins condition follows from a 

well-known* theorem on the envelope of a set of geodesies: 

If the set of geodesies through the point has an envelope 

%y and 02 and 03 are two geo- 
desies of the set touching the 
envelope at the points 2 and 3, 
then 

arc 02 + arc 23 = arc 03 . 

The point 3 is the conjugate to on the geodesic 03 . Now, 
if 2 be taken sufficiently near to 3 on the envelope 5? the 
compound arc 023 is an admissible variation of 03 for which 
AJ=0. And since the envelope % is never itself a geo- 
desic/ the arc 23 can be replaced by a shorter arc 23, and 
therefore A J" can even be made negative. 

Hence the arc 03 does not* furnish a minimum, still less 
an arc 01 of the same geodesic whose end-point 1 lies beyond 
the conjugate point 3. 

The method whose outlines have just been given applies 
with only slight modifications to the case where only one of 
the two end-points is given, while the other is movable on a 
given curve on the surface. 



§33. kneseb's theorem on transversals and the theorem 
on the envelope of a set of extremals 

We consider in this section Kneser's extension to any 
set of extremals of the two fundamental theorems on sets of 
geodesies given in the preceding section. 

1 Dabboux, TMorie de» surfaces. Vol. II, No. 536, and Vol. Ill, No. 622. 

3 See Darboux, loc, ciU, Vol. Ill, p. 88. 

3 Apart from a certain exceptional case; see §38. 



§33] Kneser's Theory 107 

a) Co)istruction of a transversal to a set of extremals: 
Let 

x = <l>{t,a), y = ^{t,a) (1) 

be a set of extremals for the integral 

J= f F{x,y,x\y)dt , 

containing the particular extremal 

whose minimizing properties are to be investigated. .4 and 
B are again the end-points of Qq. 

We suppose that the functions <^(/, a) and -^(^j a) are of 
class C" in the domain 

where /q — 7o» ^i — 'i» ^ ^^^ ^l are jx)sitive quantities. 
We suppose further that for the extremal &q 

<^?(^ «o) + fi{t,a,)^0 in (tot,) . (2) 

It follows, then, from the continuity of ft>t{ty a) and y|r^{t «), 
that the quantities ^ — Tq, Ti — /j, e, d can be chosen so 
small that also 

4>Ht.a) + tp](t,a)^0 (2a) 

throughout the domain S. 

We denote by Sj^ the rectangle 

a^: To^t^T, , \a-ao\^k<d 

in the /, a-plane, and by f^i^ its image in the x, ^-plane 
defined by the transformation (1). 

To every point (/, a) of S^. corresponds a unique point 
(iT, y) of f^fg which we shall call "the point [/, aj." To a 
continuous curve 

^ = 9{'r) y a = h{r) , t^t^t" 

in Vijc corresponds a unique curve in ^j^ : 
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which we calP the curve [/ = gf(T), a = h(T)]. 

The point t of S coincides with the point t = g{T) of the 
extremal a = /i(T) of the set (1). If for every value of t 
the curve S is transverse' to the extremal ri = /t(T) at their 
point of intersection, we shall say that § is a transversal 
to the set of extremals (1) . 

We write for brevity 

F{4>{t,a), ^{t,a\, «,(f,a), lA,(^ a)) = F(^ a) , (3) 

and use the analagous notation for the partial derivatives of 
F and the function Fi, Then the condition of transversality 
may be written 

F..(/.a)^ + F,.(<.«)g = 0. (4) 



But 



dx ^ dt , , da dlj dt , , da 

dr=*'rf; + *»dr ' d:^ = *'-dr + *"d; 



hence, remembering the relation (9) of §24, we get 
^(f,a)f^^-[YAt>a)4>^(i,a)-\-Y,.(t,a)^^{i,a)y^ = . (5) 

This differential equation for the functions / and a of t is 
the necessary and sufficient condition that the curve 6 may 
be a transversal to the set (1). 

We now introduce the further restricting assumption' 
that 

F(/,a,) + in (foO . (6) 

I For the deductions of this section it is not necessary to assume that also 
oonyersely to every point (or, y) of i^^ corresponds a unique point (/, a) of S^, pro- 
Tided that we consider the points and curves of l^j^ only in so far as they are the 
images of definite points and curves of Sj^ , and this is what our notation is to indi- 
cate. Accordingly two points [t , a ] and [t\ o"] of i^j^ are considered as distinct- 
even if they should have the same co-ordinates x« y— if the points (f, a )and {,t'\ a") 
of Wkj^ are distinct. 

' Compare §30. 3 We shaU free ourselves from this restriction in 997, e). 



•^ 
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It follows, then, from the continuity of F(/, a), that we can 
take To, 7\ so near to <o> ^ *^d ^ so small that 

F(^a)=^0 (6a) 

throughout the region S;f 

If the condition {6a) is satisfied^ it follows from Cauchy's 
existence theorem' on differential equations that through 
every point \t\ a'] of the region f^j^ a uniquely^ defined 
transversal of the set {1) of extremals can he draum, rep- 
resentable in the form 



jr = .l>{t,a)l 



X{a) being single-valued and of class C" in the vicinity of 
a^^a\ and taking for a=^a the prescribed value t = t\ 

The curve S may degenerate* into a pointy viz., when the 
functions ^(t), -^(t) reduce to constants, say aP, jf. For 
such a degenerate curve the condition of transversality (4) 
is evidently always satisfied. 

Conversely, if any point (a5°, y^) in the interior of the 
region fi of §24, 6) is given for which 

i^i(^, //cosy, sin y) 4=0 

for every 7, and if we construct by the method of §§15 and 
27, c) the set of extremals through the point (pfi, ?/^), this 
point may always be considered as a degenerate transversal 
to the set of extremals. For there exists, according to 
§27, c), a function fi{a) of class C, such that for every a 
within certain limits 

the point (af^, if) is therefore indeed the image of the curve 
t = fi{a) in the /, a-plane. 

1 Compare p. 28, footnote 4. 

2 Compare footnote 1, p. 138. > See Kneseb, Lehrbuch^ p. 47. 
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b) The function u{f, a): Let A^ he a point on the con- 
tinuation of ®o beyond A, corresponding to an arbitrary 
value / = /q between Tq and /q, and let* 

t = f{a) 

be the transversal 2® passing through the point [/J, Oq], 
We suppose k taken so small that in the interval 
{(iQ — k, ai)-\-k) the function t^(a) is of class C and 
?o</°(a)<r,. The curve t = f^{a), interpreted in the 
/, a-plane, divides the rectangle fijt into two regions ; we denote 

by Sfc that one for which 

and by iJjJ its image* in the 

We consider now any point 

P : [/, a]of iJjfc. Theextremal 

-r. ™-^ g: a' = ^(f,a), !/ = ^{t,a) 

of the set (1) which passes through P, meets the curve 2^ 
at the point i* : [/o, a]. 

Now denote by u or ii (/, a) the value of the definite integral 

M=J^ F(f, a)df=M(f,a) . (7) 

The function ii(/, ri) is single-valued and of class C in 
the domain Sjt ; moreover it represents,* in Sj^, the value of 
our integral 

J=fF(x,y,x\y)df 

taken along the extremal 6 from the point /* to the point P: 

1 When the traDsrersal z** sh rinks to a point, the function f{a) becomes iden- 
tical with the function so denoted at the end of a). 

'In Fi^. 31 i^j^ is the non-shaded part of i^j^. 

'Only in S^. since we always suppose that the lower limit of the inteirral J is 
less than the upper limit; compare §2A, 6). 




'^ 



§33] Kneser's Theory 171 

The partial derivatives of u{t^ a) are: 

^ = Y{t,a), (8) 

8u 
da 
But 



= -<'-)^^+X"-^'« 



= I [F«. «„ + F,. ^J + 4>a [f, - I F..] + ^„ [f, - I F,.] , 

since <^,„ = <f>^ , -f «, = -f „< . Now 

8 8 

F^ - 9^F,' = and F, - -^-F^. = , 

since ^(/, a) and -^(Z, a) satisfy Euler's differential equation. 
Hence we obtain 

K = (^-*„4-F,^„)|'-(F^ + F...^„ + F,.^„)r 

But the second term disappears since t=-fi{n) represents a 
transversal and therefore satisfies the differential equation (5). 
Thus we finally obtain 

^=T,.(t, a)i>,{t, a) +T,.{t, a)t.{t, a) . (9) 

If the point P : [/, a] moves along a curve (S defined by^ 
t =g{'r) y a = h{r) , i. e., 

u becomes a function of t whose derivative is, according to 
(8) and (9) : 

1 The functions p(t) and h (r) arc supposed to be of class C and to furnish points 
{t^ a) in Wkjg so long as r is restricted to a certain interval {r'r') to which we confine 
ourselves in the followinir discussion. 
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rfr ^ ^ dr L Jdr 






= F,.(^a)^+F,.(^a)^. (10) 



The extensions of the two theorems on geodesies of §32 
follow immediately from this formula by specializing the 
curve S. 

c) Kneseb's Theorem on Transversals: In the first place 
we suppose that the curve S is a transversal to the set (1). 
Then it follows from (4) and (10) that 

dr 
and therefore u = const. 
Thus we obtain the 

Theorem I: Two transversals X^ and %^ to the same set 
of extremals intercept on the extremals arcs along which the 
integral J has a constant value. 

More explicitly: If 6' and 6" are two extremals of the 
set (1) meeting the transversals J®, %^ at the points Pq^ P{ 
/ and Pq', ^r respectively, then 



I 



} l^. Conversely: If along the curve 

i* FIG 32 *• ^^ *^® function u{t. a) is constant, 

then 2^ is a transversal of the set (1) . 
In the special case of the geodesies, transversality is iden- 
tical with orthogonality/ and therefore Kneser's theorem 
is indeed a generalization of Gauss's theorem on geodesic 
parallels. 

The theorem remains true if one or both of the two 
transversals shrink to a point;' thus we obtain the following 
corollaries : 

1 Compare §30, a). 2 Compare the remark at the end of a). 
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CoroUnrtj i;* If I* is a transversal to the set of extrem- 
als through a point Pq, then the integral J has the same 
value if taken along the different extremals from the point 
Pq to the curve 2^, and vice versa. 

Corollary II: If %^ is a transversal to a set of extremals 
passing through a point Pj , then the integral J has the same 
value if taken along the different extremals from the curve 
20 to the point Pi. 

Corollary III: If the extremals passing through a point 
Pq all pass through a second point P^, then the integral J 
has the same value if taken along the different extremals 
from Pq to P^. 

d) Tlieorem on the envelope of a set of extremals: In 
the second place, we suppose that the curve S is tangent to 
all the extremals of the set (1), and therefore is the envelope 
of the set. 

More explicitly: As it has been remarked before, the 
]:x)int T of (f coincides with the point t = g{T) of the extremal 
a — h (t) of the set (1)' ; we suppose that for every value of 
T, at least in a certain interval (t't") in which 



©■+(f)'*«' 



the curve S and the corresponding extremal are tangent to 
each other at this common point, so that 
dx 



dr 
dr 



<l>i 



= 



It follows, then, that there exists a function m of t such that 
dx , dy 

1 Applied to geodesies, this is Gauss's theorem on geodesic polar co-ordinates, 
Gauss, loc. cit.^ art. 15. 
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m is continuous in (t't") and can not change sign.' We 
may without loss of generality'' sup];K)se that 

m > in {t't'') , 

/. c, that the positive direx^tions of the toHgerits to the tiro 
c 11 rves coincide. 

From the homogeneity pro]:)erties of F it follows, then, that 

tAI. -) = n (S, l.f;/i). 

and therefore, according to (10), 

rf^-^r-^'d^' -(h)- 

Hence, integrating from t^=^t' to t = t"(t'<t") and 
remembering the meaning of n{t, a), we obtain the 

Theorem II:* Let %^ he a transversal to the set of 
extremals {1) and % fhe envelope of the set; let, furthei\ 

P'Q\P"Q" be two extremals 
of the set starting from the 
]}oints P\ P" of 1^^ and tonch- 
ing % at the points Q\ Q'\ then* 

J,.{P"Q'')=J,.iP'Q') 

+ M9'Q'l > (12) 

iThis foUows from (2a) and the assamption that 

(if)'+(fr*« ^(-•>- 

3 If m 18 negative, introduce a new parameter 

T= —9 on e . 

3 The theorem in the special case when l^ shrinks to a point is due to Zebmelo, 
who proTes it by means of Weierstrass*s expression for A J in terms of the 
B-fanction (Dtcterto/ion, p. 96). The theorem in its neneral form and the above 
proof are dae to Kneseb; see Knbseb, Lehrlmch^ §25, and also idem, Mathe- 
matische Annalen^ Vol. L (1898), p. 27. The simplest case of the theorem is the 
theorem on the evolute of a plane curve, 

4 By a limiting process it can be shown that the theorem remains true if the 
assumption 
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with the understanding that the j^ositive direction Q' Q' ' on 
% has been chosen as indicated above. 

The theorem remains true if the transversal %^ shrinks 
to a point, in which case we obtain 
the corollary: 

+ MQ'Q'l , (13) Fi«»* 

PoQ\ PqQ" being two extremals of the set through Pq* «^d 
% the envelope of the set J 

§34. CONSTBUOTION OP A FIELD 

Before we can extend to the general case of extremals the 
results given in §32, 6) concerning geodesic parallel co-ordi- 
nates, it is necessary to impose upon the set of extremals (1) 
such further conditions that the correspondence between the 
two regions Sj. and ^jj. defined in §33, a) becomes a one-to- 



( 



^7+(ifr*» 



'/ir"-rr and !?"/(>••- r)'* 



ceases to be satisfied at Q'\ i. c, if the carve ^ has a *'ctMrp** at ^", provided that 
there exists a positive qaantity m such that 

dr 

approach, for Ir = T"— 0, finite determinate limiting valaes not both zero (a condi- 
tion which is, for instance, always fulfilled if T and ff are reflrnlar in the vicinity 
of r"). The proof follows immediately from the homogeneity property of the func- 
tion F; see §24, (8). 

1 The two theorems on sets of extremals proved in this section can be dorived 
by still a different method indicated for the case of the geodesies by Dabboux 
( r^one dea Surfacesy Vol. II, No. 536). Let 

be a particular extremal derived from the general solution of £uler*8 equatioDt 
and let ifot^'^A)*^"^* V^M ^^^ 3ri(f»<],;r»ai,ya&,) be two points on 9o 
which are not conjugate in the more general sense that O (t, , ^) #: . Then it follows 
from the theorem on implicit functions that if we take two points Po(^o* Vo) ^^^ 
Pj (xj , Vi) sufQoiently near to Mq and if] respectively, a uniquely defined extremal 
can be drawn through Pq and Pj : 

The constants a, 0, the two values of t which correspond on d^ to the two points 
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one corre8ix)ndence, or in other words that the set of extrem- 
als (1) furnishes a field about the arc Go- 

The proof* of the existence of a field is based upon the 
following 

Theorem: Let 

jr = <t>{t,a) , y = ^{t,a) (15) 

be a one-parameter-set of curves satisfying the following 
conditions : 

A) The functions <f> and i/r are of class C in the domain 

To - € ^ f ^ T, + € , I a - ao| ^ d , 

€ and (/ being two positive quantities. 

B) The particular curve 

x^4>{t.a,)\ y = il^{t,a,) (16) 

has no multiple points for Tq — e^f^Ti + e, 

C) If we denote by A(/, a) the Jacobian 

A(f, a)- ^ , 

then ^(^'«) 

A(/,ao)^0 iu (T,-€, T, + €) . (17) 

Pq and P, , and consequently also the valao of the integrral J taken from Pq to P| 
alon^ (^ are single-valued functions of Xq^Pq^Xi, f^j which are continuous and have 
continuous partial derivatives in the vicinity of Oq, ft^,, a, , b^ . We denote this into- 
gral J^{P^ P\) consideted as a function of J"o » Vo' •*'i ' ^i » ^^ 

it is a Roneralization of the geodesic distance between twopoints (see Dabbocx, loc.eit,). 
The total differential of this function can be obtained by precisely the same 
method as that which Dabbocx applies to the geodesic distance, and the result is 

- ^V(-^in Voy^o'^ J/o')'^J-o - ''^„-(-fo» I/O' -^o'l y»)dy^^ . (H> 
the derivatives Xj,', y^^' and ar,', y,' referring to the extremal (*. 

Now suppose tbatPg and Pj move along two curves (((, and (5] whose co-ordinate ^ 
are expressed in terms of the same parameter r. Then the extremals Joining corre- 
sponding i>oints of (fo and ?, form a set of extremals with the parameter r, and 
•^(^o» Vo' ^i » yO changes into a function of t whose derivative is obtained immedi- 
ately from (14). By specializing the curves (''(, and a, the two theorems I and II are 
obtained. 

iKne8EB*8 proof (f^hrbuch^ §U) must be supplemented by a lemma such as 
that given below under a) and 6). Compare also Osgood, Transaetions qf the AnusT' 
ican Mathematical Society, Vol. II (1901), p. 277, and Bolza, ibid.. Vol. II (1901), p. 424. 
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Under these circumstances a positive quantity k < (/ can be 
taken so small that the transformation {15) establishes a 
one-to-one correspondence between the domain 

in the /, a- plane ^ and its image f^^ in the x, y -plane. 



r.«. 




FIG. 35 



FIG. 96 



Proof: We suppose it were not so ; that is, we 8upix)se 
that however small k may be taken, there always exists in 
Vijc at least one pair of distinct points {t\ a'), (/", a") whose 
images coincide at a point (ar, y) of f^fg, and we show that 
this hypothesis leads to a contradiction to our assumptions. 

a) We first select a sequence of decreasing positive quan- 
tities 

k>k,>k2> "K> •" > , 

beginning with k and approaching the limit zero, subject to 
the following rule : After ki has been chosen, we select in 
the rectangle Vij^ a pair of distinct points Pi(/i, a/) and 
PI'(/,J' aj') whose images coincide; this is always possible 
according to our hypothesis. According to B), a{ and a[' 
cannot both be equal to Oo; we may therefore choose k, 
smaller than at least one of the two quantities \a{ — (Iq], 
\(([' — Oo], so that at least one of the two points Pi, Pi' lies 
outside of Sj^..^. 

Next we select in Vi^.^ a pair of distinct points P2(^2, ^4) 
and P'y'it'i'j (f2) whose images coincide. As before, we can 
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choose fcs smaller than at least one of the two quantities 
\a> — ao\, |«2 — '^'ol^ ^tc, etc. 

Proceeding in this manner, we obtain corresponding to 
the sequence )fc^{ an infinite sequence of distinct pairs 
of points 

Pi{t:, al) , Pl'{K\ al') , V = K 2, . . . 00 ; 

the two points PJ, P'^ lie in S^^.^, and their images coincide 
at a point (o:^, y^) of f^^. 

We consider now the set of points 

in the four-dimensional space (/', a'; /", a"). The set Z 
contains an infinitude of distinct points all lying in the finite 
domain 

To^f'^Tr, -k^a'-oo^k; 
it has therefore (it least Ofw (iccinnulation point^ 

C = {t\ a; t", a") , 

which belongs itself to 8 since 9 is closed ("abgeschlossen"), 
b) We are going to prove that 

Out of the sequence |^^{ we can select^ a subsequence \z^ \ 
(i=l, 2, • • • X ; i',-f.i>i',) such that 

Lt:=T\ La'=a' , iC' = r" , ia;; = a". 
But since L k\ =0 and 

it follows that 

1 Compare E. I A, p. 185, and II A, p. 45 ; J. I, No. 27. sSeo J. I, No. 28. 
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a'= Oo , a"= tto ; 

besides t and t" are contained in (TqTi), 

On the other hand, let D{t\ a ; f", a") denote the dis- 
tance between the two points {x\ y') and (r", y") corre- 
s{X)nding to (/', a) and (/", a"). Then we have 

Bnt since D[i\ a \ /",«") is a continuous function of 
its four arguments, we have 

D{t,^', t", d^) = L^D{t;^, al^ ; <;;, al[) = , 

that is, the images (f, 17') and (f", 17") of the two points 
(t', Oxi) and (t", Oo) coincide. According to B), this is only 
possible if 

t'= t", say = T . 

There e^rists therefore a point (t, oq) ih Sjt, ^h every vicinity 
of which pairs of distinct points {t\ a'), (/", a") can 6e 
found whose images in the x, y-plane coincide, 

c) The theorem on implicit functions' leads now immedi- 
ately to a contradiction. For, let (f , -q) denote the image of 
the point (t, r/^) ; take (ic, ?/) in the vicinity of (f , 17) and 
consider the problem of solving the system of equations 

X = </>(/, a) , y = if,{t,a) 

with respect to (f, a). Since A(t, r«o)=t=0 i^ follows from 
the theorem on implicit functions that after a positive quan- 
tity e has been chosen arbitrarily but sufficiently small, a 
second positive quantity 8, can be determined such that, if 
(.r, ?/) be taken in the vicinity (8,) of (f , 17), the above two 
equations have one and but one solution (/, a) in the vicinity 
(e) of (t, reo). 

Further, we can determine, on account of the continuity 
of <f> and i/r, a positive quantity €' ^ € such that the image 

1 Compare p. 35, footnote 2. 
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of every point (/, a) in the vicinity (e') of (t, a^) lies in the 
vicinity (S,) of (f, rj). Hence if (/', a) and (/", a") are 
any two distinct points in the vicinity (€') of (t, Oq), their 
images (x , y) and (.r", y") must lie in the vicinity (S,) of 
(f , 1)) and can therefore not coincide, according to the defi- 
nition of S,. 

But this is contrary to the result reached under h) ; the 
hypothesis from which we started must therefore be wrong 
and our theorem is proved. 

Corollaries: 1. From the continuity of the functions 
<f>{t, (i), >/r(/, a) and the one-to-one correspondence between 
Vijc and f^ic it follows that the image £' of the boundary 2 of 
the rectangle S^ is a continuous closed curve without mul- 
tiple points (a so-called '^ Jordan-curve'^') . It divides, there- 
fore,* the X, y-plane into an interior and an exterior. 
According to a theorem due to Schoenpliess'* the set of 
points Ujb is identical icith the interior of 2' together with 
the boundary 2'. 

2. Let tQ, fi be two values of t satisfying the inequality 

To<to<t,<T, , 
and let @o denote the arc of the curve (16) corresponding to 
the interval (/q, ^). Since the line: a = aQ^ to^t^ti lies 
in the interior of S^* i^s image &q lies in the interior of Bf^ 
and has, therefore, no point in common with the boundary 
2'. The two curves @q and 2' being continuous, it follows,* 
therefore, that a neighborhood (p) of the arc &q can be con- 
structed which is entirely contained in f^j^. 

3. Since A(/, ao) + in (TqTi) and A(/, a) is continuous 
in Vile, it follows from the theorem on uniform continuity* 
that k can be taken so small that 

1 Compare J. I, No. 102. The interior as weU as the exterior is a " continuum.*' 
^OUttinger NarhrichtenASSG, p. 282; compare also Osgood, iMd,^ 1900, p. 01; and 
Bbbnstbin, ibid., 1900, p. 98. 
•"i Compare p. 13, footnote 4. 
« Compare E. U A, pp. 18 and 49; P., Nos. 21 and 100; J. I, No. 82. 
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A(^a):^0 in a,. . (18) 

We suppose in the sequel that k has been selected so small 
that Vile and f^jg are in a one-to-one correspondence, and 
that at the same time (18) is satisfied. Under these cir- 
cumstances the region U^ is called a field about the arc (Sq, 
formed by the set of curves (15). 

4. The one-to-one correspondence (15) between Xj^ and 
^ic defines / and a as single-valued functions of x and y 
which are of class C" throughout ^j^; we denote these 
inverse functions by 

t = t{x,y) y a = a{Xyy) , (19) 

Their derivatives are obtained by the ordinary rules for the 
differentiation of implicit functions, according to which 






dt , . da . . B^ . . 9a 



^ = ^'3^ + ^-8^' ^=^^8^; + ^^ 



(20) 



§35. kneser's curvilinear co-ordinates* 

Our next object is to extend to the general case the 
results given in §32, 6) concerning the introduction of geo- 
desic parallel co-ordinates. 

a) Curvilinear co-ordinates in general: Let us intro- 
duce, instead of the rectangular co-ordinates x, y, any sys- 
tem of curvilinear co-ordinates 

u=U{x,y), v=V{x,y) (21) 

where the functions U{x, y) and F(a:, y) are of class C" in 
a region U contained in the region X of §24, 6) ; in the 
same region their Jacobian is supposed to be diflferent from 
zero. 

We interpret u^ v as the rectangular co-ordinates of a 

1 Compare Kneseh, Lehrbuch^ §16. 
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point in a u, r-plane and denote by S the image in the 
Uj r-plane of the region U. We suppose, further, that the 
correspondence established by (21) between U and Z is a 
one-to-one correspondence. The inverse functions 

x= A'(m, r) , y=Yiii. r) r22> 

will then likewise be single- valued and of class C" in the 
region il and moreover their Jacobian 

We consider now the integral 

taken along an ordinary cur\e 

6: j- = ^(r> , y = f (t> 

from a point Air^) to a point B{ri), the curve 6 being sup- 
posed to lie in the interior of the region U. 

If we introduce the new co-ordinates My r into the inte- 
gral J, it will be changed into 

the function G of the four arguments ti. r, u\ v' being 
defined by 

G(ii, r, u\ v) = F(x, r, x.ir+ xy, r.ir+ ry) . r>6) 

The integral J' is taken along the image 6' of 6 in the 
II, r-plane: 

from the point A' (image of .4 ) to the point B' (image of B). 
From the equality 

J'=J (27) 

it follows that if the curve 6 minimizes^ the integral J, its 

1 With the onderstaodinir that only such corres are admitted as lie in the regioiis 
# and S rv^pectively. 
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image 6' necessarily minimizes J\ and vice versa. Hence 
the problem to minimize the integral J and the problem to 
minimize the integral J' may be called equivalent problems. 
The following properties of the function G(<t, r, u\ v>') 
can immediately be derived from its definition (26) : 

1. (?(m, r, u\ v) is positively homogeneous* of dimen- 
sion 1 in ?/', r'. 

2. By differentiation we get 

Hence if 

x' = Xji'-\' X,y , jc = Xji + XJ? , 

y = Yy+ ry , y = YJi + Y,b , 
the following identity holds : 

uG„'{Uf r, n\ v') + hG„ {u , i?, w', r') 

-ii^,.(a-,2/,x', 2/') + yn(-^>2^»^'»y') » (28) 
from which we infer that the E-function is an absolute 
invariant for the transformation (21), i, e.^ if we denote the 
new E-function by E'(ii , r ; u\ v \ A, i') we have 

E'(t£,f; ti',t;'; i^, h) = ^{x,y\ x\y'; >, ^) . (29) 

3. Also J^'i is an invariant ; if we denote the correspond- 
ing function derived from O hy Oi, we obtain easily 

G, = Li'F, , (30) 

where D is defined by (23). 

4. Also the • left-hand side of Euler's equation is an 
invariant ; after an easy computation, we obtain 

G,,.-G,,,+ G,(h'v''-u"v') 

= d[f^.^ F,, + F,{xy-- x-y')\ . (31) 

The image of an extremal of the old problem is therefore ap 
extremal for the new problem ; and the same relation holds 
for the transversals, as follows from (28). 

1 Compare §21, equation (8). 
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All these results are in accordance with, and can partly 
be derived a priori from, the equivalence of the two prob- 
lems. 

/>) Definiiion of Knesers cttrvHitwar co-ordinafes : To 
the assumptions concerning the set of extremals (1) enumer- 
ated in ^33, r/), we add the further assumption that 

A(/,a„)4=0 in (foO , (32) 

where A(/, o) denotes again the Jacobian 

a(/,a) • 

It follows, then, from the continuity of A(/, r/), that the 
<|uantities /q — Tq, 7^ — fi, k can be taken so small that 

A(/,a)^0 (33) 

throughout the region Vif., 

According to §34, the correspondence between the 
domains Vijg and Ujb defined by (1) is then a one-to-one 
corre8{X)ndence, and the inverse functions 

t=t{x,y) , a = a{x,y) (34) 

are single- valued and of class C" in the domain Uj^- 

We now combine with the transformation (34) the trans- 
formation 

u^^u{t,a) J v = a (35) 

between the /, a- plane and the w, r-plane, u(f, a) being 
defined by (7). 

Since, according to (Oa) and (8), 

g* = F(/,a)4:0 in lU , 

it follows that the correspondence between the region Sjj. and 
its image JJjt in the w, i7-plane, defined by (35), is a one-to- 
one correspondence and moreover that the Jacobian 

777- — - 4= m Sjt . 
d{t, a) 
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Hence, if we combine the two transformations (35) and (34), 
we obtain a transformation of the form (21) which estab- 
lishes a one-to-one correspondence between the region U;^ in 
the JT, y -plane and the region Ujt in the ti, i^-plane, and 
which satisfies all the conditions imposed under a) upon the 
transformation (21). For every point (x, y) in the region 
f^lc defined in §33, 6), the function u= U{x, y) represents, 
according to the definition ot u{t, a) given in §33, the value 
of the integral J taken along the unique extremal of the set 
(1) passing through the point (ar, ?/)> from the transversal of 
reference %^ to the point (xy y). 

c) Properties of Kneser^s curvilinear co-ordinates: For 
Kneser's curvilinear co-ordinates, the images of the 
extremals are the lines v = const.; the images of the 
transversals^ the lines u = const. Moreover, the function 
(?(?(, r, u\ v') has the following characteristic properties: 
G{u,v,u\0) = u' , 
(?,.(a,r,ti',0)=l , (7,.(w,r,w',0) = , ^ ^ 

which hold for every t/, v and for every u' which has the 
same sign^ as F(/, a). 

For the proof of these statements it is convenient to rep- 
resent a curve 6 in the region 0;^ of the x, ;/-plane in the 
form 

g{r) 

h{r) 

which is always possible on account of the one-to-one corre- 
spondence between V^k aiid Uj^. The image G' of G in the 
u , i:-plane is then represented by 

= g{r) 

h{r) 
and on account of (26) the following identity holds : 



x = 4i(t,a) , I f = 1 
y = ^{t,a) , ) a = i 



u = u{tj a , I ^ = I 
V =a , j a = i 



1 Again with the restriction that the transversal must lie in the reerion 0]^. 
2 Since P(t, a) 4=0 and is p'^nf inuous in S^-i it has a conttant »ign in S^. 



1 
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= Giu(f, rt), «, ^^- »«(/, rt), --j . 

If 6 is an extremal of the set (I), it can be defined by the 
equations 

a constant.' Hence the above formula becomes: 
F(t, a') = G[u{t, a), «', Wr(T, a'),0) , 

and therefore, on account of (8) : 

iir{Ty a') = G(ii{t, a'), «', //r(r, a'), 0) . 

Since t and a' are arbitrary and, moreover, 

G{u, i\ pu\ 0) =pG{u, r, u\ 0) 

for every |)08itive p, the first of the three equations (30) is 
proved. 

The second follows immediately by means of the identity 

uG^. + vG^.= G . 
To prove the third, let 

' = y{^) y a = <r 
define a transversal ; then, according to §38, c) : 

^^ \J}{^)* ^} — const. 
Hence the condition of transversality, which must be sat- 
isfied at the [Xiint of intersection of this transversal with the 
extremal f — t, a — a', reduces to 

— 6;„ (?*(r, a'), a',Mr(T, a'), 0) = , 

from which we infer the third of the equations (30), since 

da- 

1 Its imaffo is thn line Q' : u - u{r^ a), v = a' and tho anffle #' which the positiTO 
direction of «' makes with the positive u-axis is or v, accordiner as the constant 
siifn of P (/ , a) is -f or - . 
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The relations (36) lead to two important consequences : 
In the first place, we obtain immediately from the defini- 
tion of the E'- function on applying (36): 

E'(w, r ; u\ 0; h, r) = G(u, r, h, r) - u . (37) 

In the second place, we get by Taylor's theorem : 

= {il-'u')G,.(n, r, u\{)) + cG^.{u, r, «', 0) 

+ i[{u- u'fG^.,, + 2 (7t - n') r G„.,. + t-^ (?. ,. ] , 
where the arguments of (5^^ , etc., are 
u, V, u= u+ (a - u) , r= eh , aud < ^ < 1 . 

If we simplify the remainder-term by the introduction of 
Gi , and make use of (36 ) , we obtain : 

G (w , r , if , r) - M = i u''V G, . (38) 

From the preceding equation we see that whenever (/j and 
u are both positive (negative), also (?(//, v, a, h) is positive 
(negative). Hence, if for a given point (u, v), the functions 
G{u, v, A, r) and (?i(w, r, a, v) are diflFerent from zero (and 
therefore do not change sign) for all values of ft, v (except 
possibly u = 0, t? = 0), they must both have the same sign. 

Kemembering now the relations (26) and (30), we obtain 
the following result,* which will be useful in the sequel : 

Jf at a point (j-, y) the functions F{x, //, cos 7, sin 7) 
and Fi{j', y, cos 7, sin 7) are both different from zero for 
all values of 7, then they must both have the same sign. 



§36. SUFFICIENT CONDITIONS FOR A MINIMUM IN THE CASE 
OF ONE MOVABLE END-POINT 

The introduction of Kneser's curvilinear co-ordinates 
leads to a number of important consequences : 

a) Kneser^s sufficient conditions : Through the point A 

1 See Knesek, Lehrtmch, p. 53. 
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(xo, yo) of the extremal &q (compare Fig. 31, p. 170) we con- 
struct the unique transversaP X: [/--r;^(a)]; and from an 
arbitrary point ^ of I we draw any ordinary curve 6, join- 
ing the points A and B and remaining in the region i>^ : 

6: X = ^(t), ]/ = ^(t), Ty^T^T, . 

The imago of Gq i^ ^be u , v-plane is the line v = (Iq; the 
images of Iq ^^^ ^ ^^^ ^^e lines ?i ■— and w ::^ Uq = U{xq, t/q) ; 
the image of the curve 6 is an ordinary curve 6' : 

6'-. U = u{t) , V = v{t) ; To^T^T, . 

The abscissae Uq and Wj of the images A' and B' of A and 

^B are 
«o = U{x^, yo) , M, = V{Xi , y,) ; 

and according to the defi- 
nition' of U{x, y) we have 
J^^(AB) = w, — Mo . 
FIG. 37 On the other hand 

J-^{AB)=Ji{A'B')= C' gIu,v,^, ^dr . 

But since' m(tq) = Mq, n{T^ = //j , we have 

idu 
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dr = ti, — Uo , 
ar 

and therefore the total variation 

^J = J-^(AB)^J^^(AB) 

may be written : 

"=r[«(--^-f:)-fl'"- « 

The relation (38), together with (30), leads now to the 
following result: 

iThe arc of I correspondinf^ to the interval (o^- ib, o^+lr) of a lies entirely in 
the interior of f^'^ ; for A lies in 0]^ since to> t^, and t and X^ do not intersect in 0^^. 
The image 9^ of 0]^ is that part of 9^ in which u ^ or u^O according as the con- 
it sign of F(t, a) is 4- or - . 

^Compare §35, 6). > Compare, for this important artifice, §32, 6). 
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If the conditionH 

A(f,ao)4=0 , F(f,ao)4=0 

irr tint isjird for /q^'^^i ^"*''' '/» fnoreorer, 

Fi(Xyy, cosy, sin y) > (Ila') 

along the e^rtremal ^^for everfj value of 7, then the extremal 
@o furnishes for the integral J a smaller value than every 
other ordinary curve which can be drawn in f^l^ from the 
transversal % to the point B, provided that A* be taken suflS- 
ciently small; and therefore the extremal 69 minimizes^ the 
inteijral J if the end-point B is to remain fixed while the 
other end-point is movable on the curve %. 

h) Weierstrass'^ s theorem for the case of one variable 
end-point: Still another important conclusion can be de- 
rived from (39). On account of (37) we obtain from (39) 

where u' is any quantity having the same sign as F(/, <i). 
We may therefore^ write the last equation: 

AJ = JJ'eYm,^; cos d', sin ^', ~, ~\dr , (40) 

where 6' is the angle defined on p. 18G, footnote 1, and whose 
value is or tt. But since the E-function is, accordinir 
to (29), an absolute invariant for the transformation (21), 
we obtain, by returning to the original variables x, /y, the 
extension of Weierstrass^s theorem to the case of one 
mo cab le en d-po in t : 

AJ= C'^ (x/u) x\y'; x\y')dT , (41) 

iTo make the conDection with the problem: To minimize the iiiteKral J by a 
curve joining a gioen curve 7 with the point J^, the foUowinf? remark is necessary: 
After an extremal (Fq of class C has been found which passes through B, is cut trans- 
versely by tr at ^, not touched by tf at ^, then it is always possible, accordinf? to §23,/) 
and §30, to determine a set of extremals which has the properties assumed in §33 of 
the set (1) and to which the curve iT is a transversal. The transversal Z of the pre^ 
ceding theory will then coincide with the given curve tT. 

2 Compare §28, equation (51). 
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where (J-, y) is a |X)int of the curve 6; x\y' refer to the 
curve 6; >r\ y' to the unique extremal of the set (1) 
passing through the \iomi (x,y). 

Keasoning now as in 4^28, d), we infer that in the a])ove 
enumeration of suflBcient conditions fhr condiiiou {Ha) 
may hr replaced by the milder condifioit 

'S^ix^y, p,q\ p><i)>^ along Go, (IV) 

understood in the same sense as in §28, d). 

c) Osyood's theorem concerning a characteristic prop- 
erty of a strong minimum: The introduction of Kneser's 
curvilinear co-ordinates leads to a theorem due to Osgood* 
concerning the character of the minimum of the integral J, 
in case the stronger condition (Ila') is satisfied. 

If we denote by the angle which the positive tangent 
to 6' at the point (u, v) makes with the positive tt-axis, and 
introduce on 6' instead of the parameter t the arc ,s of 6', 
we may write (40) in the form^ 






1 _ _ 

E' (n , r ; cos $\ sin $' ; cos $, sin $) ds 



7 



Applying the theorem' on the connection between the 
E-function and i<\ to E' and Gi, we get 
E'(w,r; cmO\sinO'; cos?, sin ^) 

= (1 - cos {$.- 0')) G, (u, r , cos $*, siu $*) , 

where 0* is some intermediate value between 0' and 0. 

Since ^' = or tt, the first factor on the right is 
1 =;= cos 0, 

But if we suppose that (Ha') is satisfied, we can always 
take A' so small that 

¥i{x, y, cosy, siuy) > 
for every or, t^ in f^)^ ^^d for every 7. 

iSee Transactions of the American Mathematical Society, Vol. 11 (1901), p. 273. 
For the following proof see Bolza, ibid,. Vol. II (1901), p. 422. 

2C!ompare §28, equation (51). sck)inpare 828, equation (54). 
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From the relation (30) between Fi and (?i, and from the 
continuity of (Jj, it follows, then, that a positive quantity m 
can be assigned such that 

G,(w, r, cos <D, sin w) ^ w 
for every /*, v in ^f^ and for every w. Accordingly we obtain 



I (1 T cos ^) ds , 




or, since rf<7 

cos^ = — , 
ds 

A J ^ m [Z q: (u, — iio)] , 

Z being the length of the curve 6' from A' to B\ 

Now suppose that the curve 6 in the ir, f/-plane 
through a point P of the extremal re — Oq + A of the set (1), 
where i 

()<|/i|<A: . •{ 

6' \vill then pass through a \ 
point P' whose ordinate is a'\ 

^ . , — * FIG. 38 

'' = <'o + A • 

Let Q' he the foot of the perpendicular from P' upon 
the line u = Uq, Then 

l^\Q'P'\ + \P'B'\^\Q'B'\ , 

that is, 1 — , / rr~n ^ 

and therefore 

A J ^ m \Vh' + {u,-n^f :t (m, - w^)] > . (42) 

Hence, if we use the symbol f^j^ in the sense analogous to 
that of i^;^, we may formulate the result as follows: 

Under our present assumptions concerning the extremal 
(So and the functions F and Fi, it is always jyossihle to 
determine^ corresponding to every positive quantity h 
numerically l^ss than /c, a positive quantity €f^ such that 

A J = J^{AB) - J^{AB) ^ c;, (43) 
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for every ordinary curve 6 which joins the transversal X 
with the point B, and remains within i^^ but not wholly 

IN THE INTERIOR OF i>^. 

Osgood* derives from his theorem a simple proof of 
Weierstrass's extension* of the sufficiency proof to curves 
without a tangent : 

Let, in the notation and terminology of §31, (/), 

be a curve of class (K), not coinciding with 6o» joining the 
points A and B^ and lying wholly in the interior of the 
region f^l.. Let 11 be a partition of the interval {tqT^ whose 
subintervals are chosen so small that the corresponding rec- 
tilinear polygon "iPnj inscribed in 2, lies in the interior of f^^. 
The polygon being an ordinary curve, we have, if Kneser's 
sufficient conditions of §36, a) are fulfilled for the extremal (^, 

if I^n denotes, as in §31, c), the value of the integral ./ taken 
along the polygon $n- 

Hence if we pass to the limit and remember equation 
(78) of §31, we obtain 

It remains to show that the equality sign cannot take place. 
Let Q be any point of S not situated on the extremal (Sq, 
and denote by Oo + A the value of the parameter a of the 
extremal of the field passing through Q. Then : < | /t | < fc. 
Now consider in the above limiting process only such parti- 
tions n for which Q is one of the points of division. There 
exists, then, according to Osgood's theorem, a positive quan- 
tity 6^ such that 

1 Loc, cit., p. 292. 3Ck>mpare § 31, c). 
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Hence if we pass to the limit, 

and therefore 

Jf>jQ^ , Q.E.D. 



^0 



§37. VARIOUS PROOFS OF WEIERSTRASS's THEOREM. 
THE ASSUMPTION F(/, a) =t= 

The function 

u= U(x, y) 

introduced in §35, h) was derived from w(/, a) by substitut- 
ing for / and (i the inverse functions (34) : 

t = t(x, y) , a = a(jr, y) . 

Hence the partial derivatives of U(x, y) with respect to x 
and y are, on account of (8) and (0) : 

li = ^ax + (^'*<'+^'"^-)£' 

Kemembering that 

and that by definition 

*(^(-r, y)y «(-r, y))=x , ^(t{x, y),a{x, y)) = y , 
we obtain the important result:^ 

1^ = F,. = P{x, y) ; 1^ = ^^ = Q(^> y) > f^) 

where P(x, y) and Q{Xy y) denote those functions of x and 
y into which Fj..(/, a) and Fy.(/, a) are . transformed when 
the variables /, a are replaced by their expressions in terms 
of X, y. 

From these expressions of the partial derivatives of U 

Kneser, Lehrbuch^ p. 47 ; compare also p. 175, footnote 1. 
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two further proofs of Weierstrass's theorem for the case 
of one variable end-point, can be derived. 

a) Kneser^s proof :^ We repeat the construction of 
§36, a), denoting, however, the points Aq, A, A, B by num- 
bers: 5, 0, 0, 1 respectively. 

Then we apply Weierstrass^a 

construction^ slightly modified : 

Through an arbitrary point 

v^ "2 2{t = T2) of 6 we draw the 

^ FIG. 39 unique extremal of the set (1). 

It meets the transversal X^ at 

a unique point, 7. Now we consider the integral J taken 

from 7 along the extremal 72 to 2, and from 2 along the 

curve 6 to 1 , and call its value S{t2) : 

using the same notation as in §§20 and 28. 
In particular we have (see Fig. 39) : 

'S' (^0) = «^flo + Joi t 

But according to Kneser's theorem (§33, c)\ 

hence 

A J = J^, - J„, = - [S(r,) - ^(to)J . 

According to the definition of the function U{Xj y) given in 
§35, 6), we have 

Jt2= U{x2, Ui) ; 
on the other hand 

^21= ( ^{J^,y, x\ y)dr . 

Hence, making use of (44), we get as in the case of fixed 
end-points : 

1 Knbseb, Lehrbuch, §20. ^ Compare §§20 and 28. 
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-7 — = — E (a:-a, y^; Jr^ , y^ ; x, , y^) • (45) 

Integrating with resi>ect to t., from Tq to t^, we obtain 
WcierstrcLSS^s theorem (41). 

The above deduction leads to the following geometrical 
interpretation of the "E-ftmctioUy due to Kneser : 

Let 3 be the point of 6 corresponding to t = T2 + A? and 
draw the extremal 83 through the point 3, and the transversal 
t24 through the point 2 (see Fig. 40) . Then 

S{t2 +h) — Sir^) = Jm + t/43 — Ju — Jn '» 
and since 

S{Ti + h) — S{t2) = J4.3 — ^M . 
Hence we obtain, on account of (45), the result:^ 

Jts-Jvi = h,[E{Xi,y^; xi , yi ; xi,yi) + {h)'j . (46) 

/>) Proof by means of HilherVs invariant integral: The 
imi)ortant formula (44) leads immediately to Hilbert's 
invariant integral^ for the case of parameter-representation. 

The integral 

J''=fJ^\P{x,y)x'+Q{x,y)y'\dT , (47) 

taken along 6 from to 1 is, according to (44), equal to 

^*=y ^^U{x,y)dr ; 
hence '^^ 

J*= U{x,, y,) — U{xo, yo) , 

J'oj Z/o denoting the co-ordinates of the point 0. 

The value of the integral J"* is therefore independent of 
the curve 6 and depends only upon the position of the end- 

1 Kkeher, Lchrbuch, p. 79 ; compare footnote 1, p. 138. 

2 Compare g21. Another proof of the in variance of the integral J*, following 
more closely the reasoning of Hilbert's original proof, is given by Bliss, Transac- 
tions of the American MaihemcUical Society, Vol. Y (1904), p. 121. 




196 Calculus op Vabiations [Chap. V 

j)oints; it even remains invariant tchcn the jwint inoves 
along the transversal I, since U(x, i/)=^ const, along every 
transversal. 

Hence, by letting coincide with and 6 with @q we 
obtain 

The integral Jqi can therefore be expressed by an integral 
taken along the curve 6, viz., 

Substituting this value of Jqi ^^ the diflFerence : AJ= Jq^ — ,/y, 
we obtain immediately Wei ers trass's theorem. 

c) The assumption F{t, a) ^0: It is important to notice 
that in the preceding two proofs of Weiers trass's theorem 
no use has been made of the assumption (6) that F(/, ao)4=0 
at all points of the interval (Vi), but only of the two special 
assumptions^ 

F(fo,ao)4=0, F(^o,a,)4=0 (6b) 

which, according to §33, a), are necessary for the construc- 
tion of the two transversals 3^^ and %, 

Hence, also in the suflBcient conditions derived from 
Weierstrass's theorem, the condition (6) may be replaced 
by the milder condition (6b), whereas, in the former deduc- 
tion of sufficient conditions by means of Kneser's curvi- 
linear co-ordinates, the assumption (6) was essential 

This apparent discrepancy* between the two methods can 
be removed as follows : 

iThe first of theso may be replaced by F(f , Oq) ^0, because for t^ any yaloe of t 
between Tq and (q may be chosen. Only in very exceptional cases can F vanish all 
along an extremal, since the differential equation jP=0 is, in general, incompatible 
with Euler's differential equation. 

'The discrepancy is still more striking in Kneser's own presentation, since he 
makes, instead of (6), the stronger assumption 

jP(x, y, sin y, cos y) #0 
along «g for every y (compare Lehrbuch, pp. 49 and 53). 
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Compare the two problems : 

(I) To minimize the integral 

J= (/ F{x,y,x\y')dt , 
and -^'^ 

(II) To minimize the integral 

jm^ C' F''\x,y,x\y')dt , 
where ^'"^ 

F^'\x,y,x\y) = F(x,y,x\y') 

+ ^A'^,y)x+^^{x,y)y' , (48) 

^{x^ y) being a function oix.y alone, of class C in f^j^ . Since 

J'O) = J + * (^, , 2/i) - * (oTo, yo) , (49) 

we obtain 

for all variations which leave the end-points fixed. 

If, on the other hand, the integrals are to be minimized 
with one end-point, say {xi , t/j), fixed, while (xq, y^ is movable 
on a given curve X, the same result holds, provided that 
4>(j', y) remains constant along this curve. 

With this condition imposed upon 4>, the two problems 
are equivalent; that is, every solution of the one is also a 
solution of the other. Hence it follows that every extremal 
for the one is also an extremal for the other.* In particular, 
our set of curves 

x=^4>{t,a), y = ilf{t,a) (1) 

is a set of extremals also for J^^\ 

We now suppose that the function F satisfies the two 
conditions (6b), but not (6), and we propose to show that it 
is always possible so to select the function <i>(x, y) that 

r°>(^a)>0 
throughout the region Vijg defined in §33, a). 

iThe analogoos statement for transversals is, in general, not true. 
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Let /// be the minimum of F(/, a) in the region Vif., and 
let M be a positive constant greater than i m \ . 
Further let, as before, 

t = tUy y) , a = a(.r, y) 

denote the inverse functions defined in §35, equation ('34). 
1. Case of JijTcl cn(l'2>outls: In this case we select 



^{x, y) = Mt{.v,y) . (TiO) 

Then n 

F'>'(^ a) = ¥{t, a) + M^^t{<l>{t, «), ,/.(/, a)) . 

But by the definition of the inverse functions we have 

hence 

F^»(^a) = F(/, a) + il/ , 

which is i)Ositive in Vijg. 

2. Case of one variable end-point : Sup[>ose (j^j, yi) fixed 
and {.x'q, yo) movable along the curve 2. which is a transversal 
of the set (1) for the problem (I) and represented, as in 
§3(5, a), in the form 

"!!;'"!' I' =»'°>- 

y = il/(t. a) , ) 
In this case we select 

* (j- , y) = M [t (.r , //) - X (« (^ , y))\ ; (51) 

then 4>(.r, y)~-0 along X, and 

<l>(<^(/,a),iA(/,a)) = Af(#-x(a)) • 
Hence we obtain, as before, 

F"'(f,a) = F(f,a) + Af>0 in H^ . 

It follows, further, that 3^ is a transversal of the set (1) also 
for problem {II). For 
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The first term on the right vanishes for f :=;^(a), since 'X is 
a transversal of the set (1) for problem (I) ; the second term 
vanishes likewise for t = x{a), and therefore also the left- 
hand side, which proves our statement. 

The assumption (6), upon which the introduction of 
Kneser's curvilinear co-ordinates depends, may therefore 
be made without loss of generality ; for, if it should not be 
satisfied, we can always replace the given problem by an 
equivalent problem for which it is satisfied. 

§38. THE FOCAL POINTS 

The assumption 

A(f,ao)4=0 iu (tj,) (32) 

was indispensable in the previous sufficiency proofs for the 
construction of a field ; but our deductions give no indica- 
tion whether it is at the same time a necessary condition for 
a minimum. 

We are going to prove, according to Kneseb,* that at 
least in the milder form 

A(f , Oo) 4= for t,<t<t, , (32a) 

which corresponds to Jacobi's condition in the case of 
fixed end-points, the condition is indeed necessary for a 
minimum. 

We retain all the assumptions of §33 concerning the set 
of extremals (1), and we suppose moreover that, in the nota- 
tion of §33, a), 

F,(^ao)>0 in (Ut,) ; (52) 

iKneser, Mathematische Annalen^ Vol. L, p. 27, and Lchrbuch, §§24, 25. 
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but wo drop the asHumptioii (32) and suppose, on the con- 
trary, that . , r. 

Aa;,a,) = 0, (53) 

where /o<^ 'o ^ 'i» ^^^^ moreover, that /q ^^ the smallest value 
of i, greater than /o» f«r which (53) takes place. The con*e- 
flponding point -4'(j'o, yo) of Gq is then the focal point* of 
the transversal X on the extremal ©y. 

a) ExlHtrnce of the envelope: We propose to find all 
points' [ /, a] of the £r, y-plane in the vicinity of [/q, Oq] for 

'"'"■'• A(^a)=0. (54) 

For this purpose we notice in the first place that the function 
A(/, (Iq) is an integral of Jacobi's ditferential equation 



-.»-a(-.S)=«- 




This is proved exactly as the similar statement in §27 h) 
and c) by su])stituting in Euler's diflFerential equation 
X <^('»«)»y '^(t^ (i)y different iating with respect to a 
and then putting (i Oq. 

Since Fx Fi(/, o^) is continuous in the vicinity of / = /o» 
and, according to (52), different from zero for t = ti, it fol- 
lows that'* 

A,(/J,ao)4=0 . (55) 

Hence it follows, according to the theorem* on implicit 
functions, that there exists a unique solution 

t = t{a) 

of (54) which is of class C in the vicinity of a = aQ, and 
takes for a (i^ the value / — - /q • 

The curve* [/--/(r/)J in the jr, //-plane, i. e,, the curve 

i(\)mparo 6823 and 30. 1ft shrinks to tho point .4, the focal i>oint A' bocomes 
iho ''conjuirato *' point to A. 

s For tho notation com pare §33, a). * Compare p. 35, footnote 2. 

s Compare p. 58, footnote 2. A For the notation, see §33, a). 
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^ : X = <l>{t{a), a) = <^(a) , y = i/r(f(a), a) = f{a) 

is the (mtwlope^ of the set of extremals (1). 
For, since 

da ^'da^^'" da ^'da^^" 
it follows that 

^^.-^l^,= -A{tia),a)^0. (56) 

This shows, apart from the points at which 

that the curve ^ touches all the extremals of the set (1) for 
which a is suflSciently near to Oq, and therefore % is indeed 
the envelope of the set. 

b) Application of the theorem on envelopes: We must 
now distinguish two cases : 

Case I : The envelope ^5 does not degenerate into a point, 
/. (?., ^(a) and "^(a) do not both reduce to constants. 

Let us suppose that the functions $(a) and ^{a) are of 
class C^*"^ in the vicinity of a = ao, that for a — Oi^ their 
derivatives up to the order r — 1 vanish, but that the r*^ 
derivatives do not both vanish. Then we obtain by Tay- 
lor's formula 

^' = (o - a.)'-[A + a] , g = (a - «»)'- [5 + /3] . (57) 

where A and B are constants which are not both zero, and 
a and /8 approach zero as a approaches Oo. 
Substituting these values in (56) we get 

A = n<l>,{t:, Oo) , B = n^,{U, Oo) , (58) 

where w is a factor of proportionality which is different 
from zero. 

» Compare E., Ill D, p. 47, f > » >to 117. 
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Wo now introduce on S a nt^w parameter r by the trans- 
formation a - fX,, = €T , 

where c= ± 1 will be chofien later on. Since, ac<3ording to 
(2) and (2a) the functions <f>^{t^ a) and y^t(ly ^*) do not both 
vanish at a—da, it follows from (5(J) that we may write 

^^ = m«^, , ^^- = miPf , (,)9) 

where m is a function of r, which is continuous in the vicinity 
of T — 0, and, on account of (57) and (58), is representable 
in the form m = cV-«(u + K) , 

where L v—(), 

T = 

Whenever it is jwssible so to select the sign € that m is 
positive for all sufficiently small negative values of t, we 
can construct, according to the theorem II of §33, c/), an 
admissible variation of the arc -4-4' of @o f^r which AJ^O. 
» Subcase A): r odd.^ If we 
choose € equal to the sign of n, 
m is |>o8itive for all sufficiently 
small values of |t| ; see Fig. 41. 
Subcase B): r even, m has the same 
sign as nr^ no matter how we choose €. 
Therefore 

1. If /i<0, m is [)Ositive for nega- 
tive values of t ; see Fig. 42. 
^ J, . 2. If ?A>0, m is negative for 

negative values of t f see Fig. 
iv— 43. 



01 



, \ In subcase A) and subcase R) 

i FIG. 43 V . ' ^' 

a we have 

1 This covers the ** ffeuoral ** caso in which 9 has no singular point at A'{r=\). 

2 If we draw a straight line 9 throiurh thu point A' not tangent to %, then 9 
erofisctt the line 2 in case A) ; it licit all on one side of 8 in case B) . on the same side 
as the arc ^.-1' in case B,), on the opposite side in case B,). This follows easily 
from (57). 





o 
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according to theorem II of §33, d), and therefore the arc 
A A' of the extremal ®o certainly furnishes no proper^ mini- 
mum^ and still less the extremal ^ (or AB) itself. 

But it furnishes not even an improper minimum. For^ 
the envelope % cannot at the same time be itself an extremal, 
and therefore the integral J{QA') can be further diminished 
— and consequently 6k J can be made negative — by a suit- 
able variation of the arc QA\ 

The statement that % itself cannot be an extremal can be 
proved most conclusively by substituting in the left-hand 
side of Euler's differential equation for x^ y the functions 

X = </»(?, a) , ^ = ^(t,ct) , 

and making use of the characteristic property (59) of the 
envelope. 

If we remember the homogeneity properties of F and its 
derivatives, and the fact that ^(/, a), '^{ty a) as functions 
of / alone satisfy Euler's differential equation, we obtain 
after an easy reduction : 



d ^ 
dr' 



Fy--Fy. = €¥,A,i 



The arguments of F^^ etc., are 

^ ^ ddr dy 

those of <^^, '^^, Fj, A^ are T, a. 

Since, according to our assumptions, Fi(/, a) and A^(/, a) 

iFor the distinction between ^'proper" and ^Mmproper" minimum, com- 
pare §3, 6). 

2 Compare DARBOUXf Thiorie des Surfaces, VoL III, No. 622, and Zebmelo, Dis- 
Bertation, p 96. 




204 Calculus op Vabiations [Chap. V 

are different from zero for t = to, a = aQ, they remain differ- 
ent from zero in a certain vicinity of this point. Moreover, 
<f>i and y^^ are not both zero. Hence the envelope % does 
not satisfy Euler's differential equation.* 

In subcase Bo) the same construction cannot be applied, 
and therefore the question cannot be decided by this 
method. 

Case II : % degenerates into a point. In this case all 
the extremals of the set pass through the point A\ and we 
can directly apply Corollary II of the theorem on trans- 
versals, §33, c). 

Accordingly, we have for every 
extremal 6 of the set: 

FIG, 44 A J = MP A') - J^^iAA') = , 

and therefore the arc A A' of the extremal @q certainly fur- 
nishes n o J) roper m inim urn. 

Summing up the different cases, we may state the 
result : 

If the end-point B of the extremal AB coincides with 
the focal point A' {and a fortiori, therefore, if B lies beyond 
A' \ tiy>tQ) the arcAB ceases to furnish a minimum, except 
in the following two cases : 

1. When the envelope 5 has at /I' a cusp of the special 
kind defined under subcase Bi), the present method fails to 
give a decision.' 

2. When the envelope degenerates into a point, the arc 
A A' furnishes no proper minimum, but it may furnish an 

1 Another more ^ometrical proof can be derived from the fact (see §25, 6)) that 
only one extremal can be drawn through a giyen point in a ffiven direction if 
F\{Xyy^zf^y')^Q for the giyon point and direction; compare Darboux's proof 
{Uk. cit,) for the case of the ^odesic. 

2 Under the restricting assumption that F{Xf^\ y^\ cos y, sin y) 4=0 for every y, 
OsoooD has shown that the arc A A' actually famishes a minimum, if the other 
sufficient conditions of §36 are satisfied, Trantactiwu qf the American MtUhcmaticaJl 
Society, Vol. U (1901), p. 182. 
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improper minimum.' If, however, B lies beyond A\ the 
arc AB furnishes not even an improper minimum.^ 
Thus the necessity of the condition 

A(f,ao)4=0 for U<t<U (32a) 

is proved for all cases with Ihe one exception just mentioned.' 

1 The set of geodesies on a sphere which pass through a point affords an example 
of this kind. 

2 For, from ¥^{t^\ Oq) +0 it follows that if a is sufficiently near to a^,, the "dis- 
continuous solution" P AB (see Fig. 44) cannot satisfy the comer condition (24) of 
§25, c) (compare footnote 2, p. 142), and therefore a yariation PMNB can be foun<i for 
which A J <0. 

3 This agrees with the result derived by Bliss from the second Tariation (com- 
pare §30) ; the latter method proves the necessity of (32a) also in the exceptional case. 



CHAPTER VI 

ISOPERIMETRIC PROBLEMS » 

§39. euler's rule 

The special example which has given the name to this 
class of problems has already been mentioned in §1. 

More generally, we understand by an isoperimetric prob- 
lem one of the following iyi>e: 

Among all curves joining' two given points and 1 for 
which the definite integral 






dt 



takes a given vabie Z, to determiiw. tlie one lohich minimizes 
{or maximizes) another definite integral 



J= f ' F{x,y,x\y)dt . 



Concerning the two functions F and (i we make the same 
assumption as in §24, h) concerning F alone. The ''admis- 
sible curves" are here the totality of ordinary curves which 
join the two points and 1 , lie in the domain S of the func* 
tions F and (7, and for which the integral K has the given 
value L Aside from this one modification, the definition of 
a minimum is the same as in the unconditioned problem, 
§24, c). We suppose that a solution has been found : 

6: x = <l>(t) , y = ^{t) , t,^f^t, ; 

and we replace the curve 6 by a neighboring curve 

6: X = X + ( , y = y-\^rf^ 

iThis chaptor i» busod chiefly on Weikbstbass's Lecturen uf 1879 and 1882, aad 
on chnp. iv of Knkskr*8 book. 

-Or: joining a ffivim point and a given curve, etc. 
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where f and 17 are functions of / of class Z>' satisfying the 
following conditions : 

1. They vanish for t = to and t = ti\ 

2. In the interval (/q/i), they remain in absolute value 
below a certain limit p, 

3. The integral K taken along 6 from to to ti has the 
same value as if taken along 6 (viz., =Z), or, as we write it, 

AK=K,,-Ko, = ; (1) 

a) Admissible variations: Our next object is to obtain 
an analytic expression for functions f , 17 satisfying these con- 
ditions, not necessarily the most general expression but one 
of sufficient generality for the purpose of deriving necessary 
conditions for the minimizing curve. 

Such an analytic expression can be obtained, according 
to Weiebstbass, as follows : 

Let Ply P2, qi, 52 be four arbitrary functions of / of class 
D' vanishing at /q and /j. Then we consider the functions 

i = «iPi + ^P2 y V = ^iQi + ^Qi y (2) 

where e^, €.> are constants, and propose so to determine €2 as 
a function of Cj that the condition (1) is satisfied for every 
sufficiently small value of Cj . 

For this purpose we notice that the integral Kqi is a func- 
tion of €1 , €2 which is of class C in the vicinity of Cj =: 0, €2 = 0, 
and which is equal to Kqi for €i = 0, C2 = 0. Further, for 
€j = , €2 = its partial derivative with respect to Cj- has the 
value ^t^ 

N,= j {(hP,+ Gyq,+ G,.p;+ Gyg!)dt . 

Hence if we introduce the assumption^ that the curve 6 is 
not an extremal for the integral K, the functions p2, qz can 

1 If 6 were an extremal for the integral JT, the cnnro e (or at least sufficiently 
small sef^ments of it) would in general minimiase or maximize the integral K^ ami it 
would therefore be impoesible to vary these segments without changing the value of K, 
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be so chosen that ^2 + 0, and the conditions of the theorem 
on implicit functions are fulfilled for the equation (1) in the 
vicinity of the point c^^O, C2 = 0. Accordingly, we obtain 
a unique solution e^ of the form' 

N 
«2 = - j^- «i + («i) «i » (3) 

where (ej denotes, as usual, an infinitesimal. Substituting 
this value in f , rj we get 






(4) 



These functions |, rj have all the required properties for 
suflSciently small values of |c,|. The same argumentation 
applies to "partial variations" which vary the curve only 
along a subinterval {ft'') of (/o'i)« It is only necessary to 
take the functions i>i, i>2» (Jfi> 92 ©q^al to zero in the whole 
interval (/o'l) with the exception of the interior of the sub- 
interval (<'f '). 

h) Euler^a rule: According* to §25, the total variation 
A J" for the variations (4) may be written 



where 






dt 



Af,-^'A'. = 



5 



For an extremum it is therefore necessary that 

After a definite choice of the functions p^^ 52 bas once been 
made the quotient M0/N2 is a certain numerical constant 
which we denote by — X: 

I Compare p. 35, footnote 2. > Compare, in particalar, the footnote on p. 122. 
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We have then the result that the equation 

M, -j-XN, = (0) 

must be satisfied for all functions pi, qi of class Z)' which 
vanish at /q and ti . This shows at the same time that the 
value of the constant X is independent of the choice of the 
functions j>2> ^2' 

If we put H=F + XG, (7) 

equation (H) becomes 

r (/fw>. + Hyq^ + H^Pi + H,.q:)dt = . 

Hence we infer exactly as in §25 by the method of §6, that 
X and y must satisfy the differential equations 

H^-j^H,=0, H,-j^H,. = 0, (8) 

which are equivalent to the one differential equation 

H,y-H,y + H,{xy''^xy) = , (I) 

where Hi is defined by : 

H, ^- ^ = - ^ = ^ . (9) 

y^ X y x^ ^ ' 

We call, again, every curve which satisfies (I) an extremal 
for our problem (Kneseb) . 

The above deduction applies to so-called "discontinuous 
solutions"* as well as to solutions of class C, and shows 
that the isoperimetric constant \ has the same constant 
value alatig the different segments of a ^^discontinuous 
solution,''* Moreover we obtain, exactly as in §§9 and 25, 
at a corner / = /2» ^h® '^corner -condition:'''* 

iCk>mpare §9, in particular footnote 3, p. 37. 

2 This important remark is dae to A. Mater, MaiftenuUitcht Ann<»ien^ Vol. XIII 
(1877 )f p. 65, footnote; and Weiebstbass, Lectures. Even if the minimizing curve 
contains unfree points or sefpnents, all those segments of the curve whose variation 
is unrestricted (apart from the condition A /C= 0) must satisfy the differential equa- 
tion (I) with the same value of the constant A. 
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All these results may be samoiarized in the stalemeiit 
thaU so far as the first rariation is concerned^ oar problem 
is eqaiTalent to the problem of iniiiiiiiiring the integral 

the curves being sabject to no isoperimetric condition. 

This simple role, which is the analogue of a well-known 
theorem in the theory of ordinary maxima and minima^ is 
nsnally called Enlers ruU\ according to ErLEE,' who first 
dif^coTered it. 

The rule still holds in the case where the |K>int <», instead 
of being fixed, is movable on a given curve 

For, a reasoning similar to that employed in §'i(t combined 
with the remark that for all admissible curves 

leads" t-ci the csondition t=t^, 

H,x+H,S' '"'" = . (11) 

c) Example XIH: Among all rvrves of given length joining 
twcp giryn jfoints A and B, Ut d^'i^^rmine the one whicK together 
frith tJhC chord AB^ bounds the m-axinvum. arecL 

Taking the straight line jcuning A and B for tiie x-axis, with 
BA for positiTe direction, we have to maximize the intiegral' 



J = ^ i i-ry- yy)d1 



^^. 



^SrUBE, MethodMM invntiendi lineeu rurvas nuxximi minimise propriettiit ffont- 
demimt^ 1744; mtm Stackel's tranBUtion, p. lOL T^ first Tifforc/an pmof is doe to 
WsTEBSTBASft, Leeturc^ and Dc Boifi-BErHOXi^ MtsthnmattMche Aummicii. Vol. XV 
iWB). pL ao. Tht iiroof driven in the text is doe to WsxsBSTKAftft. 
'For dcvt&ili* cd the proof we rafer to KxassK, Lehrbmch^ %SL 
J We f»ib«ititiite tbifi analytical lyroblpm for tfaf> tnTtm ttnomntrictLl one. witlMMit 
upon a diitoiiasion of the gncstion how far tiie two are leally eQiiiT&knt. 
J. L, Sosu ]<C 112, and II, Nos. 22»-lS. 
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while „ . . .. -„ 



J to 



has a given value, say I, which we suppose greater than the 
distance AB. 

Since 

we get 

and therefore the differential equation (I) becomes 
x'y"— x"y' 1 



O a:'» + j/")' ^ 



(13) 



Hence the radius of curvature of the maximizing curve is constant 
and has the value 1 X | , while its direction is determined by the sign 
of X. 

Again, since H\ never vanishes, there can be no comers,' and 
therefore the curve must be an arc of a circle of radius |X| . The 
center and the radius of the circle are determined by the condi- 
tions that the arc shall pass thix)ugh the two given points and 
shall have the given length I , There are two arcs satisfying these 
conditions, symmetrical with respect to the x-axis. 

d) Example XIV : To draw in a vertical plane hehveen two 
given points a ciu*ve of given length such that its center of gravity 
shall be as low as }}Ossihle? 

Taking the positive i^-axLs vertically upward, we have to mini- 
mize the integral 

J= ( 'yv'y+y'dt 
while at the same time 






dt 



has a given value, say I . 

Here ^ 

H = (y + \)Vx" + y" . 

1 Compare §25, c) and §28, 6) ; in particular footnot© 2, p. 142. 

2 Position of equilibrium of a uniform cord ausx)ended at its two extremities. 
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Usiiij? the fii^t of the two diffcanential equatioiis (8i, we obtain at 
oiict^ A first inteigrnil 

Vx^ + W'* 

On acccHint of f 10>« c most hare the same constant Talne all alonir 
the cwrvt*. 

If r =0, w>? obtain- the ;f^ution 

X = const. , 

which is pos;sible onlj if the twx^ gipra points lie in tlie same t«- 
tical line. 

If <r :t:0« wie obtain as general solution of £uler*s equation 
twK!» s vsletBs of catenariei^ : 



iUi 



Dutfrff^imaikm of tk^' <%mfiiamfyi. If w^ $«ippof^ x«.<Xi. die 
conslant fi must he positive in ordkr tbit w^ out hav^ C«.< #,, 

^noe tbe cartv^ is to |ia:»^ throng the twy» gii«n points. ti»^ 
MlowiDs^ equatioiis m«ist be satisfied : 

3to«w<w . tiie cnrc^ 10^0^4 ba^ie tfe ^vem Ifn^iAk ^ ; tios fomisbes 
t^ fortiier eqvjttioB 

F^ma ^bps^ £ve eqxuiXkiBs we hkvt lio detarmiiie t^ £i»e <icin<4sDts 

If ive xDitrodocir i]i«diead <€ t. aad 1i td»e tm^ ^^aaiitities " 

r. -^t x,-^x,. — ^ 



t.-t. 



2^ 



turn (81. 
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y^— y^ziz ±2)8 sinh /A sinh v , 
Z = 2)8 cosh /A sinh v . 
Hence we get 



(15) 



tanh /A = ± ^^^-y^ . (16) 



Since we suppose 



l>\ {x,- x^f + (2/, - y^f > 1 2/1 - 2/ol , 

each of the two equations comprised in (16) has a unique solution m. 
Further, we obtain from (15) : 

^-(^i-2/»)' = 4/3^sinh^K , 
and therefore 



sinh_.^ l /'-(y.-yj- ^ 8ay = *. (17) 

K iTj Xq 

Since A: > 1 the transcendental equation (17) has one positive root v. 
After M and v have been determined, the values of a, /3, X, fo, <i 

follow immediately. 

Each of the two systems of catenaries (14) contains, therefore, 

one catenary satisfying the initial conditions. 



§40. THE SECOND NECESSARY CONDITION 

We suppose that the general solution' of the differential 
equation (1) has been found : 

x = f{t,a,p,\) , y = g{t,a,p,X) . (18) 

It contains, besides the two constants of integration a, fi^ 
the isoperimetric constant X. 

Moreover, we suppose that a particular system of values 
of these constants 

has been determined* so that the extremal 

1 Compare the remarks in §25, a). 

^Thoro are five equations for the determination of the five unknown quantities 
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Gu: 



U^t^ti 



(19) 



X=f{t, a,,, p^, V> 

passes through the two given ix)ints and 1 (for / — /q and 
f = fi respectively), and furnishes for the integral K the 
prescribed value / : 

We suppose that the functions f^ {hft* ih-ftt* (ht ^^^ 
their first partial derivatives with respect to a, )S, X are con- 
tinuous functions of their four arguments in a domain 

:P-I^, ^d , |X~X, ^d , 
where ro</oand Ti>fi. 

Further, we assume that for the i>articular extremal Co 
ff + y}^0 in (T,T,) , 

and ihhi ffff^ — /.//, and/i//^ — /sf/f are linearly independent.' 
Finally we retain the assumption introduced in §31* that 

(?0 is not an extremal for the integral A". 

a) A Irnrmi on a verfnin ff/jw of admissihlr rariations: 

In §39 the existence of admissible variations of the form 

( = (it, c) , rf = rf{t.€) (21) 

has been established, satisfying the conditions enumerated 
on p. 122, footnote 1, and besides the isoperimetric condition 

AJBr = 

for eTBTj sufficiently small Tsloe of jcj. 

Wrom the latter condition it foUom-s that »ko 



Qi/iice we oLUin lu [Mirtknliir for €^^0: 
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f ' («,/> + 0,q + G^.p'+ G,. q') dt = , (22) 

where 

P = iAt.O) , q = v^{t,0) . (23) 



If we transform the left-hand side of (22) by integration by 
parts, and remember that, as in §25, o), 

where 

U = G,„ - G,;+ G,{yy'' ^ x-y) , 





G, 


_ ^x X _ ^x 1/ _ Guv 

y"^ xy x'^ ' 


we obtain 










where 




w — y'p — x'q . 



Since jj and q vanish at Iq and /j, the same is true of ir. 

I7ce versOj the following Icinma^ holds: 

Let 117 be any function of class D' which satisfies the con- 
ditions 

to{U) = , w{U) = i) , (24) 



r ' Uwdt = ; 



(25) 



then it is always j)os8ible to construct an admissible varia- 
tion of type (21) for which 



|«-.» 



Proof: Since @o is ^^^ ^^ extremal for the integral JC, it 
follows that [7^0; it is therefore always possible so to 
select a function Wi^ of class D\ and vanishing at /q and /j, 
that 

1 Due to WEIEB8TRAS8 ; see Kneseb, Mathematiache Annalen^ Vol. LV, p. 100. 



iir» 


CALCULI'S OF V.lRtATtONS 




i rir.dt^O . 




*'^. 


Xow 1^. 






« := tM- 4- €, H\ . 


auiU chLH.»»e 






C^ ^'« --^'« 




y-^^-^ ' '^ x'-^ff- • 
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•2. 



'rhtJMM fiuietii>ui> vujtijb^ ikt t^ and *|_ fur all values of the ctJOf- 
i^fctiiirs v^ «^ ; they represeat admiBBiblif varimrhmfr i£» OB^re- 
ovm\ the comiitava 

A^ = (1) 

ib^ satintieU. 

IJuc by the ruioiv pcrxrest^ ub^ above, we timi: 

^luciuitH^ txi tile «ii|]tiiiiijjja.( t)w..tJiiiibt:iin Sir ^ .i.anii{nif *iiu?- 
tiuii Nvhicli, ju. ^tn^uunr *jz i:i!<V- iu- «jf tiie Sinn.' 

lfiMt%)^ if:\iftf umiy u rile lurrnin**!!!' .^LlT - \,J^fr ITi^yirr ^ 



§40] ISOPEBIMETBIO PROBLEMS 217 

"^^^^^ H = F + KG . 

The first integral is zero since ^ is an extremal. 

To the second integral we apply the transformation of 
§27, a). We thus obtain the result : 

where H^ and H^ are derived from H in the same manner 
as Fi and F2 from F] see §24, b) and §27, a). We shall 
denote the first term on the right-hand side by ^irj. 
For a minimtim it is therefore necessary that 

and on account of the lemma proved under a) this condition 
must be fulfilled for every function w of class D' which sat- 
isfies the equations (24) and (25). 

c) The second necessary condition: Since we can con- 
struct admissible variations* which vary the arc 6© ^^^y 
along any given subinterval {ft'') of (/ofi), we can apply to 
the above integral the reasoning of §11, 6). Hence the sec- 
ond necessary condition for a minimum [maximum) is that 

H,^Q (^0) (II) 

along the arc (Sq, 

This is the analogue of Legendre^s condition. Also the 
second necessary condition for the isoperimetric problem 
coincides, therefore, with the second necessary condition in 
the problem to minimize the integral 

H{x, y, x\ y')di 



J to 



without an isoperimetric condition 

1 Compare §39, a). 
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§41. THE THIRD NECESSARY CONDITION AND THE CONJUGATE 

POINT 

We assume in the sequel that (II) is satisfied in the 
stronger form 

if, > along (So . (XT') 

It follows, then, by the method of §11, 6), that (29) is sat- 
isfied, provided that the point 1 is suflBciently near to the 
point 0. 

We have next to determine how near the point 1 must 
be taken to the point in order that the inequality (29) may 
remain true. And it is at this point that the equivalence of 
the two problems, which tee haire been comparing, ceases,^ 
In the unconditioned problem the inequality (29) must be 
fulfilled for all functions ic of class D' which vanish at (q 
and ti ; in the isoperimetric problem only for those which 
besides satisfy the equation (25). It is therefore a priori 
clear that the condition (29) is certainly fulfilled for the 
isoperimetric problem if it is fulfilled for the unconditioned 
problem. Hence if we .denote by T' the upper limit of the 
values of ti for which the inequality (29) remains true in 
the isoperimetric problem, by T" the corresponding upper 
limit for the unconditioned problem, then T is at least equal 
to 7*', but it may be greater, and in general it actually is 
greater, as will be seen later. 

a) Determination of the conjugate 2>oinf : The point T 
can be determined by a proper modification, due to Weier- 
STRASS, of the method for the determination of the conjugate 
{X)int in the unconditioned problem:^ Since we consider 
only those functions w for which 

I This has first been discoverpd by LundstrOm « ^* Distinction des maxima et des 
minima dans un problftme isop6rim6trique," Nova acta reu. ffoc. «r. Vpsaliensis^ Ser. 
S, Vol. Vll (1869) ; compare also A. Mayeb, MathematUcke Annalen^ Vol. XIII (187K), 
p. 54. 

2 Compare g§12, 13, 16, 27, b). 
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Utvdt = , 
we may write SrJ in the form 

fi being an arbitrary constant. Transforming the first term 
by integration by parts (see §12) and remembering that w 
vanishes at to and /j, we obtain, if w' is continuous in (/q/i), 

Xr, 
w\^{u^+fiU]dt , (30) 

""^^^^ * M = H,w - ^^ {H, w') . (31) 

To obtain the general integral of the diflferential equation 

*(«;) + /xC7 = (32) 

we substitute in the diflferential equation' 

iorx and y the general integral (18), diflferentiate with respect 
to a, ^,'X respectively, and finally put a = ao, ^ = /3o, X = \^. 
If we denote 

^At)=gJa-ftga\ 

02{t)=gtffi-ftgfi Ma = ao , p = po , A = Ao) , 
0^{t)=gtf^-ftg^) 
the result^ is as follows : 

1 H means here : F-\-\0 , 

2 For the compatation compare §27, 6). In the differentiation with respect to A 
an additional term appears on account of the factor A which occurs explicitly in 
F-\-\G . The immediate result of the differentiation is 

»■♦(», CO) + (o,-|jG,.) = Oi 

bu^ according to §25, equation (18), 



hence the above result. 



«»-5io.. = »p, 
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* {e, (0) = , * {e,{t)) = , * {e,{t)) + u = o . (33) 

Hence we infer that the function 

w = cA{t) + cA{f)+f^O,{t) , 

in which Ci and Co are arbitrary constants, is the general 
integral of the diflferential equation (32). 

Now if it were ix)ssible to find values for q, C2, /a and a 
value r such that 

w{U) = cA{to) + cA{to)+fJ^0,{Q=O , 
IV (t) = cA in + cAin + f^W) = , 

r Uwdt = c,C ue,dt + c^C ue^dt + fiC ue^dt = o , 

^U\ •^'o *^'o •^'o 

the second variation could be made equal to zero (and there- 
fore presumably A ,/<{)) by choosing w equal to zero in 
(/7i), and equal to this particular integral in (V ). 

In order thai S^J^O for all admissible functions w, it 
is therefore necessary^ that 

0,{to) 0,{to) 

0,{t) 0,(t) 

f ue^dt 



JD{t,t„): 






r 



ue.dt , 






dt 



^0 (34) 



for 



to<t^t, 



1 Weierstrass, lectures, 1872. This condition, to^rether with H, +0 in (tj^), is 
also sufficient for a permanent sign of 6^ J (Mayer. Mathematische Anntilen^ Vol. XIII 
U878), p. 53). The proof is based upon the following extension of Jacobi's for- 
mula (14) of § 12 for the unconditioned problem : 

(pu -f qv) '1ripu-\- qv) = H^ {p'u -\- qvf - 2q ( p'm + q'n) 

- [H,(pii4-9v)(p'ii + gr)-(pOT+gn)9] , 

where u^v^m^n are the functions introduced below, under fc), and p and q are two 
arbitrary functions. Compare Bolza, "Proof of the Sufficiency of Jacobi's Condi- 
tion for a Permanent Siffn of the Second Variation in the So-called Isoperimotric 
Problems." Transactions of the American Mathemaficnl Society, Vol. Ill (1902), p. 
305, and Decennial Publications of the University of Lhicago, Vol. IX, p, 21. 
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If we denote by /q t^® ^^^^ i^^^t greater than /q of the 
equation^ 

the above inequality (34) may also be written 

ti<t; . 

The point /q of the extremal @q is again called the conjufjafe 
of the point /q. 

b) The third necessary condition: The preceding result 
makes it highly probable^ that the minimum cannot exist 
beyond the conjugate point. And indeed it can be proved* 
by a modification of the method employed by Weierstbass 
for the analogous purpose in the unconditioned problem,* 
that if /o<^i» the second variation, and therefore also AJ^, 
can be made negative. 

For the proof it is convenient to throw the determinant 
D{t, to) into another form in which its properties can be 
more easily discussed. 

Let 

n = e,{to) 0,{t) - e,(f,) 0,(f) = u (/ , to) , 

V = cA{t) + cA(t) - ^3(0 = ^'(^ Q , 

where the constants Ci, Co satisfy the equation 

cA(to) + cMfo)''0,{to) = o . 

These two functions* satisfy the two diflferential equations 

< />(f , t^^ cannot vanish identically; see below, under 6). 

'^Compare remarks in §14, p. 59. 

3 The proof has been Riven by Knesbs, Mathematiache Annalen, Vol. LV (1902), 
p. 86. From the statements in Hormann*h Duaertation (GK>ttinRen. 1887) it appears 
that Weiebstrass was in possession of essentially t:he same proof, but I have been 
unable to ascertain whether he has ever given it in his lectures. I reproduce in the 
text Knebeb's proof in a slightly simplified form. In §40 of his Lehrhuch, Knebbr 
gives another proof which, however, presupposes that />f (f^ , ^q) 4=0 

* Compare §16, p. 65, footnote 1. 

^ Neither u nor v can be identically zero. For since, according to (20), 0] {t) and 
<lj (0 are linearly independent and H| ^0 in (f,,^]), ^i (^ ^"^ ^2(^0^ ^^ °^^ ^^'^ eero. 
and therefore u ^ . v cannot be identically zero since U^O. 
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4'(«)=0 , ^{t') = U (35) 

resi^ctively, and both vanish at /q • 

u(Q = 0, v{to) = 0, (36) 

Hence the determinant £>(/, /q) reduces, after an easy trans- 
formation, to 

D{t, Q = mv-nu , (37) 

where 

m= I Uudt , w= I Uvdt . 

From (35) follows : 

t;*(ii) — w*(r) = — H,(Mt;'— w'r) = —uU . 

Integrating and remembering (36) we get 

H,{uv- uv) = - w . (38) 

Again, we obtain by differentiating (37) with respect to / : 
D = niv — nu , 



and therefore* 



Du-D'h = -^ (39) 

Til 



From the preceding equation it follows that D Ar/^s at 
(q a zero' of an odd order, exc(*pt when w(/o) =0. 

After these preliminaries, we write the second variation 
in the. form 

SV=: - ek ^' v?dt + ^ ^ ' w\^ {%c) + iLU]dt , 

ilf we denote by f^' the root next greater than t^^ of the equation tt(0 = 0, the 
relation (99) shows that t^ ^ f^' . For, since tt has at Iq a zero only of the first order, 
the quotient D/u vanishes for f^, and therefore 



^ = - r' ^' 



which proves that Z) ^ for t^<t<t\^, 

3 D cannot vanish identically ; otherwise m and therefore also tc would Tanish 
identically, which is incompatible with our assumptions. 
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whf^re k is an arbitrary positive constant and 

Now let u and v denote those particular integrals of the 
differential equations 

*(u) = , *(«;) = U 
respectively, which satisfy the initial conditions : 

then it follows from a general theorem' on differential equa- 
tions containing a parameter that 

L {u{f) - u{t)) = , L (v{t) - v{t)) = , 

uniformly with respect to the interval (Vi) of t . 
Hence, if we put 

m= \ Uu dt , n = \ Uvdt , 

D {t , to) = ihv — riu , 
we have also 

L D{t, to) = D{ty to) , uniformly in {to, t^) . 

Now suppose that 

to < tt 
and that 

u{to)^0 . 

Then D{t, to) changes sign at /J, as has been shown above; 
we can therefore choose two quantities ^3 and t^ satisfying 
the inequalities 

to<t3<to<t^<ti , 

1 PoiNCARti, Micanique cSleaie, Vol. I, p. 58; Picard, Traiti d* Analyse, Vol. Ill, 
p. 157; and £. II A, p. 205. The assumption Hj ^0 in (i^i) is essential for this con- 
clusion. 
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and so near to /q that D{t, /q) ^^ opposite signs at f^ and t^. 
Now select k so small that also D{tj Z^)) ^^^ opposite signs at 
/s and ti ; then />(/, /q) vanishes at least once at a point 
/q between t^ and /4. 

But since D{to, /q) is equal to zero, we can determine two 
constants Ci, C2, not both zero, so that 

cMto) + c^n(i:) = . 
Now if we choose 

w = c, M + Cj r in {to to ) , 

w =0 in (7o' <i ) , 

and give the arbitrary constant m the value — Co, then w sat- 
isfies the differential equation 

and the conditions (24) and (25). 

This function w makes irj negative, viz. : 

It remains to consider the exceptional case' when M(fo) = 0. 
This can only happen when at the same time m(/o) = and 
^(/q) = 0, as follows at once from (39) and (38), if we remem- 
ber that JEZ'i=<=0 in (t^i) and that u and 1/' cannot vanish 
simultaneously. 

In this case we can make SrJ — by choosing m — and 

tv = u in (^0^0) ' w=0 in (fo^) : 

and by a slight modification of the method used by Schwarz* 
for the proof of the necessity of Jacobi's condition in the 
unconditioned problem, it can be shown that S^J c^n be 
made negative by choosing 

> For this exceptional case, see Bolza, MathemaiiBche AnruUen, Vol. LVII (1906), 
p. 44. 

i Company % 16, p. 65, footnote 1. 
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w = u-]-kH in (/oO , ir = ks in (^o^) , 

where 

8Udt = . 






We thus reach in all cases the result that th(3 third nrccs- 
sartj condHionfor a viinimuin is that 

D{t,to)^0 for t,<t<t, , (III) 

to ^ t, . 

c) Knesers form of the determinant D(t, to): Let b{t = tM) be 
a point on the continuation of the extremal (So beyond the point 0, 
taken sufficiently near to 0, or else the point itself. Then it fol- 
lows from our assumptions concerning the general solution (18) of 
the differential equation (I) that there exists* a doubly infinite sys- 
tem S of extremals passing through the point 5 : 

x = <t>(t,a,b) , u = ip(t,a,b) , (4()) 

and satisfying the following conditions : 

1. The extremal (So is contained in the system Z, say for 
a= Oo, 6 = 6o. 

2. The functions 

and their fii*st partial derivatives with respect to a and h are con- 
tinuous in a domain 

T.^t^T,, |a-ao|^rf, , \b-b,\^d,. (41) 

where Ty,<it:M< tu <ti<Ti and di is a sufficiently small positive 
constant. 

3. 0j + fj 4= in the domain (41). 

4. The value f = fj, to which corresponds on the extremal (a, 6) 

^It x=f[t, a, 0, A), y = git,a,fi^\) represents an extremal passingr tbrouffh the 
point 5 (say for t = /jj), the quantities a, /3 , A , ^^ must satisfy the two equations 
/(f^, «, ^, A) -/(f,^, «„, 00, A„)=0 , 
(^«5,a,0,A)-i7(/5o,«o,0o.V=O. 

Solving with respect to t^ and A and remembering (20), we obtain the results stated 
in the text. 
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tbp point 5. iif ^ funetioD of a siDd 6 . of cla.*«i> C in the Ticinitr of 
From tbe definition of f^. aeoocding to which, 

it foilowK bv differentiatkn that 






(42» 



5 



5, X iH a function of a, 6 of claiw C in the Ticinitj of cu.. 6i, 
aiKl the two derivativ€f« 

are not both zero, since ^j (/) and 9^{t) are two linearly independent 
integrals of 4^(1/) =0 (compare (33)). 
We shaU denote by 

V(t,a,h) , 0(t,a,b) , H(/, a, 6) , G,(f,a,6). etc. 

the functions of /, a, b into which F, (?, if, G,, etc^ change on 
KulMtituting 

x'=tf>f(t,a,b) , y'=^,(/,a,6) . 

The integral /iT taken along any extremal (a , 6) of the system Z 
from the point h(t = ti) to an arbitrary point f, is a function of 
t^ a, b, which we denote by x(t, a, 6) : 

X(t,a,b)= C 0(f,a,b)dt . (43) 

Finally we denote by A( /, a , 6) the Jacobian of 0, f , x : 

Then WeierHirtUMH functUm D(t, tut) differs from the Jacobian 
A(/, fio, 60) only by a constant factor : 

IHf*ty) = C^(t,a^,h) . (44) 
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Proof: For the partial derivatives of xC, o, b) we obtain the 
following values 



X«= r'(G.*a + G»^a + G.*«a + G,Wd<-G 



da 



Applying the usual iategration by parts and remembering that * 



G^-~G, = v'U , 



^'-|^» = -^'^' 



we get 



The tenns outside of the sign of integration reduce to 



aa • 



on account of (42). 

A similar transformation applies to xu • 

We substitute these values of Xt.XayXb in ^ (^ «> ^) ^^^ then 
put a = Oo, 6 = 60, which makes <6 = 'w . 

Writing for brevity 



^—^t4>»—4>t^n\ 



B = ^t^b—<^t^b 



0=00 
6=60 



ilf = J^ UAdt , ^ = X ^^^^ ' 



we obtain for the Jacobian the expression'' 

A(/,ao, h^-MB-NA . 



(45) 



It is now easy to establish the relation (44) ; for if we substi- 
tute in one of the diflFerential equations (8) for x^y the functions 
4»(t,ajb)yi^{t,ajb)j diflFerentiate with respect to a and then put 
a = Oo, 6 = 60, we get 

similarly : 



1 Compare equation (18) of §25. 

2KNESEB, Mathcmaiiache Annalen^ Vol. LV (1902), p. 95. 



<V^ . *T. r.^*^.-, -^tlM*.. .T" 



J y^ 






.//// f ^ yf/ 



/l-'f ^ 






n 






.|(M( M|(li,;ii Hull lllf flllthlMlllMl lif|HMllMMM fiM' llinlwn |inih 
|i IM" III t tiHM- Itll Hill III li^ lIlM HMlmlllMliMM K l/\. 

M'lil li|||l|l!lM|< llilll III lililll jiMlhllMMN lIlM j4tviMI OIhI |Mi|tltH 
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initial conditions for both problems. Then the equivalence 
of the tiro problems still holds for the second variatimi. 
For since 

Hi has a permanent sign so long as Hi has, and vice versa. 
The sign is the same if X is positive, the opposite if X is 
negative- 
Further, the conjugate to the point is the same in both 
problems : 

K = K . (48) 

For the system 2 of extremals through the point is the 

same in Ixjth problems. 

Besides 

U =T ; 

henc;e since the extremal (Sq satisfies the differential equation 

we have, along @o ^ 

i/= -Aot; , 

and therefore, according to (45), 

A(f , a.„ h,) = - KA{t, ao, 6o) , (49) 

which i)roves our statement. 

This result is due to A. Mayer, and has been called by 
him the law of reciprocity for isoperimetric problems} 

e) Example XIII (see p. 210) : From the expi-ession (12) for Hi 
it follows that X must be negative in case of a maximum. Equa- 
tion (13) shows, then, that the vector from any point of the curve to 
the center must be to the left* of the positive tangent. Of the two 
arcs which satisfy the differential equation and the initial condi- 

i Matheniatinche Annalen^ Vol. XIII (1878), p. 60; compare also Kneseb, Lehr- 
btuh, pp. 131 and 136. 

- If, as wo always suppose, the positive y-axls lies to the left of the positive x-axis. 
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tions only the one above the ir-axis satisfies this condition. This 
arc may be represented in the form 



X = au — \o cos t ) 
y = i^o — Ao sm / i 

Hence we obtain 

0^ (/) = - A,, cos f 
^2 (f ) = — Ao sin t 

Again, 

jc y — X y 

FIG. 45 U = y—=====ry 



(50) 




•ding to (13). T] 
D (t, to) = 4X* sin CD (sin a> — « cos w) , (51) 



which is equal to — l/X© along ©o, according to (13). This leads 
to the following expression for D(t, to) : 



where 

t-ta 



) 



Hence we easily infer that the parameter to of the conjugate 
point is : 

t: = #0 + 27r . (52) 

The arc Go satisfies, therefore, the condition 

ti < ti . 

On the other hand, in the problem to maximize the integral 

* '0 

without an isoperimetric condition, the conjugate point ti' is 
determined by the equation 

0(^/o)= -X;sin(/-/o) = , 
whence * 

ti' = to+7r , 

1 The same result follows from the geometrical interpretation ofJacobi's cri- 
terion : The extremals through A are circles of radius A^ ; their envelope is a circle 
about A of radius 2\, which is touched by each circle « through A at the point dia> 
metrically opposite to ^ on (E . 
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BO that, in accordance with the general theory, 
/) Example XIV (see p. 211) : We have here 

hence for a minimum it is necessary that 

2/ + AX) . 

Of the two solutions (14) of the differential equation (I) which sjit- 
isfy the initial conditions, only the one in which the upper sign is 
taken in the expression for y+ X, fulfils this condition. 
For this solution we obtain 

6, (0 = A. sinh / , e^{t) = po{t sinh t - cosh /) , ^^(0 = A , 
x'y" — x"y _ 1 



Hence follows 



'0 

J^ f7^3rf<^ = r tanh/T, 

and the expression for D{t , /») reduces to * 

D{t,U) = pt (2 cosh {t - Q - 2 - (^ - Q sinh (t - Q) , (54) 
or, if we put 

D (#, /o) = "^pQ sinh a> (sinh oi — a> cosh <i>) . (54a) 

The function sinh w is positive for every positive «, and the 
function 

^ (a>) = sinh o> — a> cosh w 

is negative for every positive w, since 0(w) = and 
^' (a>) = — a> sinh 01 . 

1 First ffiven by A. Mayer, Mathematische Annalen^ Vol. XIII (1878), p, 67. 
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Hence there exists no conjugate point, and the third necessary 
condition is always satisfied. 

The same result is even more easily obtained by using Kneser*s 
method : * 

If we let the point 5 coincide* with the point and choose for 
the two parameters a, b the quantities 

a = 4 , b = ,3 , 

the system of extremals through the point is represented by the 
equations 

jr —XQ = b{t — a) , y -^ yQ = b (cosh t — cosh a) , (55) 
Hence we obtain 

X (^ a , 6) = r I'x'^ + y^ dt = b (sinh t - sinh a) , (56) 

and therefore 

A (/, a, 6) = 6» [2 cosh (t - a) - 2 - {t - a) sinh {t - a)] , 

which for a = at,(=fo), 6 = 5o( = /3o) reduces to the expression (54) 
fori)(f,/«). 

§42. SUFFICIENT CONDITIONS 

The argumentation of §28 applies, with slight modifica- 
tions,' to the present problem, and leads to a fourth necessary 
condition for a minimum : 

1 Compare Kneser, Lehrbuch^ p. 143. 3 Compare the introductory lines of 9 ^iO)* 
•'These modifications are: 

1. The variations f , ij must now satisfy the isoperimetric condition: 

in addition to the c<mditions stated in §2S, a). To obtafn sucn variations, let 

/),,9,(t = l,2,3) 
be arbitrary functions of t of class C satisfying the conditions : 

P/(V=0, qi(to)=0, p,(f2)=0, ^i^a)-®, 

P2<'2) 9b W-PzW 92 (^2) +0 , .V, 4^ , 
A'^ having the same signification as in §39, a). Then the functions 

^"-•iPl -i-*2P2 + '3PS' '» = «l9l + «292 + *393 

will satisfy all the required conditions if C| « «2« *3 ^'^ determined by the equations 

* ('2^ ~ ^2 ' ""li^i) ■= '?2 » •'mm ~ ■'^02 ~ ~ '^41 ' 

which is always possible under the above assumptions concerning p^ y,. 

2. A J has to be replaced by ^ J-f-A^^AT. 



"^ 
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If we denote by E(j*, y ; Ji, q', i>? 51^) the function de- 
rived from H^=^F ^ \G exactly in the same manner in which 
the E-function for the unconditioned problem is derived from 
the function F (see equation (48) of §28), then the fourth 
nrcessary condition for a minimum consists in the inequality' 

E(^,^; P,^; 7>»5|\)) ^0 (IV) 

whicli must be fulfilled along ^ the arc @o ^^^ every direction 

f^ q- 

The question arises, now whether the four conditions 
(I)-(IV) are sufficient for a minimum. 
a) Weierstrass'^s construction: Let 

6: :ir=^(«), y = ^{8) , 8^^8^8i , (57) 

l)e any curve of class C\ different from @o> joining the points 
and 1, lying in the region'* fi and satisfying likewise the 
iso{)erimetric condition 

K^tl = I ; 

for .s we take for simplicity the arc of the curve G. 
We propose to express the diflference 

^ «/ = </oi — t/oi 

in terms of the E-function. 

For this purpose we take a point 5 on the continuation of 
the arc @o beyond 0, but not on (S, and consider with Kneser* 
the doubly infinite system 2 of extremals through the point 5 : 

e : x = <f>{t,a,b) , y = ^(f , a, 6) (58) 

introduced in §41, c), the arc 6o being given by 

a: = </>(^ Oo, 6o) , y = ^{t,€io, bo) y U^t^t, , 

1 WEIER8TRA88, Lecturcs, 1879. 

2 In the same sen»e as in g28, a). 3 Compare §24, h) and §39. 

4 Wbierstrarh considers instead the set of extremals through 0. Compare p. 
TAOy footnote 1. 
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We shall say that for the cur\'e 6 Weiersirasss constriicfion 
is j)ossihIr^ if the j)oint 5 can be so chosen that the follow- 
ing conditions are fulfilled : 

A) Through every jxjint 2 of the curve G there passes a 
uniquely defined extremal ©2 <>f ^^^ system 2 : 

e,: ^ = </>(/,«,, ft,) , y = ^ (^ «2, M , (59) 

lying wholly in the region fi and such that the integral K 
taken along 63 from 5 to 2 has the same value as when taken 

from 5 to along (^ and then from 

to 2 along @ : 

K^ = K^+K^; (60) 




FIG. 46 



and when 2 coincides with or 1, the 
extremal @2 coincides with @q. 

This means analytically: There 
exists a system of three single-valued functions 

f = f («) , a = a{8) , 5 = 6 («) 
such that 

<l>{t{s),a{s),b{8))=i{s) , 

^{t{s),a{8),b{s)) = ^{8) , 
X{t{8).a(8),b{8)) = x{^) + K^ 



(61) 



where x(f'> ^*> ^) has the same signification as in equation 
(43), and 



Moreover : 



^ ^^^ = X' ^' (* ^^) ' ^ ("^^ * *' ^'*^ ' ^' ^*^) '^'^ 






a («o) = Oo » 
a («i) = Oo , 



6 («o) = fto , 

b («,) = 6„ . 



(62) 



B) Tlie three functions /(s), a(s), 6(s) are of class C in 
(soSi)- 



:j 



1 Compare Kneskk, Lehrbuch, p. 133. 
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C) If S2 he any value of s of the interval {sqSi) and we 
denote : * 

then the functions 

</>» 'A* </>M 'Am </>//» ^fr 

and their first partial derivatives with respect to a and /> are 
continuous in the domain 

hi^t^ti , ; a — «2 1 ^ c/a , ib — b^l^di, 

(U being a sufficiently small positive quantity, and moreover 
the function^ ^(«> 6) is continuous at (02, ^2)- 

These conditions admit of the following geometrical 
interpretation:* 

We adjoin to the two equations (58) the equation 

z = x(^ a, 6). (588) 

Interpreting then x, y, z as rectangular co-ordinates in 
space, the equations (58) and (58a) represent a curve in 
space, (£', whose projection upon the x, t/-plane is the ex- 
tremal 6, and whose 2:-co-ordinate indicates at every j)oint / 
the value of the integral K taken along @ from the iwiiit 5 
to the point /. 

We thus obtain, corresponding to the system 2, a doubly 
infinite system 2' of curves in space, all passing through the 
[Kjint 5 : 

The particular curve @o adjoined to the curve Qq passes, 
besides, through the two points 0' and 1': 



()': 


X = Xo y 


y = yo y 


Z — Z,) — A 50 , 


1': 


X = Xi , 


y = yi y 


z = z, = K.^ + l . 



In like manner we adjoin to the cur\'e G a curve in space, 

iFor the notation seo §41, c). a Compare §41, c). 

«\Veiek8TBA88, Lectures^ 1879; compare also Kneser, Lehrhurh. p. 140. 
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6', by combining with the two equations (57) the third equa- 
tion 

z = x(») + K^ . (57a) 

The curve 6' passes likewise through the points 0' and 1'. 

The above assumptions A) and B) may then be couched 
in geometrical language as follows : 

Through every point 2' of the curve 6' there passes a 
uniquely defined curve of the set 2' ; it changes continu- 
ously as the point 2' describes the curve 6' from 0' to 1' and 
coincides with Qq' when 2' coincides with 0' or 1.'. 

Under the assumption that Weierstrass's construction 
is possible for the curve (^, we consider as in §20, 6) and 
§28, (/) the integral J taken from 5 to an arbitrary point 
2{s = S2) of 6 along the uniquely defined extremal (S2, and 
from 2 to 1 along 6, and denote its value regarded as a 
function of Si by 8(82) : 

Then as in §20, 6) 

AJ=-[s(i^,)-'S(«o)] . 

The integral K taken along the same path has the constant 
value / -r K^ : _ 

since Kai = Koi-\-Kzi = l and K^ = Kq^ + K^. Hence it 
follows that we may write 

dS(s,) _/dJ^,. dKU\ , /rf*/« , . dK,y\ 

Proceeding now as in §28, d) and remembering that the 
extremal @2 satisfies the differential equations 

where 

H = F + K,G , 
we obtain the result 



-i 
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dS(8i) _,_ _ _ _ , ^ . 

—^ = — E(^2» 2/2; P2» q2'y P2, <l2\^) » 

the direction-cosines 2h^ Q2 ^^^ Pz^ ^h referring to the curves 
®2 and G respectively. 

The result can again easily be extended to curves 6 hav- 
ing a finite number of corners. 

Thus we finally reach the result* that whenever Weler- 
strass^s construction is possible for the curve G, Weier- 
strass^s theorem also holds : 

J^*i _ _ _ _ 

I E (Xa, ^a ; p„ q^; />2 , c^2 1 ^2) dSj . (64) 

■0 

6) Hence we infer that AJ^O whenever 

E (ia, yi'y P2y q%', P2, ^2!^) ^0 throughout («o«i) . 
If moreover y the 'E-f unction vanishes only when p^^Pzy 
Q2 — (Z2> ^^(i if besides 

A (fa, Oa, 6a) 4= along 6 , 

At/ cannot be zero, and therefore 

AJ>0 . 

Proof :'^ If we diflFerentiate equations (61) wit^h respect to 
Sy we obtain 

'^' k + *'■£ + "'•" 5i=^*'' 

dt da db -, 

dt da db _ , 

^'ds^^'^ds ^^'ds "^ • 

Now if P2'=p2, <h~<ti'i we have at the point 2 : 
and therefore, since' 

1 Weierstrass, Lectures, 1879; compare Kneses, Lehrbuch^ p. 1S4. 

^Duo to Kneser, Lehrbuch, p. 134. 3 Compare §41, c). 
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also' 

on account of the homogeneity of G . 

Substituting these values in the above equations, we see 
that either 

or else 

d8 cIh 

Hence if 

A(^,,a„6,)=l=0 along^ 6 , 

ao and h^ must be constant along 6, and, on account of (62), 
their constant values must be 

a(«) = a„ , 6(«) = % , 

that is : 6 is identical with the extremal Sq, which is in con- 
tradiction to our assumption that G shall not coincide with 
^. Hence the statement is proved. 

c) In many examples the above theorem is sufficient to 
establish the existence of an extremum. 

Example XIII (see p. 229): The system 2 is the totality of 
circles through the point 5 : 

X — Xi=b{cost — cosa) , 

y — y^ = b (sin t — sin a) , 

the parameters being a = fs, 6 = — X. 

The ordinate z erected at the point t of the circle (a , b) is the 
length of the arc of this circle from the point b(t = a)to the point t : 

z = \b{t-a)\ . (66) 

The system 2 ' of curves in space is therefore a system of helices. 
Through every point (a?, y, z) for which 



z>\/(X'-x,f + {y-y,f>0 , (67) 

>This means geometricaUy : If ^2 touches ^ , then also (^j' touches q\ 
3The result remains true if A (/j. a^, &]) ~^ ^^ a finite number of xK>ints. 
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there passes one and but one curve of the system S' for which 
a<t<a + 2ir , 6>0. (68) 

Moreover the inverse functions t, a^b of x^y, z thus defined are 
regular* in the vicmity of every point (xj, 1/2 » Z2) satisfying the ine- 
quality (67), and take, at the points (xo, yo, Zn) and (x^ y^ Zi) the 
values fo, cf^, &o and fi, Oo, 6,, respectively.^ 

Now we join the two points and 1 by an ordinary curve 6 , 
whose length has the given value / and which does not pass 
through 5. _ 

Then for every point 2 of 6 the sumof the lengths of the arc 
50 of the circle ®o and of the arc 02 of 6 is greater than — never 
equal to — the distance between the^two points 6 and 2, which in 
its turn is greater than zero, since 6 does not pass through 6, /. e., 
the condition 

» Proof: On setting 

t+a t-a 

the equations for the determination of f , a , 6 become 

ar — dTj = — 26 sin y sin » , 

y — V^— 26 cos y sin « , (60) 

z = 26«. 
Hence if we put 

and suppose 



0<»<ir, we get ti = 26sinw, 
and therefore we obtain for the determination of w and y the equations : 

sin » ■ / \ iy /w«\ 

—^=^'^ V-y6-'(-f-^5) = "« ' (70) 

where v = u/z , Since, according to equation (67) , < v < 1 , the transcendental equa- 
tion for tt> has one and but one solution in the interval : < m < >- . 

Moreover if 0<t72<l be any particular value of v, this solution w is regular in 
the vicinity of r = 1^2 » since the derivative of the function sin «/» is 4= for < « < ir. 

Similarly the equation for y has a unique solution in the interval 0^y<2v, 
which is a regular function otx^y in the vicinity of every point (^2 , j/2) di fferent from 

The values of w and y being found, the quantities iyU^h are obtained immedi- 
ately. They satisfy the inequalities (68) and are regular functions of ^, y, z in the 
domain (67). 

2 For, of the two arcs of circles of the system 2 which pass through the point {x , y) 
and have the given length x , the one is described in the positive sense (so that the 
center is to the left) if we start from the point 5, the other in the negative sense. 
For the former the inequalities (68) are fulfilled, for the latter, they are not. 

On the other hand the arcs 50 and 51 of 9^ are, according to §41, e), described in 
the positive sense, and are therefore contained in the above system of uniquely de- 
fined solutions. 
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is fultilleil.* 

Hemv it follows that Weiers trusses construction is possible 
for the curve 6 . 

Fuither we fiml easily that 

it(A»y«; Ps> ^j; Ps* </» \') = -^(1 — c-oso.) . iTi) 

where os is the an^Ie between the positive tiingents to the two 
curvt*s iSt and S at the point 2. 

\» is negative in {S(^i) (since it is equal to — 6*), and «4 cunnol 
vanish identically in Ov^iK 

For, acivixliuK to {S>lK 

S{L^ a,» 6,) = 4 A4 sin a«s(sin «»; ~ ttujcos (hk) , 

and therefoiv 

Sit^. ijUi, b*) ^0 in (s^i<i) , 

since \ «* <v » • 

Hence it follows that 

t!knd thus we reach the result that the ctrc of citr-le Qh fumisiies a 

tjmiter (-ulne for the cwxa J than any other ordinary curvti of the 

satne length which can be drau^ bettwe^n the Amx> jtointa and t . 

The same reasonings slightly uiodilied*' Iead2> to the theorem 

> If wtf haU cakeu, tQt!ite««l of the -iystem of oxtr**auiU ciin»uich ."i. the sy^tom 
tkiruU4(h u. the abuvt^ inequality wuoid be true ouly with c«>rtaia <»XiO«n>tiuus which 
would rvtiuira a siMX'ial discuataou. Conparo (k iS. fbucnuct* 4» 

-The curve «^ U uow oIocmmI; accor(iiu«ciy the points^ <> aud I cuineid*. If w«» 1(H 
also tb« poLDl ~> coiocide with aud cuu2^ider two poiuts -t aitd 4 of 4 for which 
^>^Jt,<»^<*,. weobiain by the same nNtcrouioic aa^ above 



Now let i*^ :»ud h^ appr«Mich s ^"»*'^ '*» r»*>peciiively» theu we tcet 



*■ »« 



Jyj beiuK the ar**a of a cirele «>f the «{iveu i>eriaie(er / . Heuce 



The previous* tuethod is tiofc appUcaUe when the curve '^ be^ias^ at rhe point O 
with a s«j((iueuc of a >traii{ht line, becau:!« tiieu the iue«iuaiity <«>7) i^ not :«atL»tled for 
the t>oinfc ^i. In this ca£«. taice the point -I be>oud the eud-point H of this rectilintfnr 
s^cmvut and let A approach ik Theu Si <, ' approaches atfaui J^^^ with the <«me mkoii 
i» before-. 
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that among all closed ciu'ves of given length the circle includes 
the maximum area. 

Example XIV (see p. 231): Any admissible ciirve_6 being 
given, we choose the point 5 so that for every point 2 of 6 

Then through every point 2' of the space curve 6 one and but 
one curve of the system * S ' : 

X — x^=b{t — a) , 

y — y^= b (cosh t — cosh a) , (72) 

z = b (sinh / — sinh a) , ®\^ 

can be drawn for which pjq ^^ 

t>a , 6>0 . 

This follows from the determination of constants given in 
§39, d). At the same time it is easily seen, in the same manner as 
in the preceding example, that all the conditions for We i er- 
st rass's construction are fulfilled. 

Further we find 

E(^2, 2/2; P2, q2'y Pt, Qal^) = {y2 + K){^ -cosa,) , (73) 

where a, has the same signification as in (71). But, according to 

§41,/), ^ ^ 

2/2 + Aj = ftj cosh ^2 > , 

since 62 >0, and a, cannot vanish identically along 6 since 

A(^2^«2, 62) 4=0 

alongr 6. Hence we infer that 

the catenary @a has its center of gravity lower than any other 
ordinary curve of equal length which can be drawn between the 
two points and 1. 

d) ''^Field^'^ about the arc (Sq ' Returning now to the 
general case, we meet with a peculiar difficulty which has 

1 Compare equations (55) and (56). 
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no analogue in the unconditioned problem. Supjx>8e that 
for the arc Gq? which we assume to be free from multiple 
points, the conditions 

^,>0 (II') 

and 

/,</o' (III': 

are fullilled. 

Does it follow, then, that the arc @o ^^^ ^ suiroundef- 
by a neighborhood (p) such that for every admissible curvt* 
6 which lies wholly in this neighborhood, Weierstrass's 
construction is possible ? 

In the unconditioned problem and under the analogous 
assumptions, this question could be answered in the aflSrma- 
tive;* for flir isoperimefric problem the question has iioi 
yet been anstcered. 

Only the following milder statement can be proved : 
If conditions (II') and (III') are fulfilled, a neighbor- 
hood* (/?') of the space curve ©J adjoined to the arc @q can 
be assigneil such that Weierstrass^s construction is j^ossible 
for ever II admissible cui'^'e 6 irhose corresponding space 
cur re lies tchollff in the neighborhood (/?') of Go'. 
The proof proceeds by the following gtej)6 : 
I. If conditions (II') and (III') are fulfilled, we can take 
the point 5 so near to that for the system of extremals 
through the jK>int 5 not only the conditions enumerated in 
§41, c) are satisfied, but, besides, the following:' 

A (/, a,, ^) 4= for t,^t^f, . (74) 

» Compare §2h. d) and §34. 

-We understand by the noiiirhborhood (p ) of the arc %' tho portion of space 
swept out by a sphere of radius p whose center describes the arc »»„'. 

-J For the proof remember (U>, and notice that the condition for a permanent 
s'ufu of i J may also be written 

/)«<!, n*0 for fo^^</,, 

(compare §41. a)}. The statement follows then by a slight modification of th« 
aiialot^>as proof (fiven by C. Joedax. Court d'AnalyBey Vol. Ill, No. 8«i 
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2. By an extension of the method of §34 we can now 
prove the existence of a *' field" &j^ about the arc 6': 
If 8;^. denotes the domain 

to— €'^f^ti + e , ]a — Ool^A;, \b — bo\^k ^ 

and &fc the image of fi;^ ^^ ^1^® ^» //> 2:-space defined by the 
transformation 

x = <t>(f,a,b), y = ^(f , a, 6) , z = x(^ «, &) , 

then the two positive quantities k and € can be taken so 
small that the correspondence between Bj^. and ft^ is a one- 
to-one correspondence, and that at the same time 

A(f,a, 6) + () (75) 

in fi,,. 

The single-valued functions f^a^h of x, y^ z thus de- 
fined are of class C in &j^, and a neighborhood (p) of the 
arc ©o'can be inscribed in IJj^. 

It follows now easily that for every admissible curve 6 
whose adjoined space curve lies wholh/ in the ^'fiehV &j^., 
Weierstrass's construction is possible. 

e) Sufficient conditions for a semi-strong minimum: 
Suppose now that in addition to the conditions (II') and 
(III') the inequality 

E(^,^;p,g; P,q\K)>0 (IV) 

holds along the arc @q for every direction p, q except 
p-^p, q -q. 

Then it follows from continuity considerations that we 
can take k so small that 

E (ir,, 2/2 ; Pa, q.^ ; i>2, ^al ^) > 

along every admissible curve 6 satisfying the above addi- 
tional condition, except at the points where />•> — i>2i ^2=Q2^ 
at which E vanishes. 
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From Weierstrass's theorem and the inequality (75) 
it follows now that for every such curve G 

A,/>0 . 

Hence, if we modify our original definition of a minimum 
and say : "The arc @o furnishes a semi'Strong minimum for 
the integral J if there exists a neighborhood {p) of the 
adjoined arc Gq such that A.7^0 for every admissible curve 
6 whose adjoined space curve CS' lies wholly in this neigh- 
borhood (/>'),'' we can enunciate the 

Theorem:^ The ejcfremal Gq {which we suppose free from 
multiple points) furnishes a semi-strong minimum for the 
integral J with the isoperim^tric condition K=^L if the 
conditions {IF), {IIF), (IV) are fulfilled. 

It must, however, be admitted that the restriction which 
we impose in the "semi-strong" minimum upon the varia- 
tions of the arc Gq? is rather artificial and alters completely 
the character of the original problem.^ 

IWeiesstbakr, Lectures, 1K82: compare KxESERf Lehrhuch, gg% and 3R. 
Mayer » lair of reciprocity extends to the sufficient conditions for a semi-stronf? 
eztremnm, since, in the notation of §41, i/i, b;=:l AB. Compare Kne8ER, Lehr- 

3 As a matter of fact the preceding theorem does not contain a solution of the 
isoperimetric problem orifcinally pro|>ose<], but a solution of the following problem, 
which is usually (but unjustly) considered as equivalent to the isoperimetric prob- 
lem, viz. : 

Among all curves in space which pass through the two points 
' = •»•„, y = yo' * = and x = x^, y= y^, g-l 

and satisfy the differential etiuation 

to determine the <me which maximizes or minimizes the integral 

C' 



? 



CHAPTER VII 

HILBERT'S EXISTENCE THEOREM 

§43. INTBODUCTOBY BEMABKS 

If a function f{x) is defined for an interval (a6), it has 
in this interval a lower (upper) limit, finite or infinite, which 
may or may not be reached. If, however, the function is 
continuous in (a6), then the lower (upper) limit is always 
finite and is always reached at some point of the inter- 
val : the function has a minimum (maximum) in the interval. 

Similarly, if the integral 






is defined for a certain manifoldness tH of curves, we can, in 
general, not say a priori whether the values of the integral 
have a minimum or maximum. But the question arises 
whether it is not perhaps possible to impose such restric- 
tions either upon the function F or upon the manifoldness 
ft (or upon both), that the existence of an extremum can be 
ascertained a priori. 

In a communication to the "Deutsche Mathematiker- 
Vereinigung" {Jahresberichte, Vol. VIII (1899), p. 184), 
HiLBEBT has answered this question in the affirmative. He 
makes the following general statement : 

"Eine jede Aufgabe der Variationsrechnung besitzt eine 
LOsung, sobald hinsichtlich der Natur der gegebeuen Grenz- 
bedingungen geeignete Annahmen erftlUt sind und nOtigen- 
falls der Begriff der LOsung eine sinngemasse Erweiterung 
erfahrt," and illustrates the gist of his method by the ex- 
ample of the shortest line upon a surface and by Dirichlet's 

245 
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problem. In a subsequent course of lectures (Gottingen, 
summer, 1900) he gave the details of his method for the 
shortest line on a surface, and some indications* concerning 
its extension to the problem of minimizing the integral 

J= I F{x, y,y)dx . 

We propose to apply, in this last chapter, Hilbert's 
method to the problem of minimizing the integral* 



J= i F{x, y, x\ y')dt , 



with fixed end-points, under the following assumptions, 
where fi denotes, as before, a region of the jt^ /y-plane, and 
So a finite closed region contained in the interior of fi : 

A) The function F{x^ V^ ^\ v) ^^ ^f class C" and sat- 
isfies the homogeneity condition 

F(x, y, kx\ ky) = kF{x, y, x\ y) , k;> 

throughout the domain 

ar: {x,y) m » , x" + y'^0 . 

B) The function F(x, y, cos 7, sin 7) is positive through- 
out the domain 

aio- (ocyy) in Bo , ^ y ^ 27r . 

C) The function F^ (.r , /y, cos 7, sin 7) is jx)sttive through- 
out the domain QIq. 

J In his thesis, Sine neue Methode in der Vartatlotisrechnuno (QOttin^n, 19Q1), 
^5-14, N0BL.E has discussed tho details of the proof for this case. But his con> 
elusions do not possess the dei?ree of Tigor which is indispensable in an investiira- 
tion of this kind. In particular, the reasoning in ^9, 10 and 13 is open to serious 
objections. 

2 For tho special case where F is of the form /(j?, y)l^ x ^+y ', Lcbesoub has 
giyen. a rigorous existence proof by an elegant modification of Hilbert^s method 
in a recent paper, '*Intcgrale, longueur, aire," Annali di McUematica (3), Vol. VII 
( 1902), pp. 312-359. Lebesoub applies Hilbert*s method also to the more difficol % 
case of a double integral of the form 



J J V EO - F^ dudv , 



) 



I 
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D) Tlie region fio is convex (i. e,, the straight line join- 
ing any two points of fio li^s entirely in the region fio) and 
contains the two given points which we denote' with HiL- 
BEBT by A^ and A^, 

Under these assumptions we propose to prove 

1. That for every rcctifiahle curve 2 in the region fio the 
generalized integral Jf (according to Weiebstbass's defini- 
tion) has a determinate finite value. 

2. That there always exists, in the region fio, at least one 
rectifiable curve Sq, joining the two given points A^ and J[\ 
which furnishes for the generalized integral J^ an absolute 
minimum with respect to the totality of all rectifiable curves 
which can be drawn in Vio from A^ to A^, 

3. That this minimizing curve 2q is either a single arc of 
an extremxd of class C,' or else is made up of a finite 
number or of a numerable infinitude of such arcs separated 
by points or segments of the boundary of tbf^ region fio- 

§44. THEOBEMS CONCEBNING THE GENERALIZED INTEGRAL Jf 

In §31 we have considered Weierstrass's extension of 
the meaning of the definite integral 



J= j F{jr, y,jL'\ y') 



dt 



to curves having no tangent. 

Another definition of the generalized integral has been 
given by Hilbert^ in his lectures. This definition, while 

1 The advautage of this notation will appear in §45. 

2 Hilbebt's own definition is as follows (see Noble, loc. cU., p. 18). Lot 11] be a 
partition of the arc ABot a continuous curve into segments. Consider the totality 
of all analytic curves which can be drawn from A to B and which have at least one 
IK)int in common with each of the segments. Let J] denote the lower limit of the 
values of the integral J taken along these curves. Next, let Uj be a new partition 
derived from n, by subdivision, Jj the corresponding lower limit, and so on. Then 
HiLiBERT defines the upper limit of the quantities: J^i , ^2' "^a^ ' ' ' ' *^n ' ' * ' i' it b© 
finite, us the value of the definite integral J taken along the arc A B, 
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leading to the same value for the generalized integral as 
Weierstrass's definition, is better adapted to our present 
])urpose, especially in the simplified form which has been 
given to it by Osgood.* 

a) Hilherf'Osgooir s dejinifian of the generalized inte- 
gral: We shall use the following notation: P' and P" 
being any two points of the region So, we denote by 
Jlt(P'P") the totality of all ordinary curves which can be 
drawn in the region fio from P' to P", and by i{P' P") the 
lower limit of the values which the integral 

J = fF{x,y,a\y)dt 

takes along the various curves of Jlt(P'P"). 

This lower limit is always positire. For, according to 
A) and B), the function F{x, y. C0S7, sin 7) has a positive 
minimum value m in the closed domain QTo' Hence, if 6 be 
any curve of Jlt(P'P"), we obtain, by taking the arc as 
independent variable on the curve 6, 

< m i P'P" 1 ^ ml ^ J, (P'P") , (1) 

where I denotes the length of the curve 6 and |P'P"| the 

distance between the two points P', P". Hence it follows 

that 

0<w|P'P"|^i(P'P") . (2) 

After these preliminaries, let 

£: x = Ht) , y = ^{t) , to^t^t, 

be a continuous curve lying wholly in the region So« If 
the functions <^(0» ^(0 ^^^ ^^^ differentiable, the integral J 
taken along S has no meaning. In order to give it a mean- 
ing also in this case, we consider any partition H of the 
interval (t^^i) 

J Osgood, TranaacticnB of the American Mathematical Society^ Vol. II (1901), p. 
I'M, footnote. 
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n : fu < Ti < T., . . . < T„_i < t, , 

and denote by 

-^ ^^ -^ » -* 1 » -* 2 » * ' * > -* n — 1 » -^ ^^ ■» n 

the corresponding points of the curve S. 
Then we form the sum 



Tl — I 

Sn= 2/(P.P.+,) 



The upper limit of the values of Su for all possible parti- 
tions n we define as the value of the integral J taken 
along the curve S from A to B^ and we denote it by 
Jf*{AB), or simply J**. 

It is easily seen that Sa may also be defined' as the lower 
limit of the values of the integral J taken along all ordinary 
curves which can be drawn in fio from A to B and which 
pass in succession through the points Pj, P2, • • •, P^-i. 

Hence it follows that it is always possible to select a 

sequence {6^} of ordinary curves joining A and P, lying in 

So, and such that 

LJ,=J?* . 

The above definition of the generalized integral is a 
direct generalization of Peano's^ definition of the length of 
a curve. For, in the particular case 



the sum Su reduces to the length of the rectilinear polygon 
with the vertices -4, Pi, P2, • • •, Pn-i> B, 

We must next investigate under what conditions the gen- 
eralized integral *7f * is finite, and show that for ordinary 

iThis is the form which Osgood ^ives to Hilbert's deflnition; see the refer- 
ence on p. 218, footnote 1 . 

2Pbano, Applicazioni geometriche del Calcolo Infinitesimale^ p. 161. 
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curves the generalized integral is identical with the ordi- 
nary definite integral. 

h) Conditions for the fnifrness of the [f<meralizc(l inte- 
(jral: The function -F(ur, //, cos 7, sin 7) has a finite maxi- 
mum value M in the domain QTo- Hence it follows that for 
every curve 6 of Jlt(P'P") 

i(P'P") ^ J, {P'P") ^ Ml , ria) 

/ denoting again the length of the curve 6. We may choose 
for the cur\'e G the straight line P'P'\ since, according to 
assumption D), the line P' P" lies wholly in the region So- 
Then we obtain the further inequality 

i{P'P")^M\P'P''\ . (3) 

From (2) and (3) follows at once 

i» — 1 w — 1 

But the up|>er limit of the sum 

It- 1 

^\p,i\..,\ 

is, according to Peano's definition, the length of the curve 
^. Hence we obtain the 

Lemma: In order that the generalized integral J** may 
be Jinitey it is m*cessary and sufficient that the curve 8 shall 
hare a finite length {in Peano^s sense). 

We confine ourselves, therefore, in the sequel to continu- 
ous curves 8 having a finite length ('"rectifiable curves"' in 
Jordan's terminolc^y).* From (4) it follows further that 

m\AB^ J**{AB) ^ ML , (5> 

where L denotes the length of the curve 8. 

J. 1. NiKllO. 
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c) Properties of the generalized integral > From the two 
characteristic properties of the lower limit it follows readily 
that for any three points P, P', P" of So the inequality 
holds: 

i{PP') + i{P'P")^i{PP") . (6) 

Hence it follows that if TIi denotes a partition derived from 
n by subdivision of the intervals of TI , then 

'Sn, > Six . 

Hence we easily infer that we get the same up{X)r limit ./** 
for the values of Su if we confine ourselves to those j)arti- 
tions n for which 

fv^\ — T^ < 8 , 

(v = 0, 1 , 2, • • • , // — 1 ; T„ = /o> ^« = 'i) , 

S being an arbitrary positive quantity. 

Following now step by step the same reasoning which 
JoBDAN uses in his discussion of the length of a curve, we 
can easily establish the following properties of the general- 
ized integral, always under the assumption that the curve ^ 
is rectifiable : 

1. The generalized integral J'f*(^£) is at the same time 
the limit which the sum Su approaches as all the differences 
T^+i — Ty approach zero/ 

Combining this result with the inequality (4) we obtain 
the new inequality 

mL^Jf*{AB) . (7) 

2. If P be a point on the curve £ between A and B, 
dividing the arc S into the two arcs Si and So* ^1^©" also the 
integrals Jf^'^iAP) and J**(PP) are finite, and' 

jr {AB) = Jf* (AP) -f JJJ* {PB) . (8) 

3. The generalized integral J**{AP) is a continuous^ 

I Compare J. I, No. 107. 2 Compare J. I, No. 108. » Apply (8) and (5) . 
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function of the parameter / of the point P and increases 
continually as P describes the arc AB from A io B. 

d) Comparison with Wtnerstrass^s definition of the gen- 
eralized integral : If P' and P" are two points of fio whose 
distance from each other is less than the quantity Pq defined 
at the end of §28, e), P' and P" can be joined by an extremal 
6 of class C which furnishes for the integral J a smaller value 
than any other ordinary curve which can be drawn in the 
region fio from P' to P". If the extremal 6 itself li€?8 
entirely in the region Bq, the value which it furnishes for 
the integral J \& equal to i{P'P"); if 6 lies partly outside 
of fio» ^bis value is equal to or less than i{P*P"). 

Now consider any partition 11 for which 

T^4., — T^< 8, (v = 0, 1, •••, n — 1) , 

S being chosen so small that \P'P"\<CPo for any two points 
P*, P" of 8 whose parameters /', t" satisfy the inequality 
;/' — <"j <S. Then we can inscribe in the curve 2 a poly' 
gon of minimizing extremals with the vertices 

As in §31, d), let Un denote the value of the integral J 
taken along this polygon of extremals. 

If the curve 2 lies entirely in the interior of fio, S can be 
taken so small that the polygon lies in the region fio, and 
therefore 

Hence Jf* may in this case also be defined as the limit 
of Tu. 

If ^ has {X)ints in common with the boundary of fio, f ^n 
may be less than Sn . 

Nevertheless, also in this case the limit of Un for 
iAT-.0 is J** 

In order to prove this statement we ccuisider, along with 
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the two sums Sn and CJn, the sum Vn defined in §31, c), 
t". e., the value of the integral J taken along the rectilinear 
polygon AP1P2' ' ' Pn-iS' Since the region fio is cotwrx, 
this polygon lies entirely in So? ^^^ therefore we have the 
double inequality 

Uu ^Sn^ Vn . (9) 

From the first part of this inequality it follows that Un has 
a finite upper limit ^ Jf*. This upper limit is at the same 
time the limit which Un approaches for iAr^O, as can be 
inferred* from the fact (proved in §31, e)) that if 11' be a 
partition derived from 11 by subdivision, then Vu'^Un, 
Hence it follows, according to §31, c) and d), that Fn ap- 
proaches the same limit as Uu ; therefore we obtain, on 
account of (9), and remembering the equations (77) and (80) 

of §31 : 

Jt* = Jf , (10) 

i. e,, we have the result that HilherUOsgooiVs definition 
leads for the generalized integral to the same value as 
Weierstrass^s definition. 

Hence it follows, according to §31, 6), that /or an ^*' ordi- 
nary'*^ curve the generalized integral coincides with the 
ordinary definite integral. 

§45. hilbebt's constbuction 

We are now prepared to apply Hilbebt's method to the 
integral* e/f . 

Accordingly we consider the totality of all rectifiabU* 
curves S which can be drawn in the region Bo from the 
point A^ to the point A^, The corresponding values of the 
integral *7? have a positive' lower limit. We propose to 

I Compare J. I, No. 107. 

3 On account of (10) we may use the symbol J^ instead of J^. 

^According to (5). 
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prove that ander the assomptions A)-D) ennmerated in 
^43, there exists at least one rectifiabte curve 2q dratrn in 
tiofrom A^ to A^ for which the integral Jf actually reaches 
its loicer limit. 

a) Construction of the point A^: We consider the totality 
of ordinary curves M{A^A^) which can be drawn in the r^on 
So from -4^ to A\ and denote the lower limit i{A9A^) of the 
corresponding values of the integral Jhj K' 
i(A^A')=K . 
We can then select' an infinite sequence of curves 

belonging to M{A^A^) such that the corresponding sequence 
of values of the integral J", which we denote by 

approaches K as limit : 

LJ,=K . 

On the curve 6^ there exists* one and but one point -4* such that 
J^^(A'Al)^iJ, . 

These points ^J are infinite in number;* they lie in the finite* 

I CoiBp«r« Jou>A>'*» deftnitioa of *" point limite,* Utc. cit.. No. "Sk, mad an uialo> 
spoos remark in E. II .V, p. 14. 

-Since F is positiTe alon« c, the inteirral J taken aloo^ the cnrre f , from A^ to 
arariablepointP.inereasescoatinnaUyasFdescribes thecurre if, fnxaiA^tioA^i 
hence it paseies throoflrh ererr Talne between and J, once and bat once. 

^Thej n^ed not all be distinct: the condosioa holds eren if there are oaly a 
finite nomber of dij»tiact points amoo^ them. For in this cnse an infinitude of the 
points A^ ma:»t coincide with at least one of the distinct point:> : this point has then 
the properties of the point A^ . 

*Tbe existence of the acdunulation point A^ can also be prored tcitkamt wMkimg 
we €/ thejhuteneu of S^ . From U) it follows that 

Hf oce if we select G > /- ^.r = 1 , 2. 3. ^ which is always possibly since L J^, Is 

finite, the points ^* lie in the interior of the circle (A , G Zm^, and therefore haw 
an accomolation point. 
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closed region So> bence there must exist at least one 
point -4* in So s^^b that every vicinity of A^ contains an 
infinitude of the points Al. Moreover, we can select a sub- 
sequence \^yj of the sequence j6^} such that 

LAl=Ai . 

h) Hilberfs lemma concerning the point A^: We con- 
sider next the totality of curves 

Then the fundamental lemma holds that the lower limit of 
the corresponding values of the integral J is ^K: 

t(A'A^) ^^i{A'A') = ^K . (11) 

Proof: We denote by 6^^ the curve made up of the arc 
A^Ai^ of the curve 6^^ and of the straight line Al^A^; the 
latter lies entirely in fio since fio ^^ convex. 

According to (2a) the integral J taken along the straight 
line Al^A^ is at most equal to M\Al^A^\. Therefore 

LJ,.^iA'A^)=iK 

fc=x Ic 

since 

LiJy^ = ifK and i U* A* I = . 

Hence it follows from the characteristic properties of the 
lower limit that 

i{A'Ai)^iK . 

In the same way we prove that 

i{A^A')^^K . 
But, on the other hand, according to (6) : 

i{A'Ai) + i(AiA')^t{A'A') . 
The three inequalities are compatible only if separately: 
i (A'^Ai) = iK and t {AiA') = | ^ . 
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c) Thf^ iji)inh A*^^ : Repeating the process of section a) 
with the points J.** and ^4* we obtain a new point. AK lying in 
the region ft) and having the characteristic property that 

HA'A^) = HAiAh = i a A' Ah = \K . 

In like manner we derive from the two points A^ and A^ a 
point, A\ satisfying the relation 

By an indetinite repetition of this process we obtain an 
iniinite set ot points 

f ' s ^ ,^=0, 1.2. 

all lying in the region 1^ and having the characteristic 
property that ^ 

i{A^A>^) =\nK . (12) 

More generally 

if 'Z' ,* </" 

where «\ »" are integers^ ^/\ ([' odd mtegersi* and 
O^r V. r =1 . 

For. redncing t' and t ' to the same denominator 



we obtain, aircording to (9) and 1 12). 












2" 



a: . 



.U"-jL)-ViU-/^) = ^-iL^^ 



^ 
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whence 2.\ / i. ^-^\ / 'itn \ 

i [a'A^J + i ^2» A 2 V + i [a «* A') ^K , 

But on the other hand, we have, on account of (6), 

K = i {a^'A') ^ i {a'A^J + i (a^'A^) + i (aV A7 . 

The two inequalities are compatible only if in each of the 
above three formulae the equality sign holds, which proves 
(13). 

From (2) and (13) follows the important inequality 

|A^A-|^(r"-r')^, (14) 

where |^'^-4''' | denotes again the distance between the two 
points A^ \ A^". 

Let us now denote by 

^W , y(r) 

the rectangular co-ordinates of the point A^, r being one of 
the fractions g/2** considered above. Then 

|,r(T')-.r(T")|5|A-'A^-| , |^(t') - ^ (t")|^ | A^'A^'I , 

and therefore on account of (14) 



|x(r')-x(r")|5(r"-r')|, 
\y(r')-y{r")\^{r"-r')^. 



(15) 



d) The remaining points of Hilhei-Vs curve: The mean- 
ing of the two functions x{t), y{t), which so far have been 
defined only for values of t of the set 

s-^i 9 i 9 = 0.1,2. •••,2--l . 

• can now be extended to all values of t in the interval 

as follows: 

From the inequalities (15) we infer by means of the gen- 
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eral criterion* for the existence of a limit, that if the inde- 
pendent variable t approaches in the set S any particular 
value / = a of the interval (01), then the functions x{t), y{t) 
approach determinate finite limits. In symbols, the limits* 

Lx{f) and L yit) 

t\8 t\S 

exist and are finite. 

Moreover, if a itself belongs to the set S, then 

L x{t) = x{a) , Ly(t) = y{a) , (16) 

t\S t\8 

t-a t=a 

If a does not belong to the set S, tve define^ according to 
Hilbert, the functions x{t) and y{t) for t = a by the equa- 
tions (16), 

The two functions x{t)^ y{t) thus defined for the whole 
interval (01) are continuous and "o/ limited variation^^ 
For, the two inequalities (15), which have been proved for 
values t'<t" of the set S, can easily be shown to hold for 
any two values t' <t" of the interval (01), by considering 
two sequences \tI\ and jr^'f belonging to the set S and 
such that 

From the inequalities (15) thus extended, it follows at once 
that the two functions x{f)y //(/) are continuous and "of 
limited variation." 

1 Comi>are E. II A, p. 13. 

'<<The notation aooordin^ to £. H. Moobe, Tranaactiona of ttte American Mathe- 
matical Society, Vol. I (1900), p, 500. 

3 Compare J. I, No. 67. Let f{t) be finite in the interval (^/,), and let 

n: 'o<''i<'"2 • • • <%_i<'i 

be a partition of this interval. If then the upper limit of the sum 

w-l 

^ l/(r..+l) -/(T„) 1 , (To= «», T„ = t,) 

l' = 

for all possible partitions n is finite,/(0 is said to be ''of limited variation.^ 
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Hence the curve S© defined by the two equations 
So: ^ = a?(0, y = y{t), O^t^l (17) 

is continuous and has a finite length,* i. <?., it is a rectifiable 
curve. As t increases from to 1 the point (x, y) describes 
the curve Sq from the point A^ to the point A^, Moreover, 
the curve 2o ''^»** entirely in the region So» since fio is closed. 

§46. pbopebties of hilbebt's cubve 

It remains now to prove that the curve So actually mini- 
mizes the integral *7* and has the further properties stated 
in §43. 

a) Minimizing property of HilherPs curve: The funda- 
mental equation (13) which has been proved for values 
t', t" of the set S only, can easily be extended' to any two 
values f <t" of the interval (01) : 

i{A''A'") = {r'-r)K . (13a) 

But from (13a) it follows immediately that the generalized 
integral 

1 Compare J. 1, Nos 105, 110. 

'i For the proof, wo introduce the same two sequences | ^^ | . \'''v\ ^^ above. 
Then we have, on account of (6), 



Passing to the limit ^ — oo we obtain, on account of the continuity of the functions 

L m' y»'l=0 , ^I.4''»'.4'"|=0, 

and therefore, on account of (3), 

Li(A*'A'*')=0 , LiiA^*''A*")=0. 
Moreover 

Li(A'^''A^*') = it'-t')K , 

on account of (13). Thus we obtain 

iiA^'A'")^ir-t')K . 

And by the methdd employed in proving (13) we finally show that the inequality sign 
is impossible. 
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takim alotiff Hilbert's curve Sq '^ finite and that its value 
is equal to i(A^A^), 

For let n be any partition of the interval (01) : 

n : T,= < T, < T, • . . < T„_, < 1 = T„ . 

Then we obtain, according to (13a), 

n-l 

Sn = 2 ' (^^•'^"'^' )=K=i {A'A') . 

Hence also the upper limit of the values of Sn is equal to 
K, that is j*{A'A')=i{A''A') . (18) 

From the definition of the symbol i(A^A^) as lower limit 
it follows now that if 6 be any ordinary curve drawn in fio 
from A^ to A^^ then 

J*{A''A')^MA'A') . 

Moreover, if 2 be any rectifiable curve drawn in fio 
from A^ to A^, and e any preassigned positive quantity, we 
can always find, according to §44, a), an ordinary curve 6 
of M{A^A^) such that 

|J*(A''A»)- J,(A"A^)|<€ . 

Hence it follows that 

Jf^{A^A^)^Jf{A^A^) . (19) 

This proves the theorem enunciated at the beginning of this 
section : 

If the conditions A)-D) enumerated in ^43 are fulfilled^ 
then there always e.rists at least one rectifiable curve join- 
ing the two points A^ and A^ and lying entirely in the region 
fio, tohich furnishes for the integral 

J = f F{x,y,x\y')dt , 

generalized^ an absolnte minimum with respect to the totality 
of rectifiable curves which can be drawn in Vio from A^ to A^. 



J 
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b) Analytic character of Hilberfs curve: Let T' denote 
the totality of those values of / in the interval (01) which 
famish points of the curve Sq in the interior of the region 
Bo, T" the totality of those which furnish points of Sq on 
the boundary of So- From the continuity of i^ it follows 
that every point ^ V of T' is an inner ^ point of T\ Hence 
an interval (a^) contained in (01) and containing f in its 
interior can be determined such that all points in the inte- 
rior of {p,^) belong to T\ whereas the end-points belong to 
T" except when they coincide with the points or 1. The 
set T' consists, therefore, of a finite or infinite number of 
such intervals (a^) which do not overlap. According to a 
theorem of Cantob's,' the totality of these intervals is 
numerable, so that we may denote them by 

The curve So consists, therefore, either of a finite number or 
of a numerable infinitude of interior arcs separated by points 
of the boundary of fio 

We are going to prove, according to Hilbebt, that each 
interior arc of 2© is an arc of an extremal of class* C". 

For let P{t) be a point of Hilbert's curve Sq in the 
interior of the region So- Then according to §28, e) a 
circle (P, a) can be constructed'^ about P such that any two 
points P', P" in the interior of the circle can be joined by 
an extremal 6 of class C" which lies entirely in the region 
fio aiid which furnishes a smaller value for the integral J 
than any other ordinary curve which can be drawn in Bo 
from P' to P". 

I Except the end-points of the interval (01) in case they should belong to T\ 

^Compare J. I, No. 22. ^ Mathemutische Annalen, Vol. XX, p. 118. 

*From our assamption' C) it follows according to §6, c) that every arc of an 
extremal of class C which lies in Sqi is ipso facto also of class C", 

^ Let d be a positive quantity, takon so small that the circle (P, e) lies in the 
interior of S^^, and let Pq he defined for the region Sq as in §28, e). Then choose for 
c the smaller of the two quantities d/3 and p^ 3. 
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On account of the continuity of the functions j*(/), f/[f) 
there exists a vicinity (/ — S, / + S) of / such that the arc of 
the curve Sq corres|X)nding to the interval* {t — S, / + S) lies 
wholly in the interior of the circle (P, a). Let Pj(/i) and 
^sCa) l>® two |K)int8 of this arc (/i < f^), 
and denote by @2 ^h® minimizing ex- 
tremal joining Pj and Pg. 

We proix)se to prove that the arc 
P1P3 of Hilbert's curve Sq w identi- 
cal irifh the crtremal 69. 

Consider any point P2(/2) of the arc 
FIG. 48 pp^ ^j ^ ^^^ ^^^^^^ "^^ ^^ ^ ^^^ 

minimizing extremals joining Pj, P^ and Po, P3 respectively. 
Then it follows from the minimizing properties of the 
extremals 6j, &>, ©3 and from (13a) that 

J^.^{P,P,) = i{P,P,) = {t, -fdK , 
J^y, {P2P,) = i {P2P.) = (t, -t^)K , 
Jc,,(P,P,) = /(P1P3) = {f,-fdK ; 
hence, adding: 

J,^{P,P:d = e/(.,(P,P,) + J.^iP^P.) . 

The extremal fe> furnishes therefore the same value for 
the integral J as the curve made up of the two arcs 63 and 
(?i. But this is in contradiction to the minimizing prop- 
erty of ©2 unless the com|)ound curve 63, (S^ coincides with 
©2- Therefore the iK>mt Po must be a point of £> ; moreover 

J,, (P1P2) = i (PiA) = {f. - ti) K . 

Conversely, every point of the extremal &> belongs at the 
same time to the arc P1P3 of Sq, For, let P4 be any point 
of &, between Pi and P3, and let 

u = J,,^(P,P,) . 
Then 

J Or (0, 6), or (1 - 5, 1) in case P coincides with the point .4^ or A^. 
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i)<u<J,.,^{,P,P,) = (t,-f,)K . 
Hence if we define t^ by the relation 

/4 lies between /j and /s and is therefore the parameter of 
some point P4 of Sq between I\ and P^, The {)oint P4 be- 
longs therefore also to S2 ^^^^ ^® have 

J^^{P, 1\) = (^ - f,) ^ = e/.,(P, P.) . 

Hence it follows that P4 must coincide with P4 since F is 
positive along ®>- 

Prom the relation between /4 and the quantity it (which 
may be taken as the parameter on ®>)» ^^ follows, moreover, 
that the points are ordered on both arcs in the same manner, 
which completes the proof that the arc P1P3 of ^ is iden- 
tical with the extremal G-,- 

Hence it follows that Hilbert's curve ^ is of class C" 
and satisfies Euler's differential equation in the vicinity 
of every interior j)oint P, and therefore every interior arc of 
So is indeed an arc of an extremal of class C". 

From the assumption B) that F is always positive it fol- 
lows finally that Hilbert's curve i^ can have wo multiple 
points. 



ADDENDA 

P. B8, 1. 5: In order to justify the teruis "next greater,'' "next 
smaller," it must be shown that an integral ti of a homogeneous 
linear differential equation of the second order 

can have only a finite number of zeroK in an intt*rval (ab) in 
which p and q are continuous. 

Proof: According to the existence theorem (compare footnote 
1, p. 50), u is of class C" in (ab). Suppose a had an infinitude of 
zeros ia{ab); then there would exist in (ab) at least one accumu- 
lation point (compare footnote 1, p. 178) for these zeros. Now 
either w(c)=^0; then a vicinity of c can be assigned in which 
k(x) =t= 0. Or else u(c) = ; then u'{c) =t= (compare footnote 3, 
p. 58), and 

u(c+h)=h{u'(c) + (h)) ; 

hence a vicinity of c can be assigned in which c is the only zero of 
ti{x). In both cases we reach therefore a contradiction with the 
assumption that c is an accumulation-point. 

The same lemma has to be used, p. 108, 1. 6 up; p. 135, 1. 13; 
p. 200, 1.4; p. 221, 1.1. 

P. 69, 1. 11. Simpler as follows: 

Choose X2 so that Xi < iCj < a^/ and at the same time 0*2 < ^1 (the 
quantity introduced on p. 55). Then A{x, Xi) and A(a', a-o) are two 
linearly independent integrals of (9). Applying Sturm's theorem 
to these two functions we obtain the result that 

A(ar, Xi) =t= in {xq, x^) . 

P. 62, 1. 6. Simpler proof: <f>y{x, 7o) and ^{x, x^) are integrals 
of Jacobi's differential equation ; both vanish for x = Xo without 
being identically zero. Hence they can differ only by a constant 
factor. Compare footnote 2, p. 68, and footnote 1, p. 137. 

P. 81, 1. 18. From what has been proved in the first paragraph 
of p. 81, it follows that i** is indeed a region in the specific sense 
of§2.«). 
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P. 83, 1.13. Add: 

d) The Field-Integral for the nef of extremals through the 
point A, 

Let P(ir2, 2/2) be any point in the field f^k formed by the set of 
extremals through the point Aipc^, ^5), and let 72 = ^(^j, ^j) be the 
value of 7 for the unique extremal of the field which passes through 
the point P, Then the integral J taken along this extremal 

from the point A to th<* point P is a single-valued function of 
x^^ y-i which we denote by e/(x2, y^)- It« value is 

^(J^2, y^) = I J^\x, <l>{x, y,), <l>Jx, y.))da? , 

where it is understood that y, is replaced l^y its expression ^(-Cj, yt) 
in terms of X2 and 7/2 . 

The partial derivatives of */(j'2, ^2) with respect to 0*2 and 2/2 
have the following values: 

8j(ara, y-i) _,. \ t. / \ 
g;^- = i^ (^2 , «/2 , i'2) - y'i^ y (j-2 , 2/2 , P») , 

gj = ■^^,•(3^2. .'/2. ;'j) . 

where ps deuotis the slope of the extremal ©j at the point P. 
For 

If we transform the integral as in §20, c), and make use of (12) we 
obtain (15a). 

In many respects it would have b(»en preferable first to prove 
the formulc-e (ir)a) and to make use of them in the demonstration of 
Weierstrass's theorem. 

Compare the analogous formuL'e (44) in §37, and the still more 
general formuhe (14) in §34. 

P. 142, 11. 4 and 5. Aft(»r insert: +2///ir where vi is an integer. 
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P. 151, 1. 14. Add: This result is due to Erdmann; compare 

Journal fUr Mathematik, Vol. LXXXII (1877), p. 29. 

P. 152, 1. 8. Weierstrass himself gives the condition in the 

following slightly different form: 
+ 
Let ^2 and «2 denote the numerical values of the anglas which 

the directions ^2 9 ^a and/>2, </, respectively make with the din»ction 

+ 

ft, ^1 so measured that S^ and ^2 are < ir. Then 

sin Sj : sin 8, = ^(arj, i/a; Pa, (/a ; Pa, ^a) ' 

E(jr2, 2/a; Pa, ^a; Pa, (It) • (04a) 

This form of the condition follows immediately from (64). For on 
account of (48) equation (64) may be written 

Pa^VC^*; ya. Pa, ^a) + ^a^y (a'a, 2/a, Pa, ^a) = 

Pai^x(a'a, ya, Pa, ^a) + Qt^y.^X^, 2/j, P2, ^a) • 
But + _ ^ 

Pj = I [sin 82P2 + sin SjPa] 
^ + _ .. + 

$2 = Z [sin Sag'a + sin Sjg,] , 

where Z is a factor of proportionality. Substituting these values in 
the last equation, we obtain (64a). 

P. 169, 1. 7, and p. 175, 1. 15. Instead of "region" read "domain.' 
Compare § 2, a). 

P. 169, 1. 8. Instead of: "of the set," read: "to the set." 

P. 172, 1. 13. Add reference to Kneser, Lehrbuch, p. 48. 

P. 178, 1. 18. After " abgeschlossen " add the reference: E. I, 
p. 195. 

P. 180, 1. 18. Add: Hence it follows that i^t is a region in the 
specific sense of §2, a). 

P. 182, 1. 7, and p. 185, 11. 4 and 6. The image of a region by a 
transformation of the kind here considered is again a region. 
Hence ®, ®jt, i*i are indeed regions. 

P. 200, 1. 7. Add: ti is therefore identical with the quantity des- 
ignated on p. 155 by ^i'. The use of the notation U in the present 
discussion is justified by the fact that in Kneser's theory the con- 
jugate point appears as a special case of the focal point correspond- 
ing to the case when the transversal 2^ degenerates into the point A. 

P. 246, 1. 1. Hilbert has published the details of his proof of 



26S Calculus of Variations 

Dirichlet's principle in the Festschrift ziir Feier des ino-jdhrigen 
Bestekens der kOnigl, Gesellschaft der Wissenschaften zu GOttin- 
gen 1901, and in the Mathematische Annalen, Vol. LIX (190i), p. 
161. 

P. 246, 1. 2. I had at my disposal a set of notes of this course 
for which I am indebted to Fbofessor J. I. Hutchinson. 

P. 247, 1. 17. After "numerable" add the reference: E. I, A, 
p. 186. 

P. 253, 1. 17. Aft«5r "result" add: due to Osgood; see the ref- 
erence on p. 248, footnote. 



ERRATA 

P. 22, 1. 3 from bottom: omit Kneser. 

P. 51, 1. 17: read (12) instead of (8). 

P. 51, 1. 18: read (9) instead of (10). 

P. 62, 1. 12 from bottom: read 0yjp(a?Ji 7^) instead of 0y^(a?yi 7y). 

P. 63, 1. 13: read *' touches" instead of *' meets.*' 

P. 63, 1. 15: read c) instead of d). 

P. 63, 11. ]0 and 11 from bottom: read x'^ instead of a?,,. 

P. 65, 1. 10 from bottom: read C" instead of C 

P. 75, 1. 17: read g instead of g* 

P. 79, 1. 6: read 13 instead of 11. 

P. 83, 11. 13, 14, 16 from bottom: read a?^, x^ instead of X^, X^. 

P. 87, 11. 6, 8: read c) instead of d). 

P. 89, 1. 7: read 19 instead of 18. 

P. 93. 1. 5: read F^ instead of F^,. 

P. 94, 1. 2 from bottom: read 1902 instead of 1901. 

P. 95, 1. 13 from bottom: read {29) instead of {28). 

P. 98, 1. 6: read (x-a^f instead of (a-ojj,. 

P. 113, 1. 6: read "touches" instead of "meets." 

P. 122. 11. 2, 3: add ^(f, 0) = , 'n{t, 0)eO in (f^«,). 

P. 130, 1. 7 from bottom: read C" instead of C". 

P. 136, 1. 12 from bottom: after g{i^, o, /3) add: -y^^. 

P. 140. Fig. 23: read g instead of g on arc 3 1. 

P. 177, 1. 8 from bottom: read P['(t[', aj') instead of P[*(U\' a,). 

P. 179, 1. 9: read D(t', a^\ t", a^) instead of D\j\ o^; t", oJ. 

P. 247, 1. 15: read C" instead of C. 

P. 265, 1. 7: add "unless u=0 in (a 6)." 
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pnraraoter-reprpsentation, 122, 123; for 

isoperimetric problems, 209. 
Focal point : of a transverse curve on 

an extremal: defined, 109; equation 

for its determination, according to 

Bliss, 10^ 155 ; acconlinf? to Knesor, 200 ; 

geometrical interpretation. 111, 156; 

case where end-point B coincides with 

focal point, 204. 
Fourth necehhary condition (see 

under Weierstrass). 
Free variation, points of, 41. 
Function B(r, y; p*?): defined 34, 75; 

relation between B(jr, ^; p, p ) and 

Fyy'^ 76; (roometrical interpretation 

of this relation, 77. 
Function B, (jt, y; p^p)y 76. 

Function B(ar, v;p, q; p,y): defined, 
i;«; homogeneity properties, 140; rela- 
tion between B-function and F|. 141; 
ordinary and extraordinary vanishiuK, 
142; Knesor's geometrical interpreta- 
tion, 195. 

Function Bj (j*, y; p, q; p, q ), 145. 

Function J?*,, 121. 

Function F„ 132. 

Fundamental lemma, of the Calculus 
of Variations, 20. 

Generalized integral, 157. 248 (com- 
pare Integral taken along a curve). 

Geodesic curvature, 129. 

Geodesic distance, 176. 

Geodesic parallel co-ordinates, 161. 

Gbodbsics, 128, 146, 1.55; Gauss\4 theo- 
rems on, 164, 165 ; theorem on the en- 
velope of a set of, 166. 

Hilbert'h : construction, 2.53 ; existence 
theorem, 245 ; invariant integral, 92, 195. 

Homogeneity condition. 119; conse- 
quences of, 120. 
Implicit functions, theorem on, 35,. 

Improper: field, 83a; maximum, mini- 
mum, 11. 

In A domain, use of the word explained, 
5, 6. 

Infinitesimal, 6. 

Inner point, 5. 

Integrability condition, 29. 

Intkorable functions, theorems on, 
12», 89,. 

Intkgral. taken along a curve, defini- 
tion ana notation, 8; for case of par- 
ameter-representation, 117; condition 
for invariance under parameter-repre- 
sentation, 119; extension to curves 
without a tangent, («) Weierstrass's. 
157, (/>) Hilbj^rt-Osgooil's, 248. 

Integration, by parts, 20, 20,. 

Interval, defined, 5. 

Invariance, of B and Fx^ 18.3. 

IsoPERlMETRK! CONSTANT, 209; Mayer's 
theorem for case of discontinuous solu- 
tions, 209,. 



IsoPERiMETRic PROBLEMS: in general. 
206-44; special, 4, 210. 229, 288; with 
variable end-points, 113«. 

Jacx>bian, 57,. 

Jacobi's (CONDITION, 67 J proofs of ite 
necessity, 65,, 66; Weierstrass's form 
of, 135; Kneser's form of, 136; for caw* 
of one variable end-point, 109, 1.55, 200; 
for isoperimetric problems, 2^, 220. 

Jacobins: criterion, 60,135; differential 
equation, 49. 133; theorem concerning 
the integration of Jacobi's differential 
eiiuatiou, 54, 135; transformation of 
the second variation, 51. 

Jordan curve, 180. 

Knbser*s: theorv, 164-205; curvilinear 
co-ordinates. 184 ; suflScient conditions, 
187 ; theorem on transversals, 172. 

Lagrange's differential EguATioN, 
223. 

Leoendre's condition, 47; Weier- 
strass's form of, 133; for isoperimetric 
problems, 217 ; Legendre*s differential 
equation. 46. 

Length of a curve: Jordan's defini- 
tion, 157, ; Peano's definition, 249,. 

Limit : definition and notation, 7, ; uni- 
form convergence to a, 19} ; criterion 
for the existence of, 258i. 

Limited variation, functions of, 258.. 

Limit : lower and upper. 3,, 10a ; attained 
by continuous function, 13«, 80s. 

Limit-point (see Accumulation-point), 

LindelOf's construction, 64. 

Linear differential E9UAT10KB op 
THE SECOND ORDER: existence theo- 
rem, 50, ; Abel's theorem, 58, ; Sturm*s 
theorem, 58,. 

Lower limit, 3,, 10,. 

Maximum (see Minimum). 

Mayer's law of reciprocity for isoperi- 
metric problems, 229, 244,. 

Mean-value theorem, first, for definite 
integrals, 244. 

Minimum: of a continuous function, 184, 
80. ; of a definite integral, absolute and 
relative, 10; proper and improper, 11; 
weak an<i strong, 69, 70; for case of 
parameter-representation, 121; s(*mi- 
strong in case of isoi^erimetrio prob- 
lems, 244 : existence of a minimum *^ im 
Kleinen." 146; Hilhert's a-priori exis- 
tence proof of a minimum **im Gros- 
sen," 245-<J3. 

Neighborhood of a curve, 10; neigh- 
borhood(p) of a curve, 13, 121. 

Neighboring curve. 14,. 

Numerable set op points, 261, 26K. 

One-sided variations (see also Boun- 
tlary conditions): analytic expression 
for, 42, 148; necessary conditions for a 
minimum with respuct to, 42, 149; suf- 
ficient conditions, 42. 

Open region, 5. 

Ordinary curves, defin«»d, 117. 



Index 
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Okdinary vanis^cng of the B- func- 
tion, 142, 266. 

OsoooB^s THEORBSf coDccminfir a char- 
acteristic property of a strong mini- 
mnm, 190. 

Parameter representation, curves in, 
115. 

Parameter-transformation, 116. 

Partial berivatites (see DeriTatives). 

Partial variation, of a carve, 37. 

POINT-BY-POINT VARIATION, of a CUrvC, 

41. 
Point of a set, 12* . 

PoaiTTVELT HOMOGENEOUS, 119. 

Progressive DERivATn'E, 7,. 

Proper minimum, 11. 

Rbctifiable curves, 116., 2S0|, 251,, 
251,, 251, (compare Lenflrtn). 

Bboion: defined, 5; open, 5; closed, 5. 

Regressive derivative, 7i. 

Regular curves, 117; functions, 21.; 
problems, 29, 40, 97, 125. 

Relative maximum or minimum, 10, 10«. 

Second necehsart condition (see Le- 
gendre*8 condition). 

Second variation, 44-67; Leffendre's 
transformation of, 46; Jacobins trans- 
formation of j51 ; for case of variable 
end>points. 102,; Weierstrass's trans- 
formation of, for case of parameter- 
representation, 131 ; for case of variable 
end-point<$ in parameter-representa- 
tion, 102, 155; for isoperimetric prob- 
lems, 216-25. 

Semi-strong extremum, 244; snfiBcient 
conditions for, 244. 

Set of points: definition, 10,; inner 
point of, 5 ; boundary point of, 5 ; accu- 
mulation points of, 178i ; closed, 178. 
267; numerable, 261^ 268; upper and 
lower limits of one-dimensional set, 3,, 
10,; connected, 5; continuum, 5. 

Sign of souare roots, af^reement oon- 
cerninff, 2i. 

Slope restrictions, 101 j. 

Solid of revolution, of minimum re- 
sistance, 73 „ 142,. 

Strong extremum: defined. 70; suffi- 
cient ccmditions for (see Sufficient con- 
ditions). 

Strong variation, 72. 

Sturm*s theorem, on homofireneous lin- 
ear differential equations of the second 
order, 58,. 

Substitution symbol, 5, 6. 

Sufficiency proof, for geodesies, 165. 

Sufficient conditions fob weak mini- 
mum, 70. 

Sufficient conditions for strong 
minimum: when x independent vari- 
able, in terras of B- function, 95; in 
terms of F^ y', 96; for one-sided varia- 
tions, 42. ; in case of one movable end- 
point, 109; in case of two movable 
end -points, 113,. 



Sufficient (conditions for strong 
minimum : for case of parameter-repre- 
sentation, Weierstrass*s, 143-46; exten- 
sion to curves without a tangent, 
Weierstrass*8 proof, 161, Osgood *s 
proof, 192; Kneser's sufficient condi- 
tions for case of one movable end- 
point, 187 ; for isoperimetric problems, 
Weierstrass's, 237, 243. 

Surface of revolution of minimum 
area, 1, 27, 48, 64, 97, 153. 

Taylor's theorem, 14,. 

Third necessary condition (see Ja- 
cob! 's condition). 

Third variation, 59,. 

Total differential, 25,. 

Total variation, 14. 

Transverse: curve transverse to an ex- 
tremal, 106; condition of transversality, 
36, 106; in parameter-representation, 
155; for isoperimetric problems, 210. 

Transversal: to set of extremals, 168; 
degenerate, 169; Kneser's theorem on 
transversals, 172« 

Unfree variation, points of, 41. 

Uniform continuity, 80,. 

Uniform con\-ergence, to a limit, 19,. 

Upper limit, 3„ 10,. 

Variable end-points: general expres- 
sion of first variation for case of, 102, ; 
of second variation, 102, ; one end-point 
fixed, the other movable on given curve, 
treated (a) by the method of differen- 
tial calculus, 102-113. (6) by Knesor's 
method, 164-205 (for details see Trans- 
versality, Focal point. Sufficient con- 
ditions) ; case when both end-points 
movable on given curves, 113. 

Variation : of a curve, 14, ; total, 14 ; 
definition for first, second, etc., 16 ; 
special variation of type «», 15; of type 
M (x , c^, 18 ; for case of parameter-repre- 
sentation, 122, 122, ; weak and strong, 72. 

Varied curve, 14,. 

Vicinity («) of a point, 5. 

Weak extremum: defined, 60; sufficient 
condition for, 70. 

Weak variations, 72. 

Weierstrass's: construction, 84, 144, 
234; corner-condition, 126; B-f unction. 
35, 138; form of Euler's equation, 123, of 
Legend re's condition, 13^ of Jacobi's 
criterion, 135; fourth necessary condi- 
tion, 75, 138, 233; lemma on a special 
class of variations, 83, 139; transforma- 
tion of second variation, 131. 

Weierstrass's sufficient conditions, 
95, 96, 143; extension to curves without 
a tangent, 161 ; for isoperimetric prob- 
lems, 237, 243. 

Weierstrass's theorem (expression of 
AJ in terms of the B-fuuction), 89, 144; 
Hilbert's proof of, 91 ; for case of vari- 
able end-points. 188, 194, 195; for iso- 
perimetric problems, 237. 

Wronskian determinant, 57,. 

Zermelo's theorem, on the envelope of 
a set of extremals, 174. 
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